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- 1. Yucna n BblYUCNEHUA

3HaTb: - onpegeneHue HaTypanbHbIX, LiefblX, paLiOHaNbHbIX, 4ENCTBUTENbHbIX YMCen;
e MpPU3HaKN JenumoctnHa 2, 3,5,91n 10;
*  eAUHVLbl N3MEPEHNA PA3INYHbIX BENTUYMH;
+  3aBUCMMOCTM MeXAy BennymHamu B Buge Gopmyn;
+ OTHOLLEHUA, NPONoOpLNM, MPOLIEHTbI;
« onpepenieHns KBagpaTHOro 1 Kybnyeckoro KOpHs 13 ymcna.

YmeTb: -« BbINONHATb apudPmeTUYECKMEe AENCTBUA HAL PaLMOHANbHbIMI YNCIaMK;

+ nepexoauTb OT ogHOM GOPMbI 3aNNCK YNCEN K APYroWn;

« OKPYMATb Lefible Yncna U JecATUUYHble APo6U, HaxoaUTb NPUOAVMKEHUA YMCen, BbIMONHATD
OLIeHKY pe3ynbTrarta;

+ pelwaTb TEKCTOBbIE 3afjaui, CBA3aHHbIE C OTHOLIEHMEM, MPOMNOPLNOHANbHOCTbIO BENYUNH, APO-
65MK, NpoLeHTaMK;

+ BbINOSHATbL NPeobpa3oBaHMe Bblpa)KeHUI, COAEPKALLUX KBAAPATHDIN U KYOUUECKUN KOPeHb 13
uncen.

1.1. HatypanbHble yucna

1.1.1. [lecaTnuHasa cuctema cumcnenusa. Pumckaa Hymepauus

HarypaapHbIMHM HAa3bIBAIOT UYKCJA, KOTOPbIE HCIIOJNB3YIOTCA IJs cCUeTa IIpeame-
ToB — 1, 2, 3, 4, ... (uucio 0 He ABIsgeTCA HATYPATbHBIM).

MuoKecTBO HATYpaJbHBIX unces obo3uHauaioT N.

3anuck «3 € N» 03HAUAET, UTO UMCJIO TPU HNPUHALICIKUT MHOMKECTBY HATypaJib-
HBIX umces, a 3anuch «0 ¢ N» o3HaUaeT, UTO UMCJIO HYJb He IPUHAMJIEIKUT STOMY
MHOJKECTBY.

HecaruuHass cucreMa CUMCICHHMS — IIO3UI[MOHHAS CHUCTEeMa CUYMCJIEHUS IO OCHO-
Bauuio 10.

ITenoe uncio A B [eCATUYHOI CHCTeMe CUMCJIeHUA 3aIUChIBAECTCA B BUIe KOHEUHOM
JUHEeHHON KoMOuHanuu cremneneil uncaa 10.

_ _ n-1 n-2 2 1
A=a,a ,..0,00a0,=a, ,-10"" +a ,-10"" +...+a,-10" +a, -10" +a,,
...a, — nudpsl yuciua, npuyem a _, # 0, n € N.

rae a,

B Npumep 1. 5783 =5x 10% + 7 x 102 + 8 x 10" + 3 x 10°.

B pumckoii Hymepaiuu 11u@phl 3aIUCHIBAIOT C ITOMOIIBI0 OYKB JJAaTUHCKOTO aJida-

BUTA:

1—1 8 — VIII
2—1I 9 —IX

3 — III 10 — X

4 —1IV 50 — L

5—V 100 — C
6 — VI 500 — D
7 — VII 1000 — M
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» Npumep 2. Banucare uncia, UCHONB3YA PUMCKYIO HyMePALHIO.

222 — CCXXII; 545 — DXLV;
444 — CDXLIV; 689 — DCLXXXIX;
555 — DLV; 1145 — MCXLV.

ED 1.1.2. ApudmeTnyeckne AeiCTBUA HaJl HATYPaNbHBIMKM YNCAAMMN

HJ1a HaTypaJbHBIX YKCEJ OIPEeJIeHbI CIeNYIONIe NeUCTBU: CA0NCHUEe, 8blyUuma-
Hue, YyMHOMCeHUe, OejleHuUe, 8038e0eHUe 8 CMeNneHb, U38aeueHue KOPHS.

IlepBbie ueThIpe meHCTBUA ABJAAIOTCA apUPMETUUECKUMU.

Ilycrs a, b m ¢ — HaTypaJibHBIE UKCTA.

3aKOHBI CIOKEHUT PagencrBo
IlepemecTuTebHBIN a+b=b+a
CoueTaTenbHbBIH (@a+b)+c=a+((b+c)

3aKOHBI YMHOKEHUS Pagencrso
IlepemecTuTenbHBIN ab = ba
CoueTaTerbHBIH (ab) - c=a - (bec)

Pacnpenenurensubrii 3akon: a(b + ¢) = ab + ac.
HeiicTBUSA ¢ HyJIeM U eTUHUIIEH

a+0=a a:l=a 0:a=0
a-0=0 a:a=1 M—H&OHGHKTBHEHLSH
(D Npumep 1. Vcnonbays 3aKOHBI CIOKEHUSA U YMHOMKEHNS, BHIUUCIUTD YCTHO 3HAUCHUS
BBIPAYKEHUH:
a) 2-137 - 5; r) 71317+ 27 -17;
6) 125 - 77 - 8; m)4-63+4-79+142 6.

B)25-2-136-5-10 - 4;
Pewenue:
a)2-137-56=(2-5)-137=10-137=1370;
6) 125 - 77-8=77-(125-8)=77-1000 = 77 000;
B)25 -2 -136 -5 -10-4=(25-4)-(2-5)- (136 - 10) = 100 - 10 - 1360 =
=1 360 000;
r) 713-17+27-17=17 - (783 + 27) =17 - 100 = 1700;
m)4-63+4-79+142 -6=4-(63 +79) +142 -6 =4 - 142 + 142 - 6 = 142 x
x(4+6)=142 - 10 = 1420.

@D 1.1.3. (TeneHb ¢ HaTypanbHbIM MoKasaTenem

CreleHbI0 UNClIA @ C HATYPAJIbHBIM MOKa3aTelieM n, 0oJbIIuM 1, HasbIBaeTcA IIPo-
M3BeJeHre N MHOMKUTENIeH, KaXKIbIi 13 KOTOPLI paBeH a:
a"=a-a-a-...-a,
—
n pas

rge a — OCHOBaHUE CTelleHUu, 1 — IIOKa3aTeJlb CTEIIeHU.
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CremneHpI0 UnCJa @ C IIOKasaTejgeM 1 ABJISEeTCA caMO YMCJIO d.
BriunciieHre 3HaueHUsA CTEIIeHU HA3LIBAIOT NelICTBHEM BO3BeJeHUE B CTEIleHb.
CBoiicTBa cTemeHHN ¢ HATypaJabHBIM HokasareaeM (m € N; n € N)

CsoiicTBa IIpumepst
a™ - a* = g™ 23,22:234—2:25:32
ar:a"=a"™;, m>n,a#0 T =T1=7
(am)n = g™ (32)3 — 3243 — 36 — 729
(ab)" = a™ - b* a) (2a)"=2"-a" = 128a";
6) 2°-5°=(2-5)>=10°= 100 000
n n 3 3
(ﬂj % .20 a)(ﬁj :3_325;
b b" 4 4 64
3 3
0) %:(%j =5%=125
25 25
179 . 212 . 56
» Npumep 1. Beruucaurs: T75 57 90"
179 g g Pewenue:
FF? 217978 '212710 '5674 :17'22 ‘52 = 17(25)2 =
=17-10* =17-100 = 1700.
2n 2
(D Npumep 2. Halitu 3HaYeHUE BHIPAKEHUS: %
PeweHue:

6“4 (3-2*-16 3" .2".16 16
9n . 22(n+2) (32)11 . 22n+4 32n . 22n . 24 16

G0 1.1.4. [lenumocTb HaTypanbHbiX yucen. MpocTble u CoCTaBHbIE Yucna.
Pa3noeHne HaTYpanbHOro YMCNa Ha NPOCTble MHOKUTENN

JleauresneM HATYypPaJbHOIO UMCJIA @ HA3BIBAETCS HATYPaJbHOE UMCJIO, HA KOTOpPOe
a peaurcs 0e3 ocraTka.

. Mpumep 1. Yucno 12 umeer penurenu: 1, 2, 3, 4, 6, 12.

Yucio 1 aBasieTca geanTeseM JII0O00r0 HATYPAJIbHOTO UKCIA.

HarypanbHoe umc/io Ha3bIBAETCS MPOCTHIM, €CJIM OHO MMEET TOJbKO ABa JeJIATeNId:
eIUHUIY 1 CAMO DTO YHCJIO.

Yucio, umeroiiee 0ojee OBYX HeJIUTeseil, Ha3bIBAETCSI COCTABHBIM.

. Mpumep 2. Yucna 2, 3, 11, 238 — mpocteie uucaa; uucaa 4, 8, 15, 27 — cocraBHbIE.

HpPI3HaI€ OJEJIUMOCTH IIPOU3BEACHHUA HECKOJBKHUX YMCeJI: €C/IU XOTdA OBl OOUH U3
MHOMKUTeJIel JeJnTCA Ha HEKOTOpPOe 4YncCJio, TO U IIPOM3BENECHNE NEJIUTCA Ha 3TO YHCJIO.

 nNpumep 3. Ipoussenenne 24 - 15 - 77 genurca Ha 12, HOCKONBbKY MHOMUTEIb 3TOTO
yucia 24 genurcsa Ha 12.
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IIpu3Hak geruMOCTH CyMMbI (Pa3HOCTH) YHMCEJN: €CJIM KaKIoe cjaraeMoe AeJUTCs
Ha HEKOTOPOe UUCJIO, TO U BCA CyMMa JeJUTCA Ha dTO UUCJIO.

Ecau a:b u c:b, To (a+c):b.

31ech a, b u ¢ — HaTypaJbHBIE UNWCJIA, 3HAK «» — IEJIUTCA.

» Npumep 4. Yucao (77 +99):11, mockoabry 77:11 m 99:11.

Ecau a:b, a ¢ He geautcsa Ha b, To a + ¢ He TeJUTCI HA YHUCIO b.

. Mpumep 5. 21:3, a 22 me geaurca Ha 3. IT0 3HAUUT, uto (21 + 22) He meauTcs Ha 3.
» Npumep 6. Vicxons us Toro, uro 25:5 u (25 +15):5, nenaem BoIBOA, uTo 15:5.

Ecau a:c u c:b, 0 a:b.

D Npumep 7. Ucxons us toro, uro 72:24 u 24:12, genaem BbIBOZ, uTO 72:12.

IIpencraBiieHne unca B BUAe HPOU3BENEHUA CTEIIeHEeN IMPOCTHIX UMCEJ HAa3bIBAIOT
Pa3JI0KEeHuEeM YHNCJa HA IIPOCThIe MHOKUTEJIN.

OcHoBHaa TeopemMa apudMeTHKHU: J000e HATYPaJbHOE Yuciao (Kpome 1) au6o aB-
JISIeTCH MPOCTHIM, JU0O €ro MOKHO Pa3JI0KHUTh HA IMPOCThIe MHOMKHUTEIN TOJILKO OfI-
HHM CIIOCOOOM.

IIpu pasioKeHWU Ymucja Ha MIPOCThIe MHOMKUTEJIM HCIOJNL3YIOT NPU3HAKU Oesu-
Mocmu U IPUMEHSIOT 3aIlNCh «CTOJOMKOM», IIPA KOTOPOH AEJIMTEe]b PAaCIoaraerTcs
CIIpaBa OT BepTPIRaJIBHOﬁ YepThl, a 4aCTHOE 3alIMCBIBAIOT IIOA AEJIMMBIM.

D Npumep 8. PaznoxuTs Ha IPOCTHIE MHOMKHUTENN uncaa: a) 339; 6) 1197.

Pewenue:
a) 330|2 330=2-3-5-11; 6) 1197|3 1197=3%2-7-19.
165(3 399|3
55(5 133|7
11{11 1919
1 1
@0 1.1.5. NpusHaku penumoctu Ha 2, 3, 5, 9, 10
Jlemur- IIpu3HAK JeIMMOCTH ITpumepsr
cqa Ha
9 Yucmo genuTca Ha 2, €CIOH €r0 | 97 374:92
mocJeaHAsa mudpa geauTca Ha 2 27 371 me memuTcsa Ha 2
3 Yucao genutcsa HA 3, eCIU CyM- 27 3758, MOCKOIBKY
Ma ero uudp sesurcs Ha 3 2+7+3+7+5=24. 2413
5 Yucno pemurca Ha 5, ecawm ero | 93330:510 7455
nocaeguaa mudpa 0 wiu 5 48 377 He menuTcda Ha b
9 Yucno memurca Ha 9, eClIM CYM- | 488 718:9, MOCKONBKY
Ma ero uu¢p nenurcs Ha 9 4+8+8+7+1+8=36.369
10 YHucio geaurcd Ha 10, eciam ero 270:10
nocaensas muppa 0 272 He menutca Ha 10




IIpusnaku meaumoctu Ha 4, 25 u 11

Aemur- IIpuznak meaumMocTu IIpumepsr
cd Ha p p p
Yucmo geautcsa Ha 4, ecJu UNCJIO, CO- 27 032:4, mocKoNbKY 32:4
4 CTaBJIEHHOE U3 ABYX €ro IIOCJeTHUX

uudp, geaurcsa Ha 4

Yucuao peaurca Ha 25, ecau uumcao, | 3 300, 3 725, 48 375,
25 CcOCTaBJIEHHOEe W3 ABYX ero mociaenuux | 3 150 memarca ma 25
mudp, meauTcda Ha 25

Hucno gemmrea Ha 11, eciu anre6pan- | 38 137:11, mOCKOMBKY

11 yeckas cymma erouupp a, —a, +a,— [ 3 -84+1 -3+7=0. 0:11
—a,+ ..+ (-1)'a _, nenurca Ha 11

CyliecTByIOT OpU3HAKHU AeJumoctu Ha 6, 15, 45 u 7. x., T. e. Ha Yucja, IPOU3-
BelleHe KOTOPBIX MOXKHO Pa3JIOMKUTh Ha MHOKuUTEenu 2, 3, 5, 9 u 10.

» nNpumep 1. Ilpusnar geammocTy Ha 6 MOKET BHITJIALETH TAK: HA 6 JEJATCA T U TONb-
KO Te umcja, cyMMa Mudp KOTOPBIX AEJUTCS Ha 3 UM UX IOCJeIHsSA HMudpa meauTcs
Ha 2.

 Npumep 2. Yrasars HauGosbIIee HATYPAJIBHOE YUCJIO, HEJIAIIEECA HA 5 U yIOBJIETBO-
pAmIlee HEPABEHCTBY:

a) 128 < x < 145; 6) 1157 < x < 1160.
Omeem: a) 140; 6) 1160.

(D Npumep 3. Ha oxnoii crosiuke 26 aBromobuieii, Ha Apyroit — Ha 1 Gosblie, a Ha Tpe-
Theli — B 2 pasa OoJibille, ueM Ha IepBoii. MOKHO Ju BCe aBTOMOOWJIM Pa3MeCTUTH
IIOPOBHY HA TPeX CTOAHKax?

Omeem: MOKHO, IIOCKOJIBKY 00IIlee umcjao aBTomooOmieii: 26 + (26 + 7) + 26 - 2 =
=111. 111:3, . k. 1+1+1=3:3.

@0 1.1.6. Haubonblmii 06wmit nenuTenb U HaMMeHbluee obuiee KpaTHoe

Hawu6osbiltee HATypaJbHOE UMCJIO, HA KOTOPOE AEJUTCA HAIeJo KayKIoe U3 ABYX
AJAHHBIX HATypPaJIbHBIX YMCeJI, Ha3bIBae€TCA HaI/I60JII>IIII/IM OﬁIIII/IM aeJmTeJieM 3TUX 4Yu-
cea (HOL).

 npumep 1. HOX (10; 25) = 5; HOJI (18; 24) = 6; HOL (7; 21) = 1.

Ecan mamboapmiuii o0Iuil AeauTeslb ABYX HATYpaJbHBIX YHCEJ paBeH 1, To aTu
YKCJIa Ha3bIBAIOTCS B3AMMHO HPOCTBHIMM.
AaroputrmM Haxo:KIeHHA HauoOoJabliero oomero geaureas (HO)

HelicTrBue IIpumep. Haiitu HOJ (180; 840)

1. PasmoxuTh maHHBIE uymciaa Ha mpoctele | 180 =22.32.5
MHOKUTEIN 840=23.3-5.-7

2. Beimmcars Bce mpocThle umcia, Koropele | HOJI (180; 840)=22-3 -5
BXOJAT B KasKJa0e U3 MOJYUEeHHBIX pasJiorKe-
HUN
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OKxoHyaHUe mabaulbl

HeiicTrBUe IIpumep. Haiitu HOJL (180; 840)

Ram,uoe M3 BBININCAHHBIX IIPOCTBHIX YMCEJI
B3ATHh C HAMMEHBIINM I3 IIOKasaTeJiell cTe-
IIeHn, C KOTOPBIMM OHO BXOIHUT B Pa3JIOKe-
HUe JaHHBbIX YuCeJl

3. Bammcary mnpomsBemenme mnoayueHHbx | HOJII (180;840) = 2% -3 -5 =60

crerneHen
(D Npumep 2. Haiitu HOI (132; 180; 144).
Pewenue:
132|2 1802 1442
66|2 90(2 72|12
33|3 45|3 36|2
1111 15|3 182
1 5 9|3
1 313
1
132=22.3-11; 180 = 22 . 32. b5; 144 = 24 . 32
HOJI (132; 180; 144) = 22 - 3 =12.
Omesem: 12.

. Mpumep 3. Mexxkay ydYeHHMKaAMM OJIHOTO KJacca IIOAeJUJIN IOPoBHY 155 Terpaneit
u 62 pyuku. CKOJIBKO yUeHUKOB B 3TOM KJiacce?
Peuienue:

HaxosxmeHne KoJMYecTBa yUyaIluXCcs 9TOT'0 KJacca CBOAUTCA K HAXOMKISHUIO HaU-
0oabItiero oo1ero meauTtesd uuces 155 u 62, MOCKOJBKY TeTpaau U PYUKU MONEeIUIN
IIOPOBHY.

155=5-31; 62=2-31. HOI (155; 62) = 31.
Omeem: 31 yuyeHUK.

KpaTHBIM HaTypaJbHOT'O YKCJA 4 HA3bIBAETCS HATypaJbHOe UHCJIO, KOTOpPOe [e-
auTcsa Ha a 6e3 ocTaTKa.

. Mpumep 4. Yucino 8 umeer kparHbie: 8, 16, 24, 32, ... Jlioboe HATypaIbHOE UHCJIIO
nMeeT 0ECKOHEUHO MHOI'0 KPATHBIX.

Haumensmum o6mum KpatHbiM (HOK) uwmcen HaswiBaeTcsa HamMeHbIllee HATY-
paJibHOE YMCJIO, KOTOPOe KPAaTHO STUM UUCJIaM.
AaropuTrmM Haxo:KIeHHA HauMeHbIero oomero kpataoro (HOK)

HeiicTBUE IIpumep. Hatitu HOK (84; 90)
1. PasgoXuTh 4yucia Ha IIPOCTHIE MHOKUTEIN 84 =22.3.7
90=2-32-5

2. BplumcauTh Bce IpocTble umciaa, Koropeie | HOK (84; 90)=22-32-5 -7
BXOZAT XOTsA ObI B OJHO M3 PA3JIOKEHMII.

Kasxmoe n3 BBIIMCAHHBIX IIPOCTHIX UKCEJ B3ATH
¢ HamOOJBIINM II0KA3aTesieM CTEIIeHU, C KOTO-
PBIM OHO BXOAMUT B PA3JIOMKEHUSA JAHHBIX UMCEJ]
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OKxoHuaHUe mabaulbl

HeiicTBUE IIpumep. Hatitu HOK (84; 90)
3. 3anmcaTth mpousBelenme moayueHHbIX cTe- | HOK (84; 90) = 1260
meHeun
 nNpumep 5. Hatitu HOK (18; 24; 30).
Pewenue:

18=2-3%24=2%.3;30=2-3-5.
HOK (18; 24; 30) =23 -32-5=8-9 -5 = 360.

(D Npumep 6. [IBa BesocunenycTa OLZHOBPEMEHHO CTAPTOBAJIU 110 BEJIOTPEKY B OJHOM Ha-
npasiaenuu. OguH genaer Kpyr 3a 1 MuH, a Apyroi — 3a 45 c. Yepes Kakoe Hau-
MeHbIllee KOJMYEeCTBO MUHYT ITOCJie Hauajla ABUKEHUS OHU BCTPETATCA Ha cTapre?
CKOJBKO KPYTOB II0 BEJIOTPEKY cheaeT KaKIbIA M3 HUX?

Peutenue:

KoauuecTBO MUHYT, uepes KOTOPOE OHU CHOBA BCTPETSATCSA HA CTApTe, JOJIIKHO Ie-
authea U Ha 1 muH, u Ha 45 c. 1 mun = 60 c. Takum ob6pasoM, HEOOXOAUMO HANTU
HOK (45; 60). 45 =32-5;60=2%2.3-5. HOK (45; 60)=2%2.32.-5=4-9 .5 =180.
3HAUUT, BEJOCUIIEANCThI BCTPeTATCA Ha cTtapre uepesd 180 ¢ = 3 MuH, Ipu 3TOM IIep-
BeIlt caemaer 180 : 60 = 3 Kpyra, a Bropoii — 180 : 45 = 4 kpyra.

Omeem: 3 muH; 3 Kpyra, 4 Kpyra.

@D 1.1.7. Jlenenue ¢ octaTKOM

Ecau maTypaibHOe umciio a He OeJUTCs HalleJo Ha HaTypaJbHOe YHCJIo b, MOKHO
BBIIIOJIHUTH AeJIeHue C OCTAaTKOM. Hpn 9TOM IIOJITy4YEeHHO€ YaCTHOE€ Ha3bIBAa€TCA HEII0JI-
HBbBIM. CHpaBe/IJII/IBO PaBEeHCTBO:

a=b-n+r,
rae a — Jgeaumoe, b — meauTenb, N — HEIOJHOE YacTHOe, ' — OCTATOK.

(D Npumep 1. Iycrs genumoe pasHo 243, neautens — 4, Torga 243 : 4 = 60 (ocrarox 3).
To ectb a = 243, b=4, n =60, r =3, Trorma 243 =60 - 4 + 3.

Yucia, KoTopble AeaATcA Ha 2 0e3 ocTaTKa, Ha3bIBAIOTCA YETHBIMM:
a=2n,n e N.
OcrajibHbIE UMCJIa HA3LIBAIOTCA HEYEeTHBLIMM:
b=2n+1,n € N.

S 1.2, [ipobu

@0 1.2.1. 06bIkHOBeHHas Apobb, OCHOBHOE CBOIICTBO Apobu. CpaBHeHue Apobeit

OpHa MM HeCKOJbKO PABHBIX UacTell e UHUILI Ha3bIBAIOTCS OOBIKHOBEHHOM TPOOKIO.

3 .
 nNpumep 1. Ipo6s 7 03HAYaeT, YTO eAVHUILY PaslesIuIN Ha 7 JacTell ¥ B3AIN 3 TAKUX

qacTu.

2o oakeaess



HIpobb MOXKHO paccMaTpwBaTh W KaK Pe3yJbTaT JeJIeHUS HATypPaJbHBIX UKCEJI.

a
YacTHOE OT HmejieHWsA HATyPaJbHBIX YHMCEJ a M b MOKHO 3almncaTh B BHUIe APoOu Z,

rie JeJuMoe @ — YHCJINTEeNb, a JeJUTeJb b — 3HaMeHaTeJb.
Ipobb, B KOTOPOM UHCIUTEJbL MEHbIIIe 3HAMeHAaTeJs, Ha3bIBAeTCSA IPaBUJILHOM,

a 1po0b, T/e YUCIUTETD OOJIbINEe WIN PABeH 3HAMEHATENI0, — HelpPaBHILHOI.
 Npumep 2. [Ipobu 3, 9.1 128 IpaBUIbHBIE, IPOOH 7. 8,16 HEeIIPaBUIb
' 77107 27 124 ’ 77831
HEIE.

Yucso, cocTosdlee U3 IeJoil U APOOHOIT uacTeil, MOXKHO OOPATHTh B HEeIPABUJIb-
HYIO IpOo0b. [[JIs 5TOTO HY:KHO YMHOYKUTD IIeJYI0 YacTh HAa 3HaAMeHAaTeJb U K IIPOu3Be-
IeHNI0 IPUOABUTL YNCANTENL JaHHO apobu. IloayuenHas cymma OyaeT UHCINUTEIEeM
Ipobu, a 3HAMeHaTeJIeM OCTaeTCsa 3HaMeHAaTeJ b JPOOHOH UacTH.

1 5-3+1 16 9 8-10+9 89
Npumep3. 5—-=——-="; 8—=— = —,
B Mpumep 3 3 3 10 10 10

W3 10007 HeIPaBUJIBHOM TPOOH MOYKHO BBITEJUTH IIEJYI0 YacTh. [ 9TOTO HYXK-
HO Pas3JejuTh C OCTATKOM UMCJINTEJb Ha 3HAMEHATEJb. YacTHOe OT JeJeHUus — 3TO
yenas 4wacmv, OCTATOK — BTO YUCAUMEb, NEJINTeJb — 3TO 3HAMEHAmelb.

 nNpumep 4. 24—3:[23:4:5(00'1‘. 3)]:5%; g:[7:3:2(oc'r. 1)]22%.

OcHOBHOE CBOICTBO IPOOHU: €CJIM YHCJIUTETh U 3HAMEHATEeJIb IPOON YMHOKUTH UJIIN
pa3geJuTh Ha OOHO M TO K€ OTAUYHOE OT HYJAd YHUCJI0, TO IOJYyUYUTCA Ilp06lz, paBHaAA
JTaHHOI.

OcCHOBHOE CBOMCTBO APO0M HCIIOJBL3YIOT IIPU COKPAIIEHUN APO0e.

HeneHne yncanTeNsI U 3HaAMeHAaTe s Ha UX OOIUIl JeJUTeNb, OTINUYHLIN OT eqUHU-
IIbI, HA3HIBAIOT COKpallleHueM Tpo0eii.

225
(D Npumep 5. HauGonbmum ob61{uM JenuresnemM Apoou P SIBJIAETCA YUCJIO0 25, I0ITOMY

225 225:25 9

275 275:25 11°
CoxkparieHue Opo0eil MOKHO IIPOBOIUTH ITOITAIIHO C IMOMOIILIO IIPU3HAKOB JeJIN-

MOCTH.

,IIpO6I> MOMHO COKPATUTh HA 3TO YMCJIO:

 Npumep 6 48 48:2 24 24:2 12 12:3 4
"60 60:2 30 30:2 15 15:3 5
CpaBHeHue apobeii

1. I3 aByx mpobeii ¢ OAMHAKOBLIMIU 3HaMeHATEJIAMU OOJIbIIIE Ta, ¥ KOTOPOI UMCJIH-
TeJb OOJIbIIIE.

3 5 2 1 11 9
Mpumep7. —<—; —>—; — < ——.
e P 11 11 37 37 101 101

2. U3 nByx mpobeil ¢ OAMHAKOBBIMU UHCJIUTEJAMHI 0OJIbIIIE Ta, Y KOTOPOI 3HAMeEHA-
TeJIb MEHbIIIE.

5 5 11 11 31 31
Mpumep 8. —<—; —<—; —>—.
. P P 7 6 35 20 45 46

B 2



YT00BI cpaBHUTH APOOH C PABHBIMHU UHCIUTEIIMU U 3HAMEHATEIIMH, HY KHO:

1) mpuBecT; ApobU K HaMMEHBIIIEMY O0IlEMY 3HaMeHaTeJIo;

2) cpaBHUTH MOJIyUYeHHbIe APOOU.
Yro6bl MPUBECTH APOOH K HAMMEHbBIIEMY O0IIeMy 3HaMEHATeJI0, HYKHO:

1) matiTm HamMeHbIIIee 00IIlee KpaTHOe 3HAMeHaTesel npobeii (OHO u OyIeT Ux oOIITUM
3HaMeHaTeJeM);

2) pasgeauTh OOIMUI 3HAMEHATe/b HAa 3HaMeHAaTeJb JaHHBIX Apobeii, T. e. HAWNTU AJIA
KasKa0H Apo0U JOMOJHUTEIbHBIN MHOMKUTED;

3) YMHOKUTDH YNCJIUTENb U 3HaMeHaTe b KasKI0i Apobu Ha ee HOIOJHUTEIbLHBIA MHO-

JKUTEJIb.
2 3 7 11
Mpumep 9. C ou: —u—; 06) —u —.
D np p pPaBHUTHL APOOHU a)71/15 )181/127
Peuternue
a)HOR(7;5)=35.E=ﬁ=E;§=3;7=£; Tak Kak E<2, TOE<§;
7T - 35 5 -7 35 35 35 7 5
6) HOK (18; 27) = 54; l:ﬁzﬁ; Ezgz%; TaK Kak £<g, TO
18 18-3 54 27 27-2 b4 54 54
7 11
—< .
18 27

@0 1.2.2. Apudpmetnyeckue AeicTBUA ¢ 0ObIKHOBEHHBIMI ApO6AMM

CnoxeHue n BbluMTaHNe Apoben

1. IIpu caoxkeHUU (BRIYMTAHUHU) APOOEil ¢ OMMHAKOBBHIMM 3HAMEHATENIMHU K UKCJIU-
TEJII0 IePBOI IPo0U MPUOABIAIOT YUCIUTENb BTOPOI Npodu (U3 YNCIUTENS IePBOi
BBIUMTAIOT YUCJUTENb BTOPOI) M OCTABJAIOT TOT K€ 3HaMeHaTesb. IloyuyeHHYIO
Ipo0b, ecii BOBMOKHO, COKPAIIal0OT U BBIAEJISIOT IIeJYI0 YacTh.

 nNpumep 1.
73 4 1,

B) —- ==
12 12 12 3
6 2,2 _11_,
11 11 11
) 25 5 _@ap) St 7T,
17 17 17 17
I‘) 424_22:62:6_}_24_3:71;
13 “13 13 13 13 13
11 4 11-4 _7
T2t (-5,

R T T U A TR T
e)831—51-=@—5y+3_7=3+3‘7=2+§3+§21=
22 22 22 22 22 22
_922+3-7 ,18 ,9

22 22 11

2. Ilpu caoxkeHuu (BBIYUTAHWHM) OPO0Oel ¢ Pa3HBIMHU 3HAMEHATENSIMHU HYIKHO IIpe[-
BapUTEJIbHO IIPUBECTU 9TU APOOW K HaWMMEHbIIIeMy O0IlleMy 3HaMeHAaTeJio, 3aTeM

L A VLS



CJIOKUTH (BBIUECTD) MOJYUEeHHBIE APO0U, UCIIOJAb3Ys IPABUJIO CJAOMKEHUA (BbIUUTA-
HUA) Apobeii ¢ OAMHAKOBBIMU 3HAMEHATEJIAMMU.

 Npumep 2.
5/ 4/

8) Bt 6o 564D 114307124y AT 4,40 T
8 10 8 10 40 40 40 ' 40
S124+ - —12-7,

40 740
5/ 11/ _

6) 3> _12_3_ 142 2 _5,45°22 ,23.

11 5 11 5 45 45
2/ _

py 5t 135141 3_4,2°3_5,8 1 47

4 8 8 8 8 8 '8
4/ 3/ 9/ _

W) T4t 93 g g0 T 1 8 5 2878427
9 12 4 9 12 4 36
=5+g=5+§=5+2+é=6é.

36 9 9 9 9
YMHoXeHue apobeit

. a c .
1. IIpoussegenue ABYyX Ipodeit > u P PaBHO OPO0OM, YHCJINTEIb KOTOPOI pPaBeH IIPo-

W3BEIEHNIO YUCJUTEeJIel, a 3HaMeHaTeJlb — IIPOM3BEIEeHNI0 3HAMeHaTeJle:
a c _ac
b d bd
2. IIpu yMHOMKEHNN YMCEJ, COCTOAIINX W3 IIeJOM 1M APOOHOII uacTeii, UX IpeIBapu-
TEJIbHO MPEACTABJIAIOT B BUe HEIIPABUJIbHBIX AP00eil, a 3aTeM YMHOMKAIOT COTJIacC-

HO . 1.
 nNpumep 3.
2
a) l24=l%=7/124 =E=14;
12 12 1 399 1
5 131613 36 2
24 39 of°. 39° 9’
13 7
5) 191.1§:19-2+1.1-9+5:3§1-143f _91_g,1.
279 2 9 7. g 3

r)

2 2
e) (3lj :(Ej _169 .49
4 4) 16 16

YT e



NleneHue apobeii

I[Ba ypcJjia Ha3bIBAIOTCA B3aMMHO OﬁpaTHBIMI/I, €CJIn uX IIpom3BE€NEeHVe PaBHO ].,

1 2 7
T. €. Ipo0u BUOA s U — SBJSIOTCSA B3aMMHO OOpaTHBIMU, HAIPUMEP — WM 3; — U —.

a 3 7 2
YTo0BI pas3mesnTh OOHY APOOh Ha APYIyI0, HYKHO JeJINMOEe YMHOMKHUTH Ha YHCJIIO,
o0paTHOe K JeJINTEJI0:

| 2

o |

a.
b

SN

1:2:2; 0:% =

b g 5 % — HAa HYJb OeJUTh
a HeJIb3d

ITpu gmesenmu umces, COCTOAIUX M3 IEJIOM M APOOHOI UacTH, HYIKHO IIpeSBapu-
TeJbHO NPEACTABUTL UX B BHUIE APOOM M HPUMEHUTHL IIPABMUJIO COTJIACHO . 1.

=B~

D Npumep 4.
23 2 AT
40 "4 4g9"°. g 10°
5 8:5.85_40_ .51
5 13 3 3
12, 12,4 11 3
25 51 o95.4' 25
1 .5 16 14 16 -4° 24
r)y5-:12=22 o0 8 =g
39 39 gy T 71
3 27 3 10 27 -8 .7 63 _ 3

3 3 3 -
8—:i—ilo=—:i-:—=f—F — = — =6—.
M 3gigily 8

@ 1.2.3. HaxoxpaeHue yacTit OT LLeNOro W LeNoro no ero 4actu

16

HaxoaeHue yacTy ot Lenoro (Apo6m ot uncna)

Yro0BI HAWTH 4YaCTh OT IEJIOT0, HY)KHO UICJIO, COOTBETCTBYIOIIee I[eJIOMYy, pPas-
IeJUTh Ha 3HAMeHaTeJIb APo0u, BhIPAKAIOIell 9Ty YacThb, U Pe3yJabTAT YMHOMKUTL HA
YUCJNUTENb TON Ke IPOoOu.

5
. Mpumep 1. Ha yuactke pacrer 36 mepeBneB. U3 HuUX . BuiiHu. CKOJIBKO BUIIIEH

pacTeT Ha yuyacTKe?
Pewenue:

1) 36 : 9 = 4 (mepeBa) — 9TO 9 Bcex nepeBbeB; 2) 4 - b = 20 (mepeBbeB) — 3TO
g BCEX IePEeBbEB.
Omeem: 20 nepeBbeB.

3amaua HaXOMKJIEHUA YacTU OT IIEJIOTO IO CYIIEeCTBY ABJIAETCA 3afadyeil HaXOMKIe-
HUA APOOU OT YHCIIa.

Yrobbl HaliTH APOOH (YACTh) OT UMCIA, HEOOXOOMMO YHMCJIO YMHOSKMTH Ha 3Ty
Ipo0b.



5
 nNpumep 2. Pemum npegsiaymniyio 3afgady yMHOKeHUEM dnciaa 36 Ha ApoOb 5

Pewenue:
36 g = % = 20 (mepeBbeB).

Omeem: 20 nepeBbeB.

. 1 .
» Npumep 3. Cpenu 420 000 sxuremneit ropona 5 JacTh JKUTeJIeH He MHTepecyeTca (yT-
00JIOM U He CMOTPUT (PpyTOOJIbHBIE MATUM II0 TeJieBu30py. OcTalbHbIE ABJISIOTCI PYT-
5
6osmbHBIMU OosenbinTuKkamMu. Cpeau 60JIeTBITNKOB 7 CMOTPUT IO TEJIEeBU30PY (HUHATD-

HbIN MaTu ueMnuoHaTta EBponbl. CKOJMBKO JKUTeJNell Topoaa He CMOTPEJIO 3TOT MaTu?

Pewenue:

1) 420000 % =70000 (:xureieii) — He mHTepecylTcA GpyTOOIOM;

2) 420 000 — 70 000 = 350 000 (»xurTeneit) — yTOOIBHBIE OOJEIBITUKN;

3) 350000 g = 250000 (sxuTeseit) — cMOTpeSU MaTy;

4) 420 000 — 250 000 =170 000 — He cMoOTpeJiX MAaTY.
Omeem: 170 000 uesoBeEK.

HaxoxaeHue Lenoro no ero yacty (uucna no ero Apo6u)

Yr0o0BI HAUTHU IeJI0e MO er0 YaCTH, HYKHO UMCJIO, COOTBETCTBYIOIIEEe 3TON YacTu,
pasmesuTh Ha YMCIUTEIb APOOUM, BBIPAMKAIOIIEH STy YacThb, M PEe3yJbTaT YMHOMKUTD
Ha 3HaMeHaTeJb TOH JKe Apodu.

. 2
(D Npumep 4. 3a nepsbIll AeHb JBIKHUKU IPONLIA 38 KM, YTO COCTABJIAET e IIUHBI

Mmapipyra. KakoBa aimaa mapmipyra?
Pewenue:

1)38:2=19 (km) — aTO % BCEro MapIipyTa;

2)19 - 7=133 (kM) — gamHa MapIipyrTa.
Omeem: 133 rwMm.

3azaua HaXO0MKIEHUS I[eJ0r0 IO ero YacTHU II0 CYIIeCTBY SBJAETCA 3aJaueil HaXO0Mk-
JIeHus Yucja o ero apoom.
YTo0BI HAWTU YHCIO IO €ro APOOHM, HeoOXOAMMO JAaHHOEe 3HAUeHNe Pa3aeJuTh Ha

9Ty IPOOL.
2
 Npumep 5. Pemmm npegsiaymniyio 3afady AeeHWeM uucia 38 Ha 7"
Pewenue:
38 : 2 = 387 =133 (&m).
7 2

Omeem: 133 KM.

. 7
D Npumep 6. Tpoe mMblmIell HAULIK TONOBKY chbipa. OfHA MBINB Chea 1z TOJIOBKHU ChIPA,

7 2 .
apyrad — E OoCTaTKa, a TpeTbA — OCTaJIbHbIE ].g KI' CbIPa. Haiitu MacCy IroJlIoBKH CbIpa.

TR



Pewenue:
IIpumem 1menyio rosoBKY ceipa 3a 1. Torma, mocjie TOro Kak mepBas MbIIIb Che-

7 vo12 7 5
Ja 1z TOJIOBKHY, OCTAJOCh: 1 —— = — —— = — yacTu chkIipa. BTopasa MBINIb C'heja

12 12 12 12

1
7 5 7 B .7 7 .
— OCTaTKa, T. €é.:. —+— = —> = — YacCTu cmpa. Tor,ua TpeTI)eI/I MBIIIIN JOCTa-

12 15 132.15°

35 7 15-7 8 2 2
J0Ch: —— —— = ——— = — = — YaCTHU ChIPa, UYTO COCTABJIACT 15 kr. Torma macca

12 36 36 36 9

. 2 2 59 15 1
BCel TOJIOBKU ChIpPA COCTABUT: 1— Kr: — =—:-—=— =7 — (KI).
3 9 32 2 2

Omeem: 7% KT.

@0 1.2.4. JlecatnyHas [pobb, cpaBHeHMe AecATUYHBIX Apobeii

I pobHbIe umciia, 3HaMeHaTesb KoTopbix pasen 10, 100, 1000 u T. x., MOXKHO 3a-
OucaTh He TOJLKO B BUJE OOBIKHOBEHHBIX, HO U B BUJE NECATHUUYHBIX IPO0eii.

OOBIKHOBEHHBIE i i § 27 1 133 3 7371
po6u 10 | 10 | 10 | 100 | 100 | 100 | 1000 | 1000
Aecarmansre 0,1 | 031231 0,27 | 0,01 | 1,33 | 0,003 | 7,371
Ipoou

HECHTI/IT{HBIG ,ZIpOﬁI/I 3allMCBIBAIOT aHaAJIOTUYHO 3allMCH MHOT'O3HAYHBIX HaTypaJb-
HBIX YMCeJI.

3 2 2

= E =1 = = 4 B

g = = = = o ) =R

g = " = & A S "3

B 3] = 5] [ S oL

a ) ) = 0 ) o o 2

3] (5] = [-5) IS = () 3 ISEE3
3 2 7 . 0 5 2 8

Hampumep, uncmo 327,0528 umeer 3 corHu, 2 mecAaTKa, 7 eamuunil, 0 mecAThIX,
5 CcOTBIX, 2 TBHICAUYHBIX, 8 NECATUTBLICAUYHBIX.
Ecam apo0b mpaBuybHAsI, TO Iepen 3aIllsaTOi B 3alIUCU NECATUYHON MPOOU CTABAT

17
0, Ha ep — =0,17.
nudpy 0, Hanpumep 100

(paBHeHune fecaTuuHbIX Apoben
1. VI3 1ByX mecATUYHBIX ApoOell 0oJbIlle Ta, Y KOTOPOM Iiesas YacThb OOJIbIIIe:
7,99 > 6,399; 100,1 < 999,99; 9,99 > 0,99.
2. Eciu menble uacTu ApoOeil paBHLI, TO 0OJbIIIE Ta AP00b, Y KOTOPOI MeCATBIX 00Jb-
mie. Eciu u gmecsaThble paBHBI, TO 0OJIbIle Ta APOOb, ¥ KOTOPOM OOJIbIIIE COTHIX,

uT. O.:
85,7 > 85,679; 35,87 > 35,8695; 5,09 < 5,1; 77,9 > 77,009.

L O VLS



@D 1.2.5. ApudmeTnyeckne AeicTBUA C AECATUYHBIMI APOGAMM

CnoxeHue n BblYMTaHNE [ECATUYHDIX APOGEVI

YT0o0bBI CJOMKUTE (BBIUECTD) MECATUUHEBIE APO0U, HYKHO:

1) ypaBHATH B 3TUX APOOSIX KOJIMUECTBO 3HAKOB IIOCJIE 3aIATOMN’;

2) samucaTh UX APYT IOJ APYTrOM TaK, UTOOBI 3amsTas Oblja 3alucaHa IIOJ 3als-
TOI;

3) BHIIOJIHUTH CJIOKeHUe (BHIUMTAHUE), He oOpalliad BHUMAHUA Ha 3alATYIO;

4) ToCTaBUTL B OTBETE 3aIATYIO IION 3aIIATON B HAHHBIX APOOSIX.

D Npumep 1.
a) 0,4 + 37,023; 6) 100 — 3,02; B) 15,23 + 0,3 + 115;
. 0,400 100,00 15,23
37,023 3,02 " 0,30
37,423 96, 98 115,00

130,53

YMHOXeHue aecaTuyHbIX apobeit

IIpu ymMHOKEHUU OecATHUYHBIX Apo0eil cHayajia HYKHO BBIIOJHUTL YMHOMKEHUE,
He ofpalljas BHUMAaHUA Ha 3alATyI0, a 3aTeM B IIPOU3BEIEHUU OTIEJUTH 3aIlATON
CIIpaBa CTOJIBKO 3HAKOB, CKOJIBKO MX MMEETCA IIOCJEe 3aIATON B 000MX MHOMKUTEJIAX

BMeECTe.
» Npumep 2.
a) 0,215 6 0,15 B) 15
x N X P X —
0,03 0,006 0,003
0,00645 0,00090 0,045

YMHoXeHue aecatuyHon apobu Ha 0,1;0,01; 0,001 u . a.

YT0o06BbI YMHOMUTEL gecaTuuHyio apods ma 0,1; 0,01; 0,001, Hy)XHO mepeHecTH
3amATYI0 BJIEBO Ha CKOJIBKO HU(PP, CKOJIbKO HYJIeHl CTOUT Iepe] eIUHUIEl B MHO-

KUTEIe.
 nNpumep 3.

a) 23,571 - 0,1 = 2,3571; r) 75 - 0,01 = 0,75;

6) 5,3 - 0,1 =0,53; o 4,2 - 0,01 =0,042;

B) 0,37 - 0,1 = 0,037; e) 0,1 - 0,0001 = 0,00001.

Jlenenue gecatuuHbIx gpobeii

Yro0BI pa3fennTsh NeCATUYHYIO APOOh Ha HATypaJIbHOE YNCJIO, HYKHO:

1) pazgenuTs ApobOb Ha 9TO YMCJIIO, He oOpallias BHUMAHUA Ha 3aIATYIO;

2) mocTaBUTh B YACTHOM B3aIlsTYIO IIOCJE TOTO, KaK 3aKOHUEHO JAejieHHe IeJIol ua-
cTH;

3) ecnu 1eJ1ad YACTh MEHBIIE JEJINTENA, TO YaCTHOe HAUMHAETCA C HYJIA IIEJIbIX.

TR
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 Npumep 4.

a) 30,6] 9 6) 3,56|4 B) 1 |80
27 (3.4 32 (0,89 0 [0,0125
- 36 - 36 10
36 36 0
0 0 7100
80
200
160
400
400
0
[lenenue gecatuynon apo6bu Ha 10, 100, 1000 u 1. a.
Yro0BI pasmeauTh AecATHUYHYIO Apoosr ma 10, 100, 1000, ..., Hy)XHO IepeHeCTH

BJIEBO 3AIATYIO B 9TOHM ApoOU HA CKOJBKO (PP, CKOJIBKO HYJIEH CTOUT IIOCJIE eTUHU-

LI B JeJIUTeJIe.

£ nNpumep 5.
a) 571 : 10 = 57,1;
6) 241,3 : 100 = 2,413;
B) 5,35 : 100 = 0,0535;

r) 6,51 : 1000 = 0,00651;
o) 2 : 1000 = 0,002;
e) 57 : 10 000 = 0,0057.

[leneHune yncna Ha AeCATUYHYI0 Ap06b

YT00BI pas3geanTh YKNCI0 Ha JECATUUHYIO APO0b, HYIKHO:

1) B mesimMoOM M [IeauTesie IePeHeCcTH 3alsaTyI0 BIIPABO Ha CKOJBKO UMD, CKOIBKO UX
ImocJie 3aIATON B IesuTee;

2) BBIIOJTHUTD JeJieHne Ha HATypaJbHOE UHCJO.

Mpumep 6.

a) 8,46 : 0,6 = 84,6 : 6 = 14,1;

6) 0,00612 : 0,03 = 0,612 : 3 =0,204;
B) 27 : 0,15 = 2700 : 15 = 180.

Jlenenue gecatuynoi apobu Ha 0,1;0,01;0,001 u . a.

Yrobbl pasgenuTh gecATUUYHYIO apoos Ha 0,1; 0,01; 0,001, Hy:KHO IepeHecTH
B Hel 3alATYI0 BIPAaBO HA CTOJBKO IMU(P, CKOJIbKO HYJeil CTOUT B JIejuTese mepen
enuHUIEH (T. €. YMHOXKUTH Apobs Ha 10, 100, 1000, ...).

Mpumep 7.

a) 37,89 : 0,1 = 378,9;

6) 37,89 : 0,01 = 3 789;

B) 37,89 : 0,001 = 37 890;
r) 37,89 : 0,0001 = 378 900.



@D 1.2.6. NpepctaBneHne aecATUYHOR Apo6u B Bue 06bIKHOBEHHON 1 0GLIKHOBEHHOI
B BUAE AeCATUYHOI

Yrob6bl 0OPATUTH JECATUYHYIO APO0H B OOBIKHOBEHHYIO, TOCTATOYHO B ULCJIHTE]IE
Ipobu 3ammcaTh UIMCJO0, CTOSAINee IIOCJe 3alldATOol, a B 3HaMeHaTejle — eQUHUILY C HY-
JAMU, OPUUYEM HYJeH OOJIKHO OBITh CTOJIBKO, CKOJBKO ITH(MP cIpaBa OT 3aIlsaTOI.
Ecan mo:xHO, 1podb COKPATUTH.

 nNpumep 1. 0,3 = 3 ; 0,256 =—— 25 —l; 0,006 = 6 _3 ; 10, OZleilei
10’ 100 4 1000 500 100 50
Yrob6bl 00pPaTHUTh OOBIKHOBEHHYIO IPO0b B JECATUYHYIO, CJIEAyeT Pa3mesUTh UuC-

JUTeJb Ha 3HAMeHATeJIb II0 MIPAaBUJIy JeJIeHUS NeCATUUYHON Apo0M Ha IleJoe YMCJIIO.

£ Npumep 2. 27—5:0,28; 7,025
50 |0,28
200
200

0

He Kaxnyro OOBIKHOBEHHYIO IPO0b MOYKHO MepPeBeCTH B JEeCATUYHYIO.

Ecau 3HamMeHaTes b OOBIKHOBEHHOU Ap0O0M He COHEP:KHUT IIPOCTBIX MHOMKUTEJIel,
KpoMe 2 u 5, TO 3Ty OOBIKHOBEHHYIO APOOh MOKHO IIEPEBECTU B JECATUUHYIO.

YuureiBadg 3TO IPaBUJIO, MOKHO IIePEBOAUTH OOLIKHOBEHHYIO APO0h B MECATUUHYIO
He ¢ IIOMOIIbIO MeJieHHns, a IIpuBegeHueM ee K 3HameHarteao 10, 100, 1000 oyrem
YMHOKEHHUSA UYHCIUTEJIA W 3HaAMeHaTeJs 9TON ApodM Ha HeLOCTAIOINe MHOMKUITEIIN.

» nNpumep 3. Bamernm, uro npu pasnoskenuu uucen 10, 100, 1000 u T. 1. moxydaercs
OIVHAKOBOE KOJMYECTBO JBOEK M IIATEPOK. IIpefcTaBUM B BHUAE AECATUUHBIX CJIEIY-

4 5 7
[oIue apodu: a) — 1—.
HlI/IleI/I)25 )8 )20
Pewenue:
a)iz 4 _ 4.2.2 _ 16 _ 0,16;
25 5.5 5-2-5-2 100
3 4
6)5 5 5-5 _ 5 _ 0,625
8 2.2.2 2.5-2.5-2.5 1000
B) 1 Lot 75 435 =1,35.
20 2.-2.5 2.5.2.5 100
000 1.3. PayuoHanbHble uncna
@D 1.3.1. Lenble uucna
KoopaunaTHaa mpamMasa — 35TO OpAMas ¢ YKa3aHHBIMM HA Heil HA4aJIoM OTcYe-
ra (Touka O), HampaBjeHUEeM oTcueTa (YKa3aHO CTPEJKOH) M eTUHUYHBIM OTPE3KOM

(04 = 1).
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Yucoa, pacmoio’KeHHbIe Ha KOOPAMHATHON HPAMOI cIIpaBa OT HYJSA, HA3bIBAIOT
IMOJIOKMTEIbHBIMH, a CJIeBa — OTPHUIATEJbHBIMHU. UMCI0 HYJIb He ABJSIETCS HU II0-
JIOXKUTEJIbHBIM, HI OTPUIIATEJIbHBIM.

N O A M
—t———+—+—F——0 0@ +—F+—F+—F+—1+>
-7-6-5-4-3-2-10 1 2 3 4 5 6 7

Puc. 1.1

Toura A msobpaskaeT uncao 1, KOTopoe HAa3bIBAIOT KOOPAMHATON TOUKU A 1 3aIIu-
cuiBatoT: A(1). Aramorununo 3anucekiBatoTr: O(0); M(2); N(—4).

IBa umncia, oTJaUUaIONIueca APYT OT APYyra TOJbKO 3HAKOM, HA3bBIBAIOTCS MPOTHBO-
TMOJIOSKHBIMH YHCJIAMH.

Hampumep, 1 u -1, 2 u -2, 7 u —7 — IPOTUBOMOJIO}KHBIE UKCJA.

Ha xoopammaTHOU IpAMOIi IPOTHUBOIIOJIOMKHBIE UMCJIA PACIOJ0KEHBI CUMMETPHU-
HO OTHOCHUTEJBHO HavaJjia OTcueTa.

Yucsa HaTypaJbHbIe, UM HPOTUBOIIOJOMKHEIE, a TaK)Ke UMCJO HYJb COCTABJIAIOT
MHOKECTBO IieJbIX unces. OHo obo3Havaerca Z.

Hanpuwmep, 5 € Z (Yucio OATh, OpUHALIEKUT MHOMKECTBY IeJbIX Umces), —7 € Z,

1 1
—35 ¢ 7 (uumcio —35 He ABJIAeTCA IeJbIM YHCJIOM).

Kammomy 1esoMy 4mciy MOYKHO IIOCTABUTL B COOTBETCTBME €IMHCTBEHHYIO TOUKY
Ha KOOPAWHATHON NpAMOM.

WNuorma maTypaiabHbIe YKCJIa HA3BIBAIOT IEJIBIMH IOJOKHUTEIbHBIMHU, a duciaa —1,
-2, =3, ... — LeJbIMHA OTPUIATEIHHBIMH.

IMexrie yncaa

Ilenble TOIOKUTEIBHBIE: ITenbie oTpunaTeabHBIE:

1,23, 4, . 0 1, -2, -3, 4, ..
. Mpumep 1. Kaxue 1esable uUmclia PACIONOKeHBI Mexnay: a) —4 u 2; 6) —1,9 u 3,2;
7 7
B) —— u —?
8 8

Omeem: a) —3; —2; —1; 0; 1; 6) —1; 0; 1; 2; 3; B) O.
. Mpumep 2. CKOIBKO IIEJNBIX YMCEJ PACIIOJJIOMKEHO HAa KOOPAMHATHON MHPAMOM MEXKIy

yucaamMu —154 u 617
Pewenue:

CieBa OT HYJIS PACIIONOKEHBI unciaa oT —152 1o —1 BKJIOUYUTENLHO, T. €. ux 153,
Iajiee caMoO UMCJIO HYJb U MOJOMKUTEJAbHbIe uncaa oT 1 go 60, T. e. 60 uuces. Beero:
152 + 1 + 60 = 214.

Omeem: 214 ugucei.

@D 1.3.2. Moaynb (abconoTHas BenuumMHa) yncna

Mopayaem umciia ¢ Ha3bIBAIOT PAcCTOAHME OT HavaJja OTcueTa O TOUKHU, KOTopas
n300paskaeT 3TO YMCJI0 HA KOOPAUHATHOM ITPAMOI.
-4=4  |4=4

-7-6-5-4-3-2-10 1 2 3 4 5 6 7
Puc. 1.2

2. oakeens

-
Y



=4 = 4; |4| = 4; |0] = 0.
MO,I[y.TIB IMOJJOKUTEJBbHOI'0 UNCJIa PaBeH cCaMOMYy 4YHMCJIYy, MOAYJIb OTPUIIATEJIBHOIO
YyucJia paBeH 4YUCJIy, IIPOTUBOIIOJIOMHOMY HTaHHOMY:

lal = a, ecau a > 0, T. e. @ — HEOTPUIIATEIbHOE YUCJIO,
“= {—a, ecau a < 0, T. e. @ — oTpHUIlATEIbHOE YKCJIO.
Mogysib J1060r0 YKcia eCTh BEeJIMUYWHA HEeOTpHUIlaTeJIbHAasd.
Moayiu IpOTHUBOMOJIOMKHBIX UKCEJ PABHBI:
la| = |-al.
» Npumep 1. M306pasuTh HA KOOPAVUHATHON NMPAMON IleJble 3HAYEHUS X, IPU KOTOPBIX
BE€PHO HEPaBEHCTBO:

a) x| < 3; 0) |x| < 3; B) 2 < |x| < 5.
Omeen:L: 1 1 1 1 A - quem: 1 1 1 1 1 A - Olm?elrll: 1 1 1 1 1 1 e
-2-10 1 2 -3-2-10 1 2 3 -4-3-2-10 1 2 3 4
I Npumep 2. Pemnrs ypasrenus: a) |x| = 7; 6) |x| = —9; B) |x| = 0; ) [x — 4] = 3.
Pewenue:

a) lx|="7.x =7 x,=-T;
0) |x| = —9. Pemenuii HeT, TOCKOJBKY |Xx| > 0;
B) |x| = 0. x = 0;
r)jx—4/=3.x—-4=3umx -4=-3;x,=7Twumx,=1.
Omeem: a) —7; 7; 6) pemenuii Het; B) 0; 1) 1 u 7.
» Npumep 3. Banucars BrIpakeHune 6e3 3HAKa MOAYJA: a) |a — 2[; 6) bla + 2|.

Pewenue:
ITo ompenenenuio MOAYJIA UMeeM:
a—2,ecama—220, a-—2,ecau a > 2,
a) la—2 = nnu la—2| =
—(a-2),ectma—-2<0 —-a+ 2, ecnn a < 2;

5(a+2),ecitma+22>0, 5a + 10, ecnu a > -2,

6) 5|a+2|:{ R 5|a+2|:{

-5(a+2),ecima+2<0 -5a —-10, ecau a < 2.

@0 1.3.3. (paBHeHue paumoHanbHbIX Yucen

a
qI/IC.HO, KOTOpO€e MOMHO 3alliCaTh B BUJ€ OTHOIIEHUA p = —, I'/le a — I[eJI0e UHUC-
n
JIO, a N — HaATypaJIbHO€, Ha3bIBAalOT PAIlMOHAJBHBIM YHMCJIOM.

Hampumep, umcaa 0,27; 3?; -3,5; 10; —3; 0 aBaATCA pPalHOHAILHBIMU, IIO-

CKOJIBbKY 0,27:£; 3E:§; —3,5:_—7; 1022; —3:_—3; 0:9.
100 T 2 1 1 1

PanmonanbHbIe Unciia BKJIIOYAIOT B ce0s IeJible U JPOOHBIE YMCJA.

PaumuonajapHbIe YHCIIA

ensre uucaa: —3; 0; 1; 15; ... Ilpo6HBIe ynca: %; 0,33; —-7,5; ...

MHo:xecTBO pallMoOHAJBHBIX UMceJ 0003HAUYaT Q.
Ha mHOXKecTBe @ MOMKHO NPOU3BOAUTH NEHUCTBUSA CIOKEHUA, BBIYUTAHUSA, YM-
HOKeHUus u gejeHuda (Kpome geaeHusda Ha 0). KapgomMy panuoHaJbHOMY YHUCJIY
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MO HO IIOCTaBUTHh B COOTBETCTBHE €IMHCTBEHHYIO TOYKY Ha ROOpﬂHHaTHOﬁ
IPAMOI.

W3 nByX panyoHAJbHBIX YKCEJ 0OJIbIIE TO YKMCJIO, KOTOPOE HAa KOOPAMHATHON IIPs-
MO# pacIoyioskeHo mpasee. CienoBaTebHO:
a) BCAKOE IIOJOKUTEJIbHOE UMCJIO 0O0JIbIlle HYJaA 1 OOJbIlle JI000T0 OTPUIATEJIbHOIO:

-10<1;0<1; 5>-5000;
0) BCAKOE OTPUIATEJIbHOE UMCJIO MEHBIIe HYJIS:
-7<0; -0,1 <0; 0>-1000;
B) U3 IBYX OTPHUIATEILHBIX YKCEJ 00JBIIE TO YMCJIO, MOAYJIh KOTOPOTO MEHBbIIe:
-3 > -5, T. K. |[-3| < |[-5|.

Mpumep 1. Mexxay KaKUMU COCEJHUMU IeJbIMU UNCIAMU JIEXKUT YUCTO:

9
3—; 06) —8,4; B) —0,17?
a) 17 ) B)

Omeem: a) 3 < 3% <4; 6) " 9<-8,4<-8;8)-1<-0,17<0.

Mpumep 2. 3anmcaTs TPU IIOCIELOBATEJIbHBIX ILEJBIX UKCJA, OOJbIlIee U3 KOTOPBIX:
a) 3; 6) —8; B) 0.
Omeem: a) 1; 2; 3; 6) —10; —9; —8; B) —2; —1; 0.
Mpumep 3. HaiiTu Bce mesible 3HAUEHUS X, IIPU KOTOPBIX OyAYT BePHBI OJHOBPEMEHHO
o0a mepaBeHcTBa: a) 71 <x<3u-5<x<9; 0)-3,8<x<4m-—-2,6<x<6,3.
PeweHue:
N ——
-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9
0) —— LR AL G
-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8 9
Omeem: a) —5; —4; —3; —2; —1; 0; 1; 2; 6) —2; —1; 0; 1; 2; 3; 4.

1.3.4. Apudpmetnyeckne aencTBUA C paLUOHANIbHBIMK YnuCnamm

(noxxeHue n BbluMTaHUe PaLluoHaNnbHbIX Yncen
1. Ilpu cioKeHVUM parMOHAJIBHBIX YWCEJ C OMUHAKOBHIMHU 3HAKAMH HYXKHO CJIOKUTH
UX MOAYJU U Iepel CYMMOIi IIOCTABUTHL MX OOIMUI 3HAK.
Mpumep 1.
a) (=6) + (-3,7) = —(6 + 3,7) = -9,7;

2/
6) —5Z+[—6—3j = —(5z+6§j NETEC TN
8 4 8 8 8 8

2. Ilpu caoskeHnMN OABYX PAIMOHAJBHBIX UMCEJ C PaAasHBIMH 3HAKAMM MOLYJIbL CYMMBI
PaBeH Pa3HOCTH MOJYJIEH ciaraeMbIX. SHAK CYMMBI COBIAJAET CO 3HAKOM cJiarae-
MOTO, UMEIOIEero GOJIbIINI MOLYJIb.

Mpumep 2.
a)4 +(-10) =—-(10 — 4) = —6;
0) 5,6 + (—4,1) = (5,6 — 4,1) = 1,5;

3/
B) —11Z+8—2=—(11Z—89]=—31.
9 3 9 9 9



3. CymMMa mpOTHUBOMOJIOKHBIX UMCEJI PaBHA HYJIIO.

 nNpumep 3. 3 3
a)—4+4=0; 6)§+( j:O.
4. Yro0OBbI BBIYECTHh M3 YMUCIA G YHCJIO b, TOCTATOYHO K yMEHbIITaeMOMY IIPuOaBUTH

YHUCJIO, IPOTUBOIIOJIOMKHOE BbhIUMTAEMOMY:
a—b=a+ (-b).

D Npumep 4.
a) —7 — 3 =-7+ (-3) = ~10;
6) =5 — (-11,3) = -5 + 11,3 = 6,3;

3/ 2/
B)29 417—22+(—4£j:2+(—4)+—9+(— 17):
30 20

20 30 20 30
=— +2—7+(—%)=—2+(—1j=—2l.
60 60 60 60

(BolicTBa CNOXeHUd

s TI00BIX PAIMOHAJBHBIX YUCEN A, b U ¢ BBHIIOJHAIOTCA PaBEHCTBA:
1) mepemecTuTeIEHOE CBOMICTBO: @ + b = b + a;
2) coueraTenbHOe cBOMCTBO: (@ + b) +c=a + (b + ¢).

 nNpumep 5.
a) —6,38 + (~1,73) + 5,38 + 1,73 = (1,73 + 1,73) + (-6,38 + 5,38) = 0 — 1 = —1;

9 13 23) 19 9 19 13 23 10 10
0) ~—F+—F|—— |t =t — || =t —— | |2+ == | =
40 50 50/ 40 40 40 50 50 40 50
1 ( lj 5 ( 4) 1
= 4| -—|=——4+-——— = —.
4 b 20 20 20

YMHOXeHue n aenenune PaLloOHaNbHbIX Yncen
1. HpOI/ISBeI[eHI/Ie (‘{aCTHOG‘) qyuceJl OJHOIo 3HAKa €CTh YMCJIO IIOJOKUTEJIbHOE.

D Npumep 6.

a) (-6) - (-2,1) = 12,6; B) (=72) : (-6) = 12;

6) _§.(_§j:ﬁ:é; 11) _22:[_Hj:22.17:34.

4 6 4-6 8 17 11

2. IIpomsBeneHue (YaCTHOE) ABYX UMCEJI C PA3HBIMH 3HAKAMMU €CTh YKCJIO OTPUIIATEJIHLHOE.
D Npumep 7.

a) (—10)-% =-2; B) 24 : (-3) = —8;

6) g.(_ll):_g.gz_l; I‘) _5:8:_§.

3 2 3 2 8

(BOIICTBA YMHOXeEHUA

st 1100bIX pPallMOHAIBHBIX YHCEJI @, b U ¢ CIIpaBeIJNBbI PABEHCTBA:
1) mefictBusa ¢ HysJeMm u eguHuIei: a -1 =1-a=a; a - (-1) = —a;
a-0=0-a=0; (-1)-a=-a.
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2) mepeMecTUTeJIbHOE CBOWCTBO: a - b =0 - a.
coueraTeabHOE cBOiicTBO: (ab) - ¢ = a - (bc);
3) pacmpepeauTenbHOe cBoiicTBO: a(b + ¢) = ab + ac;

(BoNcTBa AeneHna

a:l=a a:(-1)=-a

a:a=1

a:(-a)=-1

0:a=0

<0 — Ha HyJIb JeJUTH HEIb3H
 Npumep 8. Brrunciuts HanGoee yAOGHBIM CIOCOBOM:
a)—4-2,3-(-0,5)=(4-(0,5)-2,3=2-2,3=4,6;

5 (419 (B9 [[A) ae | =
%) _E'(_E)'%'(_ZG)_ (18 25j [( 13) ( 26)j

__ 1426 1 4 8 _ 48
10 13 10 10
B) —32,3-7E+23-(—32,3)=—32,3-[7E+zi)=
13 13 13 13
13

=-32,3-9— =-32,3-10 = -323.
13

@ 1.3.5. (teneHb C LenbiM noKasatenem

MHuosxecTBO IIeJIbIX 4YHuCeJI 7 — 9TO0 MHOMECTBO, COCTOdAIee N3 HATYPAJIbHBIX YM-
CeJl, HyJid 1 4YlncCeJl, IIPOTUBOIIOJJIOMKHBIX HATYPaJIbHBIM. HOQTOMy IIOHATHE CTeIleHU

a" (n € N) MOKHO paCIINPUTD, €CJIU PACCMOTPETh CaydYam, KOrga n — IeJioe OTPHUIlA-
TesibHOE urciyio u n = 0.

1 _ 1
a"=—muna"=—

n b
a a
ecima=0un — IIeJioe 4ucJjio

a®=1,ecaima =0

0°u 0™, n € N He ompezeIeHO

-3 3
@ Npumep 1. a) 52 =é=i; 6) (2) :(3j _ 27

25 3

0
 nNpumep 2. 1°=1; (-3,7)° = 1; (%) =1.

2

3"

(BoiicTBa CTENeHu ¢ LieJibIM NNoKa3atejiem
IlycTs a — mr000€ umesa0, m U n — IieJble YHncia.

CsoiicTBa IIpumepsI

at"xa*=a™, a+0

_ 194 - 1 1
512.510:51210:52:_22_
5 25




OxoHyaHUue mabaulvl

CroiicTBa IIpumepst
m 5 7 5-7 -2
IR RC R
2 2 2 2
6) 3°:3°=3"=38" _ L
27

(@) =a™; a+0

a) ((0,2)?)" =0,27% Y =0,2° = 0,008;

3°.27° _ 37°.(38%) _ 37°.3° _ g8+6-(-4) _ g-3+6+4

0 = = =3’
) 972 (32)72 374
(ab)y"=a",a=0,b=0 -2 6
a) (—§a3bj = iaﬁb’2 _ 94 =3
5 25 25b

6) 0,1257-87=(0,125-8)"=1"=1

(ﬁj =4 4#0,b20
b) b

(3a4x‘2 ]3 _3%ax®  2°p°x®  8b%x°

 nNpumep 3. Berumcaurs:

1 1

a) 3%+ (-2)° :—+(—— =

32
1

6) (0,1)” +(0,5)" = (E

B) ((=10)")7 : (-10)°)® + 872 = (=10)™ : (-10) ™ + 3—12 = (-10)™" + 9=
—9+10 1

L1

2b 23p2 3%q2  27q"
1. 1_8-9_ 1,
9 8 72 72’
4

1

10 9 90 90"

(TaHpapTHbII BUA Yncna

CraHmapTHHIM BUOM YHCJIA Ha3bIBaeTCA ero 3anuch B Buze a - 10", roe 1 <a <10,
n — 1mejyoe 4ucjao. Yuco n Ha3bIBAIOT MOPSIAKOM YHMCJIA.

 nNpumep 4. IIpescTaBUTh YUCIO B CTAHJAPTHOM BHJE:

a) 1 370 000 = 1,37 - 105;
6) 0,00000071 = 7,1 -10%;

B) (1,1 -102%) -(3-10%=1,1-3-102-10°=3,3-10°%;

r) (9,1 - 10°%) - (3 - 10°) = (9,1 - 8) - (103 -
1) (6,1-10%)-(2-10%) =(6,1-2) (10*-10°)=12,2-1071=1,22- 10

10°%) = 27,3 - 10* = 2,73 - 103;

e 2,3-10%2+1,5-10%=2,3-102+0,15-102%=(2,3 + 0,15) - 102 = 2,45 - 102,

@0 1.3.6. Yncnosble BbipaxeHns, NOPAAOK AEICTBUI B HUX, UCMONb30BaHNe CKOGOK.

3aKoHbl apudmeTUyecKnx AencTBui

Yucaosoe BBIPpAaKeHHue — 9TO MaTeMaTnu4deCKad 3alliucChb, Comepixallad dmncja, CKO00-

KU ¥ 3HAKU NelCTBUIH.

27
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Hampumep: (2,3 — 1,8)%; (% + 1,3) . (% -1, 3).

3HaueHNEeM UYNCJOBOTO BhIPAKEHUA HABBIBAETCS UMCJIO0, KOTOPOE IIOJIyYaeTcsa B pe-
3yJbTaTe BBIMIOJTHEHUA AeicTBUA. Kamkoe UmcjaoBoe BBIPAKEHUE MMEeT eJUHCTBEH-
HOe 3HAUeHVE UJIU He UMEET er0 COBCEM.

Hamnpumep, uncio 1 sBisercsa sHaueHHMEM UYMCJIOBOTO BheIpaskenuda (3,7 — 2,7)%,

a BBIpaXXeHue He mMeeT 3HaUeHUA.

BripaxkeHus, cozeprkaliue qeJieHue Ha HyJIb, He UMEIOT 3HAUEHUS, TIOCKOJIBKY 9TO
IelicTBUEe HEBO3MOYKHO BBHIIONHUTH. O TAKOM BBIDAKEHUU MOBOPAT, UTO OHO HE UMEET
CMBICJIA.

Hasa Toro uToOBI HaWTV 3HAUEHUE BBLIPAYKEHUA, HEOOXOAMMO COOIONATH MOPSIOK
e CTBUI.

HelicTBUA mepBOM CTYyIEHU — CJIOKEHWEe W BBIUMTAHUE; NeHCTBUSA BTOPOM CTyIIe-
HU — YMHOXKEHUe U JieJieHue; IeliCTBUEe TPeThell CTyIIeHH — BO3BeJeHUE B CTEIIEHb.

HOPHAOK BbINONHEHNA AECTBUI B YNCIOBOM BblpaXeHun

1. Ecau BeIpaskeHUe COOEPIKUT CKOOKM, TO CHAUAJIA BBIIIOJHAIOTCSA JEHCTBUSI B CKOO-
Kax. Eciu BHYTpHu CKOOOK cofep:KaTcs APyrue CKOOKM, TO CHAaUuaja BBIMOJHSIOTCS
IeficTBUS BO BHYTPEHHUX CKOOKAax.

2. CHauajia BBITIOJHAIOTCA MENCTBUSA BBLICIIIEN CTYIIEHUW, 3aTeM HU3IIEeH.

3. HelicTBUSA OMHON U TOH Ke CTeIleHU BBIMIOJHSAIOTCA B TOM IIOPAIKE, B KOTOPOM OHU
CTOAT B BbIPAKEHUMH.

Mpumep 1. HatiTu snauenwme Boipaskenus: 17 — (91,1 — 101,1)% + (2,3 — 1,3)7 : (—2)3.

PeweHue:
1) 91,1 - 100,1 = -10; 5) 17" =1;
2) (-10)2 = 100; 6) (—2)3 = -8;
3) 17 - 100 = —83; 7 1:(-8)=-0,125;
4)2,3-1,3=1; 8) -83 + (-0,125) = —83,125.

Omeem: —83,125.

MpaBuno packpbiTus ckobok

1. Ecom mepen cKoOKaMu CTOUT 3HAK «+», TO, PACKPBIBAsA CKOOKM, MOKHO:
a) OIMYCTUTH CKOOKM M 3HAK <«+»;
0) sammcaTh cjaaraemble, CTOAIIME B CKOOKAX, COXPAaHUB UX 3HAKU;
B) ecJIu TIepBOe cjiaraeMoe, CTosfAlllee B CKOOKaxX, 3amucaHo 0e3 3HaKa, TO ero HyK-
HO 3aIMCATh CO 3HAKOM «+».

Mpumep 1.
a) -7,21 + (3,5 + 7,21) =-7,21 + 3,5 — 7,21 = 3,5;
6) 3,7+(-2,3+5)=3,7-2,3+5=6,4.

2. Ecau nepen CKOOKAMM CTOMT 3HAK «—», TO, PACKPBIBAA CKOOKM, MOXKHO:
a) OIMYCTUTh CKOOKU M 3HAK «—»}
0) sammcaTh cjaraemMble, CTOAINNE B CKOOKax, MOMEHSAB 3HAKM BCEX cjlaraeMbIX Ha
IIPOTHUBOIIOJIOMKHEIE;
B) ecJiu IIepBOe cjiaraeMoe, CTosdAIlee B CKOOKAax, 3anucaHo 0e3 3HaKa, TO ero HykK-
HO 3aII1CaTh CO 3HAKOM «—».



 Npumep 2.
a) 2,56 -(5,6+2,5)=-2,5-5,6-2,5=-10,6;
6) -7,8-(3,2-6,8)=-7,8+3,2+6,8=2,2.

3akoHbI apudMeTHYeCKuil meicTBuii — cMm. 1. 1.3.4.

O 1.4, [JeiictBuTenbHble Yucna

@0 1.4.1. KsagpaTHblit KopeHb M3 yncna

KBagpaTHeIM KOpHEM M3 YMCJIa @ HASLIBAIOT UMCJIO, KBAAPAT KOTOPOrO PaBEH d.

Hampumep, KBagpaTHBIMU KOPHAMHK M3 uncjga 16 aBasmorca umcaa 4 um —4, 1o-
CKOJIBKY 42 = 16 u (—4)? = 16.

W3 orpuiaTeJLHOr0 4Kcja KBAAPATHOIO KOPHS HE CYIIEeCTBYET.

ApudmeTnueckuM KBaJIpPATHBIM KOPHEM W3 UHMCJIa d HA3bIBAIOT HEOTPUIlATETIbHOE
Y1CJI0, KBaJ[paT KOTOPOTO PaBeH d.

Hanpuwmep, apudpmernueckuM KBaAPaTHLIM KOPHEM U3 uncja 36 saBiaseTcsa YucJo 6.
Hna o6osHaueHnss KBAJPATHOTO KOPHS WCIOJIb3YIOT 3HAK

3amnucs \/E YUTAIOT TaK: «ApudMeTrnuecKuii KBaAPATHBIA KOPEHb U3 M » WUJIN IIPOCTO:
«KBampaTHBIN KOPEeHb U3 M» , IIPU 9TOM YHCJIO /1 Ha3bIBAIOT MOTKOPEHHBIM BhIPAKeHNEM.
Hanpumep: 144 =12; Jo = 0; 9 = i
121 11
HelicTBue, mOCPEACTBOM KOTOPOTO HAXOAUTCS KBaApPaTHBI KOPEHb, HA3BIBAETCS
M3BJIeUeHHEeM KBAJIPATHOIO KOPHA.
Wrak, onpemenenre KBaIpaTHOTO KOPHS MOKHO 3aIllMCaTh CJIENYIOINIUM 00pa3oM:

eciu a > 0 u b% = a, TO Ja=b

2
W3 sToro ompenpesieHusA CIELyeT, UTO (\/; ) =a, ecau a > 0.

2
2 2
Hanpuwmep: ( 1,7) =17, ( %j = %, HO BEIPpAKeHIe (\/—3) He MMeeT CMbICA.

(BoicTBa apudPmeTNYECKOro KBafpaTHOro KOpHA

CroiicTBa IIpumepst
Ksanparusiii kopesb | a) /1,69 -900 = /1,69 - /900 = 1,3 -30 = 39;
u3 Npou3BeSeHusd: _ o _ 1o
Jab - a b 6) V722 =722 =144 =12;

mpua>0ub>0 B) V/45-80 =/(9-5)-(16-5) =/9-25-16 =3-5-4 = 60
KBagparubiii KOpeHb 36 \/% 6
3 Aposu: D20 a9 T

\/Ezﬁ 6) 61— §__‘/%_§_21.

b b 4 4 J12 2 "2

mpua>0wubd>0
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.
b

N
7 V27 \o

]
W=

P)\ﬁ. b _[25 _[1_1
5 \72 5 72 36 6
KBanpaTHBII KOPeHB | 3) \/(-5)? =|-5|=5;
U3 CTeleHN: —

a) Va* =ldl 6) Nm” =lml;

6) Na** =la, B) Va'’ = a’; mockomeky a® > 0;
rie a — JI000e 9ucIo o) o = |p?| = b°, >0,

-b°, b < 0;

) \/(\/5—7)2+x/§=|J§—7|+f=—x/§+7+x/§=7, 1o-

CKOJIbKY \/§<7 u \/§—7<0;
e) J3—2J§=\/2—2\/§+1=\/(\E)2—2-J§-1+12 -
JW2-1) =V2-1=v2-1L,reV2>1uv2-150

Mpeo6pa3zoBaHue BbipaxeHuii, cofepKaLLnX KBaapaTHbIe KOPHU
1. IIpocreiinmue mpeodpa3oBaHUd.

a) 542 + 442 = 942; n) 4Ja -(-2b) = -8ab;
6) 7/3 —3V3 = 44/3; e) 12%:3@:%:4@;
B) 642 543 = 304/6; x)(3v2) =32(¥2) =9.2-18.

r) 7 + 37 = 4JT;

2. BeIHeceHHe MHOKUTEJA M3-TI0] 3HAKA KOPHJI.

a) 27 =/9-3 =3/3;
6)—\/_—1\/T_—4f 2.2;

s 5, >0,

—a~b, ecau a < 0.
3. BHeceHne MHOKHUTEJA IMOA 3HAK KOPHIA.
a) 247 =~/22.7 =J4.7 = /28;
6) a5 =v5a®, ecru a > 0; avb = —/5a?, ecnu a < 0.

4. OcBo0OoKaeHNEe OT HPPAIMOHAJIBHOCTH B 3HAMEHATeJe UJIN YHCINTeIe TPOoou.
B yucaumeane:

o5 _ 55 5
T T 1
et (BrU)(B-1) (B-1P 2 1

2 2.(y3-1) 2.(3-1) 2.(V3-1) B-1
L Woausemcens



B snHamenameae:

a)i= 2.3 =&'

NERENCRNC - T
o L_ 5 _ 5

NCRENCRNG I
. a(JE Jb) a(Va +Vb).
ff( b)) o +b)  a-b

5 __5(3-1) _5(38-1) 5(3-1)

T) = = =
V3 +1 (J§+1)(J§ 1) 3-1 2
 nNpumep 1. YupocTuTs BeIpasKeHUE:

a) V18 +/8 - /50; 6) (243 -3)(243 +3); ) (V5 -2) +2V10.

Pewenue:
a) V18 +v8 — /50 =+/9-2 +/4.2 -25.2 =32+ 22 - 52 = 0;
6) (243 -3)(2y3+3)=(243) —82=4.3-9-12-9=3;
5) (V5 —+2) +210 = (\5) +25 -v2 + (42)  + 2410 =
=5-2J10 +2+ 210 = 7.

(D Npumep 2. PasnoskuTs Ha MHOKUTEIIN:

a)\/ﬁ—\/g; 6)a+x/a; B)a — b, rmea>0,b>0.

Pewenue:
a) V18 -3 =v6-3 -3 =3(\6 -1);
0) BRIpakeHme \/; uMeeT cMbIcja npu a > 0, Torga a = (\/; )2 .

Tooromy a++a =(Va) ++a =a(Ja +1);
B)ympua>0ub>0a-b=(a) -(Vb) =(a-vb)a+b).

D Npumep 3. Yupocturs BeIpakeHue:

. 11 1
a) (\/2—3)(\/5+3)—\/E(\/E—5),6)1+\/§ NSPSCRANCarE

Peuwenue:
a) (Va-3)(Va+3)-va(Va-5)=(a) -3 -(Va) +5Va =
—a-9-a+5V3 =5Ja-9;
1 1 1

0 .
) 1+\/§+\/§+\/§+\/§+2

IlonbiTKA mMpUBECTH TaKKe APOOU K OOIeMy 3HAMEHATENII0 IPUBENET K TI'POMO3I-
KOMY BBIPAKEHUIO, IIO3TOMY CHauajaa M30aBUMCS OT MPPAIMOHAJILHOCTH B 3HaMeHa-
TeJasaX Apodeii:

1-(1-V2) 1-(V2-v8) 1.(B-2) _
(1+f)(1 R) 2Bz B) (Br2)V3-2)
_1-V2 2-8 8-2 1-V2+V2-V8+VB3-2 -1_,
1-2 2-3 3-4 -1 -1

C M Meemwenwewca 3



@D 1.4.2. KopeHb TpeTbeil cTeneHu

KopeHs Tpernbeii cTelleHM M3 UHCJIA @ — 3DTO UYHCJIO, TPEThS CTEIEeHb KOTOPOTrO
paBHa a.

KopeHb TpeTbheil CcTelleHN YacTO HA3LIBAIOT KYOMUYECKHM KOPHEM W3 UMCJa U 000-
sHagaor Ya.

Kybuueckuit KopeHsb ompeneeH 13 JIOO0T0 AeliCTBUTEJIBHOTO YHCJa, IPUUYeM

%_{%, ecau a > 0,

—3/-a,eciua <0

Hanopuwmep, 3-8 =-%8=-2.

3
ITo ompeneseHnI0 KyOMYeCKOTO KOPHSA (\/3 a) =a.

Hamnpuwmep, (3/5)3 = 5; (3 —5)3 =-5.

ApudmeTnueckuM KyOMUYeCKHUM KOPHEM M3 YMCJA 4 HA3LIBAIOT HEOTPUIlATEJIbHOE
Ym1CII0, KyO0 KOTOPOro paBeH d.

IeiicTBue, MOCPEACTBOM KOTOPOTO HAXOAUTCA KYyOMYECKHI KOpPEeHb, HA3LIBAETCS
M3BJIeUeHHEeM KyOMUeCKOro KOpPHA.

KyOuueckuit Kopeusb o0JaJaeT TeMU »Ke CBOHCTBAMM, UTO M KBAAPATHLINA KOPEHb.

CeoiicTBa IIpumeps1

$ab = ¥a - b a) ¥125-27 =125 -327 = 5.3 = 15;
6) 34.32=%4.2=%8=2

3
b b 125 3125 5

3
0) “or = °2 ~ Y125 =5

3/5 5
3 3
) =a a) (Y1) =7
) =da” 6) (32) =42° =¥

CpaBHeHUs, CBI3aHHbIE C KBAAPATHBIMM U KyOMYECKMMHU KOPHSIMU
Ecnna>b20,'ro<‘/;>’€/5,n=2;3 5>3,n09Tomy\/g>\/§n§/g>§/§
(‘/E+€/52\/”a+b,n:2;3;a20;b20 \/3+\/§>\/§; %/5+§/§>§/§

ECJII/I(I>1,TO\/E>].I/I\/E<(1 5>1,T0\/3>11/1\/5<5;

%/a_>1n§/;<a §/3>11/1§/5<5

Ecnn0<a<1,'r00<\/;<1n\/g>a §<1,TO\/§<1H\/§>§;

1/10<§/E<11/1§/E>a
O<?{/§<11/1?\>/§>g
3 3 3

R oakeaens
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lpeobpa3oBaHue BbipaXeHuii, coaepKaLLnX Kybuueckue KOpHU
1. IIpocreiiniue MpeodOpa3oBaHUA.

a) 332 + 532 = 8¥2;
6) 8%-3 — 233 =633 = —6¥3;
B) 235 -33/4 = 63/20;

3
r) 12%/ﬂ:fs%f=12‘/ﬂ =238 =2.2=4;

63/3
n (342) =8°.(32) =27.2 = 54.
2. BeIHeceHHe MHOKUTEJA M3-TI0] 3HAKA KOPHI.

a) ¥24 =3/8.3 =2%3; 6) ¥-625 =3/-125.5 = —5%5.

3. BHeceHUe MHOKUTEIST IIoaQ SHAK KOPHHA.

a) 342 =¥3%.2 =%27.2 = ¥54; 6) —2%3 = -¥/8.3 = -¥24.

4. OcBoOOKIeHNE OT HPPAIMOHAJIBHOCTH B 3HAMEHATeJe TPOOH.
5  5-82° 5[ _5Y4
VE TR 2’

; HcrmoJb3yeM opmyay (a — b)(a? + ab + b) = a® — b3,

-1

e. (3-1)(¥9+¥B3+1)=3-1-2.

8 8(§/§+§’/§+1) (\/_ \/_+1) 3.

G-l W)W 2 e

gy @b @s)Fa+¥p) @) ®a W) o o
8a? - \/_b+\/b—2 (x/?—%/a_b+§/b72)(§/5+3/5) (a+b)

B mammom mpuMmepe mciosb3oBaHa (Gopmyna (a + b)(a? — ab + b?) = a® + b3,
5. YupoureHue BBIPAKEHUH.

a) 0,5.%/%.3%——%_3“625 9.4 _¥5(1-¥125)

0) c=——

%m

T.

=0.5-3 =

&5 ’ 3 5
-0,5-¥32.4-(1-3125)=0,5-364.2-1+5=0,5-4¥2 + 4 = 232 + 4;

6) .45 2740 - ﬁ V50 E T -2 - ET BT+ L -

- 3.9+1_ 97.1_ ggl,
2 2 2

@D 1.4.3. HaxoxpeHue npuONMMKEHHOr0 3HAUeHUA KOPHA ¢ MOMOLLbIO KanbKynaTopa

Yrto0bI H3BIE€Ys KBAAPATHBIN KOPEHb M3 YNMCIA ¢ TOMOIIBI0 KAJBKYJIATOPA, HYKHO

BBECTH 3TO YHCJIO, a 3aTeM HaKaTh KHOIKY .

Paccmorpum, Kak MOMKHO HAWTKU 3HAUEHHWE BBLIPAKEHUI, cOomep:KaIlnx KBaapar-
HbIe KOPHU.
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(D Npumep 1. Halitu 3HaYeHUE BBIpAXKEHUS Ja +b npu a = 8,1 u b = 9,4.
Pewenue:
ITocemoBaTeILHOCTL MOJKET OBITH TAaKOW: M3BJE€UYb KBAaJPATHBIA KOPEHb U3 YUC-
Jia @ ¥ 3aHECTH ero B IIaMATh, M3BJIEUb KBA[PATHBIN KOPEeHb U3 uncia b u npubaBUTh

ero K YMCJIY, KOTOPOe COAEP:KUTCA B IIaMATU (\/a).

Ilocne ouncTku namaATH (HasKaThe KHOIKU Ui ) cxeMa BBIYHUCJIEHUS

OymeT MMeTh BUL:
ol ] 2+ ) [MR],

rIe KHOIKAa — npubaBUTh K IaMATH; — B3ATH U3 IMaMSITH.
ITpu a = 8,1 u b = 9,4 cxema BBIUKUCJICHUS MMeEET BULI:

8] o< (0[] [0 [9] b [a] [V ] [n <] [,

BbITOJTHUB BBIUKMCIEHUS IO CXeMe U OKPYIJIMB pe3yJbTaT A0 COTHIX, IIOJIYUMM:

V8,1+49,4 ~5,9.

. Npumep 2. HaiitTu 3HaueHMe BhIpasKeHUA Va’ +b° upu a = 8,3; b = 7,4.
Pewenue:

ITociiesoBaTe ILHOCTD BBIIOJHEHUS JEHCTBUSA MOYKET ObITh TAKOM: BO3BECTU B KBAaJl-
paT 4uCJIO @ W 3aHECTU Pe3yJbTAT B IIaMATH; BO3BECTH B KBaJApaT YMCJIO b u IIpHU-
0aBUTL €ro K UYMCJIy, KOTOPOE COAEPKUTCA B maMaTu (a?); m3 IIOJYUYEHHONH CYMMBbI
U3BJIeUb KOPEHb.

Cxema BBIUNCJIEHUS OyIeT UMeTh BUI:

a b [E M+ o] ] [E] (a2 +] [02R] [V

BbImosiTHUB BBEIUMCIIEHUS II0 CXeMe W OKPYrJauB pedyabrat (pu a = 8,3; b = 7,4),
OOJIYUUM: /8, 32 +7,4% ~11,1.

. Mpumep 3. HaiiTu 3HaueHre BhIPAIKEHUS a\/g +c mpua=1,72; b=3,58 u ¢ = 5,63.

Pewenue:
CxeMma BBIUMCJIEHUN OyIoeT MMeTh BUI:

b Vb a 5[+ e[V ][ <] [E]

BbITOJTHUB BBIUKMCIEHUS IO CXeMe U OKPYIJIMB pe3yJbTaT A0 COTHIX, IIOJYUMM:

1,72-43,58 + /5,63 = 5,63.

@D 1.4.4. 3anucb KopHeii ¢ MOMOLLbIO CTeneHu ¢ Apo6HbIM NokasaTenem

m

Ecin a — momoxurenbuoe umcio (a > 0), a® — apobGHOe YUCIO, TJe m — IIeJioe
YHNCJO0, N — HATypaJbHOE YWCJIO, TO:
m m m 1
a® =Xa™ 1" =1 0" =0 a"” =%a

2 3 1 1
Hanpuwmep, a§=§/a_2; m_7={/1_3; p5=g/?=f; 45=\/Z=2;
m

053 = 3257 = 35y = 35t = {505 = 535 2+ - % 1

522

N

¥  oakeens



(BoiiCTBa CTeNeHM ¢ paLoHaNbHbIM NoKasartenem
CBoiicTBa CTelleHU C IIeJIBIM IIOKasaTeseM CIPaBeJJIMBBLI U IJI CTElleHU C JIIOOBIM

panvoOHaJIbHBIM ITIOKa3aTeJIeM.

Ecau a > 0, To nna 00X pariMOHAJIBHBIX YWCEJ P M ¢ BEPHBI paBEHCTBA:

IIpaBuma IIpumepsr
1 3 1+3
ad - ql = Pt 24.94 — 944 _9l _9
a? 13 2 13 2 3 1
aal=p=ar 3215 ;323 = 3215 8 = 3215 =325 =32 = 2
15
1)4 115 3 3
(a”)! = a1 (165) =165* =16* =2 *=2°=8
1 1 1 1

(aby = a» x b a) (8a’h°)* =85 a3 -b % = 2ab%

1 1 1 1 1

6) 4° -85 = (4-8)° = (32)° = 2’5 =9

a P ap b6 g 6% b9
[3) 3 VE) T
c 2
2 2 2 2
3 3 z Z
5) 322" - (%)3 =125° =59 = 5% = 25
53 >
-p P 2 1 1
()" -(2) PR W S ' LN C) O
b a 5 Y5t Y25 \9 4 4 2

 nNpumep 1. IIpescTaBuTh B BUIe CTEIEHU:

2 1 21 7

2 1 2.1 ,
a) a®-a%2=a®?=ab ) — = m 020 _ 02407 _ )05
m
9
r 1 3 1,13 2+4-3 38 ( E)Z 29 8
6) at-a?-a8=a*28=q 8 =ab; e) \a3) =a3t =a2;
1oz 12 310 T 2 2 152 1
B) X3 s x3 = x5 3 = 15—y 15 = —; m)(n—1»5)3 n 3=pl3_pl_—
5 n
X
5 1 E_(_l] 5.1 5+2 v
. — 804 _ — _
r) yPiyt=y =y*t=y® =y%

Mpumep 2. YopocTurs:

a) (a'b®)' =(a*)* - (0*)' =a’

1
4

b 4 = ab®

1 -5 1 5
0) (a_g .y*3) - a_E‘(_ ) YOO = glyt = gyt

1 51
) (a_j _a®_a
blO - blo_é - b2 .

35



> Npumep 3. Boruncanurs:
1

1 )3 1 5 1
a) 126 =(125)° =(5")® = 5;
T 5
5 V128 332 Yo7 ¥ 2020 22 1
o1 Y64 Vo' Y 7 9479
43
1 3 1 3
50,6 . 51,4 2 40,7 . 2—0,4 4 50,6 . 51,4 2 (22)0,7 . 2—0,4 4
B) |71 ' 1| T35 .g2s) T | T
32.325 ) |271.643 21 .(2°) 3
1 3 1 3 L 5
50,6+1,4 2 22-0,7 ‘2—0,4 4 52 2 21,4—0,4 4 1 o 3
= (30,5_2’5j . 2_1 26(_;)} = (?j . (—2_1_2 j — (52 . 32)2 . (2 1( 3))4 =
21 1 3
=52 .32.2'4 =5.3.2° =120.

I'Ipe06pa303a|-w|e Bblpa)KEHI/Iﬁ, coaepaliux crenedu ¢ pauoHaNbHbIM NOKa3aTenem

D Npumep 1. IlpeacTaBuTh BEIpasKeHUE B BUME CTEIEHU C APOOHBIM MOKA3aTEIeM:

1
1\2 111 11 6+3+1 10 5
a) x\/x§/7=x-(x x3) =x-x2-x%2=x 26=x 6 =x6 =x3;
1
25 1 2 30+5+2
23 5[ 2 2( E) 2 3. .15 15 37 4 33 u
6)a\/a\/a _al\a-a _a-a’-a a S S I S
15/ 4 4 4 4
va al® als als
» Npumep 2. CoxpaTurs ApOGH:
1 1
a’+5 a® +5 1
a) T 1 1\ i
25 —a3 (5—a6)(5+a6) 5-af
@ oot) () () (et —o)lasatvrvn)
5) a® —p'? a2 -b%)  \a2) -\b? a+ 2b2+b
b-—a a-b 1)\2 12_ (, 1)( )
(a2) —(52) Mo + 02
11
_a+a?*+b
I
a® +b?

» Npumep 3. YupocTurs BeIpasKeHUE:

a) (afo,s _a0,5)71 (a+ a —2)= (afﬁ —a?

1

2

a’+1-2a

1 1\~

1-a)

a

36
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5) a-b  a+b _(a;)3—(b;)3_(a;’)3+(b;)3_
Yo _3p L 17 11 i1 T

a® +b3 a® —b? a® +b?

(a% —b%)(ag +a%bé +b§) (a% +b%)(a§ —a%b% +b§) _

1 1 1 1

a® —b? a® +b?
2 11 2 2 11 2 11
=a® +a?b?® +b% —ad +a3b® —b3 =2a3b3.

Bo3BeaeHue B PaLUOHANIbHYIO (TENEHb YNCUI0BOr0 HEPABEHC(TBA

ECJII/I JieBad U1 IIpaBas 4aCTH YHMCJIOBOI'O HEpaBEHCTBA IIOJIOMKHUTEJTIbHBI, TO €I'0 MOMX-
HO BO3BOAUTH B PAaIlMOHAJIBHYIO CTEIIEHb.
Ecmmr>0uma>b>0,m00a0 >0".
Ecimr<Oua>b>0,m00a0 <b".

() Npumep 4. CpaBuuTs uncia:

3 1,5 4 1,5 1 —%
2) (zj . (gj  0) (5]

2

u (ljz; B) (4,07)2 u (4%)5.

7
Pewenue:
1,5 1,5
a) § <1, a é > 1, mosTomMy § < é Creneus r = 1,5 > 0, mosTomy (§j < (é) ;
4 3 4 3 4 3
0) 6 < 7, moaToMmMy 1 > l, HO CTeIleHb I = —1 < 0, mosTomy (l) ’ < (lj 2;
6 7 2 6 7
B) 4i = 4-£ = 4£ =4,12; 4,12 > 4,07 u creuneHp r = g >0, mosTomy
25 25-4 100 3

2 2
(4,12)3 > (4,07)3.

@0 1.4.5. Nonsatne 06 uppaunoHanbHom uncne. JlecaTuunbie npubnmxenns
NppaUMOHaNbHbIX yncen. [lelicTBUTENbHbIE YNCNa KaK GeckoHeuHble
AecATUYHbIe [pobu

PamnuoHajJbHOEe UHCIO0O — 5TO UICJIO0, KOTOPOEe MOJKHO IIPEACTABUTH B BUIE APOOU

m
Buga —, rage m — I1iejioe 4mucJjio, n — HaTypaJIbHOE.
n

5 -23
Hampumep, 56=—; -2,3=——.
1 10
JIto6oe parmoHaJbHOE UHCJIO MOKHO IIPEANCTABUTHL B BUME MECATHUYHON TPOOH, KO-

HeUYHOU may 0eCKOHEeUHOI IepuogndYecKoi apobu.

Hanpuwmep, 3 =0,6; 1 =0,333...; 13 =1,181818...
5 3 11

1 1
B wactHOM mpobu 3 MIOBTOPAETCS OAHA U Ta Ke nudpa 3, a B Apodu 1—? — mud-
per 1 u 8.
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Takwue mecATUYHBIE APOOU HABLIBAIOT MEPHOAUUYECKUMH, a MOBTODPAOIHUECA mud-
pPBI — IEPHOOM.
1
3 =0,(3) — HYJb IIeJBbIX, TPU B IIEPUO/E;
1
H =1,(18) — ogmHna 1esnas, 18 B mepuose.

Yucia, KOTOpPble He SBAAIOTCS PAMOHAIBHBIMHU, T. €. He SABJIAIOTCI HU IEJbIMH,
m
HU IIpeACTABJIEHHBIMU B BHe ApOOW BUIAa —, TOe M — I[eJI0e YMCJIO, a N — HATy-
n
pajibHOE, HAa3bIBAIOTCSA UPPAIMOHAILHBIMUA YHCJIAMH.
IIpumepaMu wuppaIUMOHATIBHBIX UHCEJ SABJAIOTCA dYHCIA J2 ~ 1,41421356...;

J3 =1,732...; 10 =3,162...
B006me, €CJIn HaTypaJIbHO€ YMCJIO n He dBJideTcd IIOJIHBIM KBaapaToM, TO 4YucCJia

Jn u —J/n asnmorcs UPPAIIOHATbHLIMMA.

HNppannonaibHBIM ABISETCA TaKsKe umcyo 1 = 3,14159..., KoTopoe BhIpaskaeT OT-
HOIIIeHMe OJNHBLI OKPYsKHOCTH K Aumamerpy, u uucao 5,30300300030003... (xommue-
CTBO HYJIEH MEXKIy TPOMKaMH IIOCJIeIOBATEJIbHO yBelunuynBaercsa Ha 1).

Bce wuppamnuonanbHBIe W pallMoHAJbHBIE UIMCJa 00PAa3yi0T MHOMKECTBO HdeHCTBH-
TeJbHBIX yuceli. Ero o6osHauaor R.

Kammoe marypasbHOE UMCIO ABJIAETCA IIEJIBIM, IIO-

STOMY MHOKECTBO HATYPaJBHBIX UHCEJ — 35TO YacThb
MHOKEeCTBA IIeJIbIX YKCeJ, T. €. MHOMKecTBO N — Ioj-
MHOKECTBO IeJbIX unces Z (numierca Z < N).

Amnanornuno Z € Q, Q@ ¢ R (MHOXKeCTBO IeJbIX YUH- Q R
ceJl — IIOMHOYKECTBO PAI[MOHAJIBLHBIX, MHOYKECTBO Da-
IMUOHAJBHBIX — IIOAMHOKECTBO AelCTBUTEIbHBIX). Puc. 1.3

@0 1.4.6. CpaBHeHue AeliCTBUTENbHBIX YMCen

JI1oOble aBa melCTBUTENBbHBIX UMCJIA MOMKHO CPABHUTD.

 nNpumep 1. CpaBHUTH Yncaa: a) J2 u \/g; 6) 5u V24; B) Y-9 u 2.
Pewenue:
IBa uppamuoOHAJBLHBIX YHCJIA MOYKHO CPaBHUTH, BOCIIOJH30BABIINUCH IIPABUJIOM

BO3BeIEeHUA B PAI[MOHAJBHYIO CTEIeHb UMCJIOBOTO HepaBeHCTBA.
Ecimr>0wuma>b>0, 100 >0

ecimur<Qua>b>0,T00a <V
1 1 1 1
a) V2 =22 u /3 =32, 2<31/1%>0, To0 22 <32 u V2 </3;
1 1 1 1 1
6) 5=(5°)% = 252, /24 =242; 252 >242 1. e. 5>+/24;
1 1 1
B) -9 =-93; —2=((-2)%)% = (-8)?, mo —9 < -8, %>o,

1 1
rorma (-9)% < (-8)3, T. e. -9 < -2.

. A L



CpaBHUTH [OBa OeMCTBUTEJNLHBIX UMCJIA, 3alMCAHHBIX B BUJe OCCKOHEUHBLIX IeCHd-
TUYHBIX Apo0el, MOMKHO TaK Ke, KaK 1 KOHeUHbIe JecATUUYHBIe apobdu: 3,1818181...
u 3,191735...

Yucma MMeIOT OAMHAKOBBIE IleJble YAaCTH, OJHO UICJO AECATHIX, a BTOPOE UMCJIO
uMeeT 0OJIbIIIee UKCJIO0 COTHIX:

3,181818... < 3,191735...

OrpunarejbHble JelCTBUTEIbHBIE UNCJIa CPABHUBAIOT II0 IIPABUJY CPAaBHEHUS OT-
PHUIATEJbHBIX PAIMOHATBLHBIX UKCEJI:

-7,9193... > —7,9204...

) Npumep 2. CpasruTs umcaa: a) V2 u 1,145; 6) —/2 1 —1,4153; B) —/3 u 1,1.
Pewenue:

a) C mmoMoIrpio KaJbKyJIATOPa HAXOMMM: J2 ~ 1,414213...
Tak xax 1,414213... < 1,415, To +/2 <1,415;

0) \/5 ~1,41421...<1,4153, mostomy —/2 > —1,4153;

B) —v3 <0, al,1 >0, mosTomy —\/g <1,1.

O 1.5. Wsmeperus, npuoninKeHns, oLeHKM

@D 1.5.1. Eavunubl M3mMepeHus AnuHbl, nnowaam, o6bema, Macchl, BpeMeHu, CKopoCTy

EAuHMLIbI M3MepeHna ANUHbI

OcHoBHAs efWHUIIA WM3MepeHUs AAMHBI — 1 M. [[a1mHA m3MepsAeTcsa B caHTHMe-
Tpax (cMm), meTpax (M), MUIIUMeTpax (MM), KujaomMerpax (KM), gerumerpax (mm).

1 xm=1000 m 1 m=0,001 xm
1 Mm=100cm l1cm=0,01m™
1m=10 o™ 1am=0,1m

1 am =10 cm 1cm=0,1 1m
lcevm=10 mm 1 mm=0,1 cm

. Mpumep 1. IIpeacraButhk B canTUMeTpax: a) 2,5 m; 6) 0,7 x™m; B) 3,3 am; 1) 2,7 MM;
1) 0,03 mm.
Pewenue:
a) 2,5m=2,5-100 = 250 cwm;
6) 0,7 km = 0,7 - 1000 = 700 m = 700 - 100 = 70 000 cm;
B) 3,3 nmm = 3,3 - 10 = 33 cwm;
r) 2,7vm = 2,7 :10 = 0,27 cm;
1) 0,03 mm = 0,03 : 10 = 0,003 cm.

EavHNLbI 13MepeHua nnowaau
OcuoBHas emuHuia umaMepenus miaomanu — 1 M2 Takoke IJIOMAAL U3MEPSIOT
B MIJLIMNMETPaX KBaApaTHBIX (MM?), caHTHMeTpax KBaJpaTHHIX (cMm?), MeTpax KBa-
IpaTHbIX (M2?), KMJIOMeTpax KBaApaTHBIX (KM?). 3eMeJIbHbIe YUACTKY IIPUHATO TAK JKe
nu3MepaTh rekTapamu (ra) u apamu (a).
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1 kM2 =1 000 000 m? 1 m? = 0,000001 gm? 1 ra=10 000 m?
1 m2 =10 000 cm? 1 cm? = 0,001 m2 1a=100 m?

1 cm? = 100 mm? 1 mm? = 0,001 cm? 1ra=100a

1 M2 =100 gm? 1 o2 = 0,01 m2 1 ra=0,01 gm?

 nNpumep 2. IIpeacraButs B caHTUMeETPAX KBaapaTHEIX: a) 3,02 m?; 6) 0,03 km?; B) 5 am?;
r) 7,2 mm?; 1) 0,4 a.
Peutenue:
a) 3,02 m2 = 3,02 - 10 000 = 30 200 cm?;
6) 0,03 km? = 0,03 - 1 000 000 = 30 000 m2 = 30 000 - 10 000 = 300 000 000 cm?;
B) 5 1m%2 =5 - 100 = 500 cm?;
r) 7,2 mm? = 7,2 : 100 = 0,072 cm?;
1) 0,4 a=0,4-100=40 m%2=40-10 000 = 400 000 cm?.

EnnHuLbl n13mepenna obbema

OcHoBHas efWMHUIIA U3MepeHUs o0beMa — meTp Kybuueckwuii (m3). Kpome Toro,
00beM H3MEPSAT B MUJLINMETpax KyOmueckux (Mm®), caHTHMMETpPax KyOMYeCKHX
(cm?), KmaomMeTpax KybruecKnx (KM®), IJId m3MepeHus o0beMa KUAKOCTEH IPUMEeHsI-
oT autp = 1 am3, JeKaJauTp U reKTOJUTP.

1 %=1 000 000 cm? 1 mexaautp = 10 1

1 av®=1a=1000 cm? 1 rexrosurp = 100 x
1 cm® = 1000 mm3

1 kM3 =1 000 000 000 m3

D Npumep 3. Ipexncrasurs B cm®: a) 0,03 m®; 6) 2 mm?; B) 5,3 am®; 1) 0,5 1.
PeweHue:
a) 0,03 m% = 0,03 - 1 000 000 = 30 000 cm?;
6) 2 mm® = 2 : 1000 = 0,002 cm?;
B) 5,3 gm® = 5,3 - 1000 = 5 300 cm?;
r) 0,5 1=0,5 gm® = 0,5 - 1000 = 500 cm?.

EnuHULbI n13MepeHns Maccbl

OcHOBHOII enVHUIIE! M3MEPEHUS MACCHI SBJIAETCA rpaMM (T'), OJHAKO Macca MO-
JKeT M3MepAThCA U B KWJiorpaMmmax (Kr), Muaurpammax (Mr), ImeHTHepax (I[) ¥ TOH-

Hax (T).
1r=1000 mr 1 mr = 0,001 r 117=1011
1 xr=1000r 1r=0,001 xr l1ug=0,1r7
11 =100 Kr 1 xr = 0,01 11
1 1=1000 kr 1 kr=0,001 T

. Mpumep 4. IlpeacraBurs B rpammax: a) 2,7 xr; 6) 0,003 kr; B) 29 mr; r) 0,7 1;
m3T21m] Kr.
PeweHue:
a) 2,7xr=2,7-1000 =2 700 r;
6) 0,003 xr = 0,003 - 1000 = 3 ;
B) 29 mr = 29 : 1000 = 0,029 r;
r) 0,71 =0,7-100="700 xr = 700 - 1000 = 700 000 r;
mH312mlxr=3-1000+2-100+1=3 201 xr=3 201 - 1000 =3 201 000 r.



EauHnup n3mMepeHna BpemeHun

OcHOBHOI eIWHUIEN M3MEPEeHUS BpeMeHM fABJsdeTca cekyHpaa (c¢). Tak:ke emuHu-
IaMu U3MEPEHUA BPeMeHU ABJAIOTCA MUHYTA, Yac, CYTKU; HeIeJsd, MECAIl, I'oJl; BeK,

ThICAUEJIETHE.
1 muu = 60 ¢ 1C=—MI/IH=—1 g
1 4 = 60 muu = 3 600 c 60 3 600

1 cytku = 24 u = 1440 mun = 86 400 c 1MI/IH=i‘I

60
i nNpumep 5. Bripasurs B cekyHzax: a) 3 MmuH 2 ¢; 6) 1 u 5 mun 7 c. BoipasuTts B Muny-
Tax: B) 27 ¢; ) 4 u 3 muH 8 c. Bripasuts B uacax: ) 48 muu 30 c.
Pewenue:
a)3mMuH 2c=3-60+2=180+ 2 =182 c;
6) lubmua 7Tc=1-3600+5-60+7=3907c;

B) 27C=ﬁMI/IH=—MIfIH;
60 20

T) 4‘-13MI/IH80=4~60MI/IH+3MI/IH+£MHH=243+£=243£MI/IH;
60 15 15

48 30 48 1 96 1 97
n) 48 vmua 30 ¢c = — u + q=_—+ = + = T,
60 3 600 60 120 120 120 120

EAvHULbI n3MepeHuna ckopocTu

s usMepeHns CKOPOCTH MCIOJIb3YIOT METPHI B CEKYHAY (M/C), KNJIOMETPHI B Uac
(KkM/u), perke KMJIOMETPHEI B CEKYHIY (KM/c).
I mepeBoma KM/4 B M/C 1 00paTHO cJeqyeT IMOMHUTb, uTo 1 KM = 1000 M u 1 u =

=60 c.
 nNpumep 6. Ilepesectu: a) 72 KM/4 B METPHI B CEKYHAY; 6) 3 M/C B KUJIOMETPHI B 4ac.
Pewenue:
a) 72 Ko/ = 72 KM _ 72-1000 m — 20 m/c;
lu 3600 c
6)3M/c:3lec:iRM ! 23.3600KM/‘{=10,8KM/1{.

1000 13600 1000

@D 1.5.2. Pazmepbl 06bEKTOB OKpyXalowiero Mupa (0T anemMeHTapHbIX YacTuy
10 BceneHHoli), ANUTENbHOCTb NPOLIECCOB B OKPYXaloleM Mupe

O0BeKTHI OKPYIKAOIIero Mupa pasjiinyHbl: OH 0ECKOHEYHO MAaJbl, KaK dJeMeHTap-
HBbIe YaCTHUIbI, WJIN 0ECKOHEUHO BEJMKHU, KAK ILIAaHETHI. ¥ Ka3bIBATh PasMephbl STHUX
00'bEKTOB IIPOIIle BCEro B BUJE YKCEJ, 3alMCAHHBIX B CTAHJAPTHOM BHJE.

Hamnpumep, usBecTHoe umcao Asorazpo pasuo 6,02 - 102 moan™!; Koanmue-
C¢TBO MOJeKyJa B 1 r Bogel paBHOo 3,3 - 1022; mMacca omHOM MOJIEKYJLI BOALI PaBHA
2,99 - 102 r.

ITu uKcia 3alKCaHbl B CTAHIAPTHOM BUJE.

CraHmapTHBIH BUI YMCJIA — 5TO 3amnuch B Buge a - 10", rme 1 < a <10, n — 11ey0e
ypcJio. Y1ceao n — mopAmOK Umcia.

Hamnpumep, oosem 3emun pasex 1,083 - 102 kM3, ee macca — 5,976 - 10%* kr.
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. Mpumep 1. IIpeacraBuTh B cTaHZAPTHOM BHUIE UMCJIA:
a) 3 900 000 000; 6) 0,00000000039.

Pewenue:
a) Ywucsao B cTaHIZapTHOM BHIe uMeeT BUfA a - 10", rme a HOJMKHO OBITH B Ipeaeaax OT
1 mo 10, mosTomMy 3amATyIO0, KOTOPAas YCJIOBHO HAXOAUTCA B KOHIIE UMCJA, IIepe-
HeceM Ha 9 3HAKOB BJI€BO U, UTOOBI UMCJIO OCTAJOCh HEM3MEHHBIM, YMHOMKHUTh €T0
ma 10°% 3 900 000 000 = 3,9 - 10°.
6) Anamgorumumo 0,000000000039 = 3,9 - 10711,
» Npumep 2. Mupossim okeanom 3arsaTo 361 100 000 km? mosepxHOCTH 3eMun. Bbipa-
3UTh 9TO YMCJO B CTAHAAPTHOM BUIE.
Peutenue:
361 100 000 xm? = 3,611 - 10% xm?.

@D 1.5.3. NpepctaBneHue 3aBUCUMOCT MeXY BenMuUHaMu B Buge dopmyn

42

3anuch Kakoro-In0o0 IpaBuUJa ¢ IOMOINbIO OYKB, IMu(P 1 MaTeMaTUYeCKIUX 3HAKOB
Ha3LIBAIOT (POPMYJION.

Hanpuwmep, sanuiiiemM mpaBuUIo HaXOKIEHUA IYTHU II0 CKOPOCTH 1 BPEMEHU IBUIKE-
HUS B OYKBEHHOM BIE.

IIycts s — myTh, MIPOMIEHHBIN TEJIOM, CKOPOCTh 0003HAUUM U, Bpema — t. Ilomy-
yuM (popmyay: S = vt — 9TO popmyJa IyTHU.

IIpumepsr popmyt:

P =4a — dopmyJia BHIUKCIEHUA IepuMeTpa KBaapara P, eciiu ero cTopoHa paBHa a;
S = a? — dopmysa HaXOKAEHUA ILJIOIIAAU KBaapara S, ecii ero CTOpOHa pPaBHA a;
C = pm — dopmyJia BeIUYnCaeHUA cTouMocTu ToBapa C, ecau mpuodbpeTaeTcsa m KUJIO-
rpaMMOB TOBapa Io p py0Jieil 3a KMJIOrpamMM.

Bbluncnenus no popmynam

. Mpumep 1. IIpu pemreHun 3amau Ha ABUKeHUE B (popMyJie S = U YUaCTBYIOT TPHU UHC-
Ja, obo3HaueHHbLIe OyKBamMu. Eciu M3BeCTHO JBa M3 HUX, TO MOMKHO HAWTU TPEThe.
s=vt; v=T5 Km/u; t =4 u; s=T75KM/u -4 u=300 KMm;

tzi; s = 800 xm; v = 80 K™M/u; t:MZIOq;
% 80 Km/u
v=§; §=16 xm; t =4 u; v=16KM=4RM/q.
t 44

ah
D Npumep 2. U3 Gopmyssl mWIOmany TpEyroabHIUKa S = -5 BBIPA3UTh BBICOTY A.

Pewenue:
S=Y o g an-28; n=25.
2 2 a
. Mpumep 3. Uz Gpopmyasl mormfaoctu P = I2R BeIpasuTh cuiy Toka I. Bce BeInMumHEBL

TIOJIOXKUTEJILHEIE.
Pewenue:

P = I’R; I?R = P, Torma 12=£ u I:\E.
R R



a+b+c

 nNpumep 4. V3 popMyJBl mOTymEpPUMETPA TPEYTOJBHHUKA P =——p = (hopMyJIBI
TLJIOTIaZi TPEYTOJBHUKA S = pr BEIPA3UTh CTOPOHY TPEYTOJbHUKA @ Uepe3 BeJUUNHBI
b,c,rusS.
Pewenue:
a+b+c a+b+c
:T 7 W) 01 T:p; Torga a +b+c=2p;a=2p—b—c. Ho S =pr

uiy pr =S, p=§. ITonyunm: a=2p—b—c:§_b_c.
r r

@D 1.5.4. Npouentbl. HaxoX/eHne NPoLEHTa OT BENINYNHBI U BENINYNHDBI NO €€ NPOLEHTY

o 1
IIpomeHT — 9TO OmHAa coTasd yacThb umeaa: 1 % = ——.
100
» Npumep 1. BeipasuTs NPOLEHTHI B BU/E NECATUYIHON APOOY MM HATYPAJIHHOTO UHCIA:

a) 2 %; 6) 27 %; B) 0,07 %; r) 120 %; x) 500 %.

Pewenue:
a)2%=i=0,02; ) 120%=ﬁ=1,2;
100 100
0) 27%=ﬂ=0,27; I) 500%=@=5.
100 100
B) 0,07 % = 0,07 = 7 =0,0007;
100 10 000

Yro0bI 3anucaTh MPOIEHTHI B BU/E JECATHYHON APOOH MM HATYPaAJbHOTO YHCJIA,
HYJKHO YHMCJIO, KOTOPOe CTOUT Imepen 3HakoM % , momeautsh Ha 100.

. Mpumep 2. BripasuTs uuciao B nporenrtax: a) 0,17; 6) 0,09; B) 0,005; r) 3,5; o) 7.

Pewenue:
a) 0,17:£:17%; T) 3,5:§:@:350%;
100 10 100
0) 0,09:i=9%; ,u;)7:z:@:700%.
100 1 100
B) 0,005=L= 0,5 =0,5%;
1000 100

Yr0o0bI BLIPA3UTE YMCJIO B IIPOIEHTAX, €TI0 HYKHO YMHOXKUTh Ha 100 % . Hanpumep,
0,23 =0,23 - 100 % = 23 %;
0,0077 = 0,0077 - 100 % = 0,77 %
9,7=9,7-100 % =970 %.
(Ba3b mexpay ﬂpO(T@VIlUI/IMM 3HaYeHNAMN NPOLEHTOB U COOTBETCTBYHOLLNMN }J,pOﬁFIMM
100 % — memoe (1); 75 % — Tpu uerBepTU [%),

50 % — mosoBuHA (%j, 20 % — marad yacTb (%j,
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25 % — uerBepPTH (ij, 40 % — nBe MATBIX YaCTU (%j

1
a — 100 % 2a — 200 % Ea — 50 %
YBeIUYUTh UTO-JIN00 BABOE — TO JKe camoe, uTo yBeaunuuTh Ha 100 %.
YMeHBIINTE YTO-JIN00 BABOE — TO JKe camoe, 4To yMeHbInuTh Ha 50 %.

HaxoxpaeHune NpoLEHTA OT BEJINYUHDI

Mpumep 3. Caxapuasa cBexya comep:kutT 14 % caxapa. CKOJIBKO caxapa MOYKHO IIOJIY-
yuTh U3 300 K CBEKJbI?
Pewenue:

I cnocoob.

1) 300 xr : 100 = 3 (kr) — s10 1 % };

2)3-14 =42 (kr) — ato 14 %.
II cnocod.

1) 14 % = 0,14;

2) 300 - 0,14 = 42 (xr).
Omeem: 42 Kr.

qTOGBI HaﬁT](I IIPOLEHTHhI OT BEJIUUYHWHBI, HYKXHO IIPEACTABUTH IIPOIIEHTHI B BHUE
JIPOOM M YMHOKUTH YHMCJIO HA ITY IPOOH.

HaxoxpeHue BennunHbl no ee npouexHty

Yrto0bI HAlITH BeJIMUMHY IO ee IPOLIEHTaM, HyKHO IIPeICTaBUTh NIPOLIEHTHI B BUe
Jpo0u M pa3aesiiTh 3HaUeHHe Ha 3Ty ApoOhb.

Mpumep 4. Pyna comep:xut 56 % xenesa. CKOIbKO HEOOXOAUMO IrepepaboTaTh PYIbI,
uyT0o0bI TOAyunuTh 140 T Kemesa?
Pewenue:

I cnocoo.

1) 140 T : 56 = 2,5 (1) — wHamau 1 %;

2) 2,5 - 100 = 250 (T) — 210 100 %.
II cnocob.

1) 56 % = 0,56;

2) 140 : 0,56 = 250 (7).
Omeem: 250 T.

PaCCMOTpI/IM 0oJiee CJIOYKHBIE 3alauyu Ha IIPMMEHEHUEe 9TUX IIPpaBUJI.

Mpumep 5. COeperarTenbHBINI 0AHK HAYMCJISIET HA CPOUYHBIA BKJanm 12 % romoBBIX.
Braaguuk mosoxkuia Ha cuer 9 000 pyOaeii. CkoabKO pyOJieir OymeT Ha 9TOM cUeTe
yepes roj, ecju HUKAKUX Ollepaliuii co CYeTOM IPOM3BOAUTHLCA He OymeT?
PeweHue:

Eciin 6aHK HaumcidgeT Ha CPOUHBIH BKJIAL 12 % rogoBBIX, TO B KOHIE I'OLA BKJIAJ-
ypk noayuut He 100 % cBoero Braaza, a 100 + 12 = 112 % cBoero BKJaza.

Hy:xuo matitz 112 % ot 9 000 py6Jeii, T. e. 3TO 3amava Ha HaXOMKIeHNE IIPOIIEH-
TOB OT BEJIUUYUHBEI.
1) 112 % =1,12;
2)9 000 -1,12 =10 080 (pyo6.).
Omeem: 10 080 pybG.eii.



» Npumep 6. Tosap Ha pacmpoga)ke yueHWnIW Ha 25 %, IPU 3TOM OH CTAJ CTOUTH

900 py06.eii. CKOMIBKO pPy0OJIeil CTOMUI TOBAP O PACIPOSANKI?
Peuienue:

CroumocTh TOBapa n0 yieHKH cocrasiusnaa 100 %, ero ymemuau "Ha 25 %, T. e.
Tenepb oH crouT: 100 — 25 = 75 % oT mepBOHAYAJILHON IIE€HBI, 4 9TO II0 YCJOBUIO
900 pyOmeii. 3HAUUT, 3TO 3aJaua Ha HAXOXKAEHNE BEJIUUYMHEI II0 ee IIPOIeHTaM.

1) 75 % = 0,75;
2) 900 : 0,75 = 1200 (py6.).
Omeem: 1200 pyOaeii.

» Npumep 7. B noHexes-HUK TOBAp MOCTYII B poAasKy 1o nere 1300 py6. B coorsercTBNM
C IPUHATBHIMU B MarasuHe IpaBUJIAMHU, [[EHA TOBAPA B TEUEHVE HeIeIN OCTACTCS HEeM3MeH-
HOI1, a B IePBbIi [eHb KaXKI0H caeayoleil Heaean camkaerca Ha 20 % oT mpeabIayIieii me-
HbI. CKOJIBKO OyIeT CTOUTh TOBAP HA CEMHAAIATEIN IeHb II0CJIE IOCTYILICHNS B IIPOLAXKY ?

Pewenue:

B reuenue nepsrix cemu mHel 1meHa ToBapa cocraBisaaa 100 % wmiau 1300 pyOireii.
Ha BocbMoit mens mpoussBenu yieHKy Ha 20 %, u ato cocraBuio: 100 — 20 = 80 %
OT IIePBOHAYAJBLHON CTOMMOCTHU.

1) 80 % =0,8;
2) 1300 - 0,8 = 1040 (py6.).

Hauunas ¢ BocbMoOro OHS U eIlle HemeJio IleHa ToBapa cocraBisiaa 1040 pyGueii,
u ato termepb 100 % . Yepes Hemesto cHoBa mpormiaa yienka Ha 20 %, u ToBap crana
croutb 80 % ot 1040 py6Gueii.

3) 1040 - 0,8 = 832 (pyo.).

Ha naruanmartelii meHb 1ieHa ToBapa cocTaBisiaa 832 py0OJis, ellle ceMb AHEH IleHa He
MeHAJach, IOATOMY HA CeMHAIIATHIN AeHb IfeHa ToBapa Bce elfe cocTaBuT 832 pyoOJid.
Omeem: 832 pyOmus.

(D Npumep 8. Cesxuit rpub cogepxur 90 % BoAbI, a cymenslit — 12 % . CKoIbKO cyie-
HBIX T'pUOOB IOJYUYUTCA U3 22 KI' CBEKUX?

Pewenue:

Ceesxuit rpub comepaxut 90 % BoabI, 3HAUNT, YNCTHIX I'prboB B Hem: 100 — 90 = 10 %.
1) 10 % = 0,1;

2) 22 -0,1 = 2,2 (kr) — uwmcroro rpuda.

Ho cymiennie rpu0nl Bee ke cozepsxar Bogy B KouauuectBe 12 %, T. e. UMCTBIX
rpubos B Hux: 100 — 12 = 88 %, uro cocrasaser 2,2 Kr. ITonyuum samauy Ha Ha-
XOXKIeHNe BeJINUYMHEL II0 €€ IIPOIeHTY.

3) 88 % = 0,88;
4) 2,2 : 0,88 = 2,5 (xr).
Omeem: u3 22 Kr CBeKUX I'PUOOB IMOJIYUUTCA 2,5 KI' CYIIEHBIX.

D Npumep 9. B nepmon pacnpofaky MarasuH CHUIKAJ IIeHY JBAXKIBI: B MEDPBBIA pa3 Ha
40 %, Bo BTOpOoit — Ha 10 % . CKOJIBKO CTOMJ YallHUK [0 PACIPOSAIKM, €CJIU IOCJe
BTOPOI'0 CHUKEHUSA IIeHBI ero IleHa cocTaBjseT 648 pybieii?

Peuwienue:

IIpumem HavasbHyro 1eHy daiiauka 3a 100 %, mepBulil pas IleHy CHU3UIN Ha
40 %, u ero meua cocrasmia 60 % oT mepBoHAUAJIbHOI. BTOpOil pas meHy CHU3WIN
Ha 10 %, u ero meua cocrasuaa 90 % , HO He OT IepPBOHAYAJILHON IeHEI, a oT 60 %
IIepBOHAYAJIBHON IeHbl, T. €. (10 % = 0,1) 60 % - 0,9 = 54 % oT mepBOHAYAJILHOM
IeHbl. A 110 ycJioBuIO 9T0 648 pyoIieii.

1) 54 % = 0,54; 2) 648 : 0,54 = 1200 (py6.).
Omeem: 1200 pyOaeii.

1S owepewss, npuSmekenss, ovenss &



@D 1.5.5. OTHOWeHWe, BbIpaXeHNe OTHOLIEHNA B NPOLIEHTaX

tIac'rHoe ABYX YHCeJI Ha3bIBAalOT OTHOIIIEHHUEM.
OTHOIIIeHNE TTOKAa3bIBAET, BO CKOJIBKO Pa3 IepPBOe UMCJO 0OJIbIIle BTOPOrO MJIN Ka-
KYIO 4acCThb IIePBO€ YMCJIO COCTABJISAET OT BTOPOTO.

. Mpumep 1. Typuct mporren 9 KM, a aauua Bcero mapiipyrta 21 kM. Kakyio uacts oyTu
MIPOIIIeJT TYPUCT?

Pewenue:
. 9 3
Haiigem otHomenue 9:21=—=—,
21 7

3
Omeem: 7 BCEro IyTH.

OTHOIIIeH](Ie He U3MEHUTCHA, €CJIN ero 4jJeHbl YMHOKUTh UJH pa3deJUTh Ha OOAHO
M TO K€ YHCJIO, He PAaBHOE HYJIIO.
3TO IIPaBUJIO HA3BIBAIOT OCHOBHBIM CBOﬁCTBOM OTHOIIIEeHUdA.

. Mpumep 2. 3aMeHUTH OTHOIIEHNE APOOHBIX UKCEJ OTHOIIEHWEM HATYPAJIbHBIX UNCEJI:
a) E; 0) g:§; B) 11:0,75.
2,5 3 9 2

Pewenue:
1,5 1,5-10 _§_§_
2,5 2,6:10 25 5

0) Ezﬁz(g-QJ:(é-Qj:G:&
3 9 3 9

B) 1%:0,75=(gj:(0,75):[%-4]:(0,75-4):6:3:(6:3):(3:3):2:1.

3:5;

IIpoieHTHOE OTHOIIEHME ABYX YMCEJ — 9TO UX OTHOIIEHNE, BLIPAKEHHOe B IIPO-
IeHTax.

IIporeHTHOE OTHOIIIEHNE TOKA3BIBAET, CKOJIBKO IPOIEHTOB OJHO UKMCJIO COCTABJIAET
OT APYroro.

Hampumep, eciu B Kjacce yuumtca 15 meBouek um 20 MalbYMKOB, TO ITPOIIEHT-

HO€ OTHOIIIeHMWEe KOoJim4yeCTBa [J€BOYEeK K KOJINYEeCTBY MaJIbUYNKOB 6y,zne’r PaBHO:
15

—-100 % =75 %.
20

9TO YMCJIO IOKA3BIBAET, YTO KOJIUYECTBO JEBOUYEK COCTABISAET 75 % OT KOJIUYEeCTBA
MaJIbUYMIKOB.

Y1006l HAMTHU MPOIEHTHOE OTHOIIIEeHHEe ABYX YHCeJ, HYJKHO UX OTHOIIEeHHuEe YMHO-
skuth Ha 100 1 K pe3ysasTaTy NIPpUNKCATH 3HAK IIPOLIEHTA.

. Mpumep 3. CroumocTs TOBapa BhIpocsa co 120 pybieit mo 150 py6ieii. Ha cKoJIbKO
IIPOIIEHTOB YBEJINUMIACE I[eHa ToBapa?
Pewenue:

Hosas meuna cocraBaser % -100 % =125 %, smauuT, IeHa BBIPOCJTA HAa:

125 % — 100 % =25 %.
Omeem: 25 %.
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Paccmorpum Gosiee cioKHBIE TPUMEPHI HA OTHOIIIEHUS W OTHOIIEHUWA B ITPOIEHTAX.

. Mpumep 4. Ha mocT mpezicemaTesis IIKOJBLHOIO COBETA IIPETEHIOBAJIO ABAa KaHIUIATA.
B romocoBanum mpuusaao yuactue 168 uemoBek. I'osloca Me:kKay KaHAUZATAMM pac-
npeneananch B oTHomeHun 3 : 4. CKOJIBKO I'0JI0COB MOJIYUNJI I100eqUTe b ?

Pewenue:

T'omoca 168 uesoBeK, NPUHABIINX YYaCTHE B I'OJIOCOBAHUM, PACIPENEJUINCh B OT-
HomieHuu 3 : 4, T. €. 9TU ToJioca pasmeauan HA 3 + 4 = 7 uacTeii u 00JbIlIee KOJIMUe-
CTBO, T. €. 4 YacTH MOJIYUYHNJ ITOOeIUTEIh:

168 168

4==22.4=096.
3+4 7

Omeaem: 96 roJocoB.

. Mpumep 5. TecT mo MmaTeMaTuke comep:kuT 36 3amaHuil, X KOTOPLIX 21 3amamme 1o
anrebpe, ocTaJbHLIE — II0 TeOMETPUU. B KaKOM OTHOIIIEHUU COAEPIKATCA B TeCTe aj-
rebpanyecKue M reoMeTpuUecKre 3aJaHusa?

Peutenue:
B tecte comepsxutcsa: 36 — 21 = 15 samauuit mo reomerpuu. OTHOIIIeHNEe ajaredopa-
MUYECKUX U FeOMEeTPUUYECKHUX 3a7ad COCTaBJISET:
? = z =7:5.
Omeem: 7 : 5. 5 5

) Npumep 6. [l IpUTrOTOBIEHUA OTBAPA U3 JIEKAPCTBEHHBIX TPAB B3SJIM I[BETKU ILIAJ-
(hea u pomamiku B oTHomIeHuu 5 : 6. Kakoil mpubaInsuTeIbHO IIPOIEHT B 9TON cMecHu
COCTaBJIAIOT IIBETKU Inajges?

Pewenue:
OO61ree KosimuecTBO uacTeil B cbope: b + 6 = 11, Torma mporeHT miaades TpUoJIn-
3UTEJLHO COCTABUT:

%-100 % ~ 54,54 % ~ 55 %.
Omeem: 55 %.

» Npumep 7. Pecropan GbICTPOro MUTAHUSA B PEKJAMHBIX IEJAX CHUSUJ [EHy HA KOM-
mwIexkcHbI oben Ha 20 %, sarem momuan ee Ha 30 % . Ha CKOJLKO IPOIEHTOB IIOI-
HsJIACh IePBOHAYAJIBHAA IIeHA KOMILJIEKCHOro obema?

Peuienue:

IIpumem mepBoHaAUaANBHYIO IIeHY KOMILIeKcHOro odega 3a 100 %, ee cumsuiam Ha
20 % wu ona cocrasuaa 80 % . IlocJsie Toro Kak neny noguaau Ha 30 %, oHa cocTaBu-
ga 130 % (130 % = 1,3) or 80 % mnepBoHauaabHON IeHbl, T. €. 80 % - 1,3 =104 %
OT IIepBOHAYAJBHOM IleHBI. TakuM oOpasoM, IepBOHadaJIbHAsS IIeHAa BO3pOCcJa Ha:
104 — 100 =4 %.

Omeem: Ha 4 %.

» Npumep 8. Ilena ToBapa BeIpocaa Ha 25 % . Ha CKOJBKO TIPOIEHTOB ee HYKHO CHU-

3UTH, YTOOBI IMOJYUYUTL HAYAIBHYIO IIeHy?
Pewenue:

Bamaum Ne 7  Ne 8 MOKHO pellnaTh ¢ IIOMOIbI0 YPaBHEHU .

IIycrs x — mauvanpHas meHa Tosapa. Ilociie moswieHus ee Ha 25 % IleHa ToBapa
cocraBmia 125 % = 1,25, . e. 1,25x. YT0o0bI IOJYyYUTh II€PBOHAUYAIBHYIO I[[€HY TOBA-
pa, HYXHO IIOBBIIICHHYIO IIeHy CHU3UTH Ha:

1L,25x—x o0, 0,25
1,25x 1,25

-100 % =20 %.

Omeem: 20 % .

1S owepewss, npuSmmkens, odenss 4



@D 1.5.6. Nponopuus. MponopunoHanbHas U 06paTHO NPONOPUNOHANBHAA 3aBUCMMOCTD

PaBeHcTBO ABYX OTHOIIIEHMUIT HA3BIBAIOT HMPOMOPIIUEI.

a c¢
3anuceBamwT: @ : b =c¢ : d nuau 3 = E

Yurator: «OTHOIIIEHNE @ K b paBHO OTHOIIIEHUIO C K d».
a c¢ .
B nponopiiuu 3 = 2 mwin a : b=c:duucna a u d — KpaiiHUe YJIEHBI, b 1 ¢ —
cpeaHue YJIeHbI IIPOIOPIINH.

cpeagHnue 4JieHbI cpeqHnue 4JIeHbI

'l;/:\c:d v:ﬁ
N N

KpaliHue UJIeHbI KpaliHue UJIeHbI

B mponopiiuu 86 : 9 =12 : 3 uncna 36 u 3 — KpaiiHue ujaeHbl, a 9 u 12 — cpexguue
YJIeHBI IIPOTIOPIIUH.

B BepHOIl mponopuuu Npou3BeaAeHNe KPalHUX YJIEHOB IMPOMOPIUU PAaBHO IPOU3-
BEJICHUIO CPETHUX YJIEHOB.

BepHo u o6paTHOE yTBEpIKIEHNE, KOTOPOE HA3BIBAETCS OCHOBHBIM CBOICTBOM IPO-
TMOPIIUN:

Ecau nmpousBeneHne KpaiHNX YJI€HOB PABHO IPOU3BEIEHUIO CPETHUX UJIEHOB, TO
MPOMOPIINS BepHA.

ITpomoprius 36 : 9 =12 : 3 BepHa, TOCKOIBKY: 36 - 3 =9 - 12,

Ecau B BepHOI MPONOPINH IIOMEHATh MECTAMHU CPETHUE WIN KPaiHUEe YJIEHbI, TO
MOJIyYMBIINECS IIPOMOPIUU TaKKe OYIYT BEpPHBI.

6 : 5=386: 30 — BepHasa npomopiius; npomopiuu 30 : 5=36:6u6:36=5:30
TOKEe BEPHBI.

OcHOBHbI€ TUNbI 3a[a4, KOTOPbIE PELLAKTCA C TOMOLLbI NPONOPLNIA

» Npumep 1. Pemnrs ypaBHeHwE: % tx = 1% : 1%.

Pewenue:
Hcnonb3yeM OCHOBHOE CBOMCTBO HPOIIOPIMM U IIPUPABHAEM IIPOM3BEAEHUA CPe[-
HUX U KPaWHUX YJIEHOB ITPOIIOPIINN:

11.x:§.1_ 6
4

1 3 4 6 6 5
; —x=—-—; —x=1, x=1:—; x=—.
5 3 5 4 3 5 5 6

Omeem: é
6

I nNpumep 2. 3a 7 u B Gacceiin HamumoCh 224 7 BoABI. 3a KAKOe BPEMA B HETO HAJBETCS
288 1 BOOBI?
Pewenue:
IlycTh x — Bpems, 3a KOTOpoe B OacceiiH HajabeTcsa 288 J1 BOABI.
O0BeM BOabI (J1) Bpems (u)
2241 — Tu
288m1 — x4

8 oansaens



224 288
OrHoOIIeHuA Ea 1 —— PaBHBI, IIOCKOJbKY MOKA3bIBAIOT CKOPOCTH IMOCTYILIEHUS
x

BOJbI B OacceiiH.

224288 7.288

X =
7 x 224
Omesem: 3a 9 u.

D Npumep 3. (Haxoxzaenue mpouneHTOB oT umcaa.) B camy pocmo 324 nepesa, m3 KOTO-
peix 25 % cocraBasaioT s6goHU. CKOJIBKO sA0/J0HBL B camy?

PeweHue:
IIycTh X — MCKOMOE KOJIMUECTBO SI0JIOHD.
HepeBba IIpomenTsI
324 — 100 %
x — 25 0/0
324 x

OTHoIIeHu A ﬁ u % paBHBI, MOCKOJILKY Kaxkaoe coctasaser 100 %.

%:i; x:324-25:81.

100 25 100

Omeem: 81 mepeso.

3aMeTuM, UTO UCIOJb30BaHe IIPOMOPIIUIA — 9TO eIlle OAUH CIIOCcO0 perleHnsd 3anau
HA IIPOIEHTHI.

. Mpumep 4. (HaxoxaeHne umcya MO ero IPOIEHTY.) 3a MepBBIN Yac aBTOMOOUJIL ITPO-
exaa 70 kM, uto coctaBuiio 14 % Bcero mytu. CKOJIBKO KUJIOMETPOB COCTABJIAET BECh

nyThb?
PeweHue:
Ilycts x — 3TO Bech myTh, TOTAA:
Paccroanue ITpomenTsI
x — 100 (yo

0 — 14 %
x 70, 10970 560

100 14 14

Omeem: 500 xwm.
» Npumep 5. (HaxoskIeHnEe TPOLMEHTHOTO OTHOIMIEHU:A.) B 85 Kr skesesHO# pPyABI comep-
skures bl T xesesa. CKOJIBKO IIPOIEHTOB JKeJje3a CONEePIsKUTCA B JKeJie3Hoil pyae?
Peutenue:
IIycts x — mIpolleHTHOE comep:KaHue KeJjie3a B pyle, Toraa:
85 kr — 100 % ; 51 kr — x %.
85 100 51-100
CocTaBUM OPOIMOPIINIO: — = ——; X = ——— = 60.
51 X 85
Omeem: 60 %.

C mOMOIIBI0 IPOMOPIIMI JETKO PeIlalTCd 3aJaurd Ha HaXOXKIeHHe PACCTOSHUII
C IIOMOIIbIO MacImTada.

I Npumep 6. PaccrosiHue Mesxay AByMsA ropofiaMy Ha KapTe cocrasiaser 17 cm. Haiitu pac-
CTOSIHME MEXKIy STHMH T'OpoJaMM Ha MeCTHOCTH, ecam maciiTab xaptel — 1 : 300 000.
Pewenue:
MacmiTa6 1 : 300 000 o3HauaeT, YTO OHOMY CAHTHUMETPY Ha KapTe COOTBETCTBYET
300 000 cm Ha MECTHOCTH.

1S owepewss, npuSmeens, odenss 49



50

Ha xapre Ha mecTHOCTH

1 — 300000
17 — «x
1 300000
CocTaBUM OPOIMOPIIUI0: — = ————
17 x

x=30000-17=5 100 000 cm.
5 100 000 cm = 51 000 m = 51 xM™.
Omsem: 51 KmM.

Mpsamasn u 06paTHas nponopuuoHanbHas 3aBUCUMOCTb

JBe BeSITMUYMHBI HA3LIBAIOTCS MPAMO MPOMOPINOHAJIBHBIMH, €CJIN ITPU yBeJIHUESHUH
(yMeHBIIIEHUN) OAHOM M3 HUX B HECKOJIBKO Pa3 aApyrad yBeauwuyuBaeTcs (yMeHbIIIAET-
cs) BO CTOJBKO JKe pas.

» Npumep 7. Yro6sr Boimeus 600 Kr xseba, HeoOGxoAUMO 435 Kr MyKu. CKOJBKO HEOGXO-

IUMO MYyKHU, uTo0ObI ucieub 1600 Kr xjeba Toro ke copra?

Pewenue:

IIycTh HEOOXOAMMO X KI' MYKH. SaluIilleM yCJIOBHE B BUAE CXEMBI:

Xebd Myka

600 xr — 435 Kr
1600 kr — x KT
Macca xJyieba m Macca MyKY IIPAMO IPOIMOPIIMOHAJIBHEI, T. K. BO CKOJIBKO pa3 60Jb-
IIIe BO3bMEM MYKM, BO CTOJBKO Ke pas 0O0JIbIlle MOJYyUYnM XJjeba.

CocTaBUM HPOIIOPITHIO:

600 _435 _1600-435

—_— = =1160.
1600 x 600

Omesem: 1160 xr.

IBe BeMUMHBI HAa3bIBAIOT OOPATHO MPOIOPIUOHAIBHBIMH, €CJIU IIPU yBEIUICHUU
(YMeHBbIIIeHN ) OJHOII M3 HUX B HECKOJBbKO Pas Apyras yMeHbInaeTcs (yBeluuuBaer-
cd) BO CTOJBKO Ke pas.

D Npumep 8. [lns mepeBosku rpysa Heo6xoaumo 20 CaMOCBAJIOB I'DYy30MNOABEMHOCTBIO

3,6 T. CKOIBKO IIOTpPedyeTcss caMOCBAJIOB I'PY30IOABEMHOCTBIO 4,5 T, UTOOLI IIepe-
BECTH 9TOT I'py3?
Pewenue:

IlycTh n1s mepeBO3KU rpysa IOTPedyeTes X caMOCBAJIOB I'PY30I0AbeMHOCTBIO 4,5 T.
KosnuecTBO caMOCBaJIOB M TPy30I0AHEEMHOCTD ABJIAIOTCA BEJIUUYMHAMU OOPATHO IIPO-
MOPIIMOHAJIBHBIMY, TOCKOJbKY IIPU YBEJINUYEHUHU B HECKOJBKO Pas rpys30I0beMHOCTH
caMocBaJIa KOJUYECTBO MAIIIUH IJId IIePEeBO3KU OJHOTO U TOTO JKe I'Py3a YMEHbIIUTCS
B TO Ke caMoe KOJIMUYeCTBO pas.

3anuiieM ycJOBHe B BUIE CXEMbI:

CamocBajioB I'pysomoabseMHOCTD
20 — 3,6
x — 4,5
@: 4,5; .= 20-3,6 _ 1.
x 3,6 4,5

Omeem: 16 camocBaJjoB.



@D 1.5.7. Okpyrnenue uncen. MpUKKUAKa U OLEHKA PE3YNLTATOB BbIUMCAEHMUIA.
BblaeneHne MHOXUTENS-CTENeHU AeCATH B 3aNMCK YNCIa

3aMeHa uuncJia OJMMKAUIIIUM K HeMY HATYPAJTbHBIM UKCJIOM MU HyJeM Ha3bIBAeTCS
OKPYIJIEHHEM 3TOTO YHMCJa IO IeJbIX.

Hampumep, ecam macca pwIObI cocTaBiseT 3,7 KI, TO IPUOJMIKEHHO OHAa paBHA
4 KT, T. €. MBI 3aMEHUJIN 3HAUEHUE OJMKANIIINM HATYPAJbHBIM UKCJIOM.

AHaJIOTUYHO MOYKHO JATh OIpeJesieHle OKPYIJIeHUS OO0 HeCATBIX, COTBHIX, HECHT-
KOB, COTeH U T. .

Eciau 4uCI0 OKPYIJIAIOT 10 KaKOT0-JIHM00 pas3pAna, TO BCe MOCIeIYyIoNIue 3a 9TUM
paspamoM nugps 3aMeHIIOT HYJSIMH, 4 €CJIM OHM CTOAT IOCJe 3amsaToil — oTOpa-
CBHIBAIOT.

Hampuwmep, 3 561 ~ 3 600 — no coren; 0,3561 ~ 0,36 — 10 coThIX (3HAK «~» UU-
TaeTcs «IPUOIUIKEHHO PABHO»).

Ecau mepBasa oTOpolIeHHas WM 3aMeHeHHas HyJdeM udpa pasHa 5, 6, 7, 8 niau
9, To cToAlyI0 TIepen Hed HU(Py yBeauuuBaroT Ha 1.

Ecau mepBast oTOpolIeHHASI MM 3aMeHeHHada HyaeMm mudpa pasua 0, 1, 2, 3 uan
4, TO CTOAINYIO Iepea Hel nudpy ocTaBIAAIOT 03 U3MEeHEeHUI.

. Mpumep 1. Okpyriauts A0 mecATvIX: a) 2,88; 0) 37,029; B) 5,999.
Pewenue:
a) 2,88 ~ 2,9, mOCKOJIbKY IIepBas OTOpoIlleHHad Mudpa mocjae AecAThIX — 8;
6) 37,029 ~ 37,0, mOCKOJBKY mepBas OTOPOIIeHHAasa ITudpa IMocjie JecaThix — 9;
B) 5,999 ~ 6,0, MOCKOJIBLKY IIepBasi OTOpOIIeHHAaA ITudpa mocae TecaThix — 9.
D Npumep 2. Oxpyrauts g0 ThIcAY yucio 3 873 501.
Pewenue:

3aMeHUM HyJAMH umcja 5 u 1, a mocaennioo nudpy B uuciae 3 873 501 yBeau-
yuM Ha 1, IIOCKOJBKY IepBasd 3aMeHeHHasd HyJgeM ruppa — 5. IToayuum 3 873 501 ~
~ 3 874 000.

» Npumep 3. Oxpyrauts:
a) mo corerx: 0,07387; 9,7381; 9,0111; 9,999;
0) mo meanlx: 3,728; 56,01; 23,09; 99,91.
Pewenue:
a) 0,07387 ~ 0,07; 9,7381 ~ 9,74; 9,01111 ~ 9,01; 9,9999 ~ 10,00;
0) 3,728 ~ 4; 56,01 ~ 56; 23,09 ~ 23; 99,91 ~ 100.

IIpu BBIIOJIHEHNN BBIUMCJICHUN C PeaJbHBIMU JAHHBIMU PE3yJbTAT YACTO IIOJIyYa-
eTCsA HeTOUHLIN, OKPYIVIEHHBINM, IO3TOMY BayKHO BBIIIOJHUTE OIEHKY PE3yJIbTATOB BhI-
YHCJIEHUH, T. €. OI€HUTDH MOTrPEIIHOCTh BBIUYMCICHHUSA, T. €. MOAYJIb PA3HOCTH MEKIY
TOYHBIM U IPUOIMKEHHBIM 3HAUCHIEM.

Moayap pa3sHOCTH MeMKIAy TOUYHBIM 3HAYEHHEM BEJIHYMHBI U €€ MPHOINKEeHHBIM
3HAUYEHHEM HA3bIBAETCA A0COJIIOTHOM IOTrPEIIHOCTHIO NMPUOIHKEeHU .

To ecTb ecan @ — IPUOIMMKEHHOE 3HAUEHNE BEJIUUYMHBI, 4 X — TOYHOE 3HAUeHUe,
TO a0COJIOTHAA MOTPEITHOCTL PaBHA |X — a.

4
 nNpumep 4. Opo6s g GaMeHIIH npubanskeHHsIM 3HaueHueMm 0,44. Kaxosa morpemi-

HOCThb JAHHOTO MPUOIMKEeHUs?
Pewenue:
‘§_0,44‘:‘4 44 _‘E_E=|100—99|= 1
9 9 100/ 19 25 | 225 | 225
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Ecau Tounoe 3HaueHme maMepseMOll BEJUUYMHBI HAUTU HEBO3MOXKHO, TO MOXKHO
IaTh OI[EHKY a0COJIIOTHON IMOTPENIHOCTH, €CJIU M3BECTHHI IPUOIMIKeHNe ¢ N30bITKOM
1 C HEJOCTATKOM.

Ecau ¢ — mpubnmixkenHOe 3HaUeHMe yucyga X 1 |x — a| < h, TO TOBOPAT, UTO UMC-
JIO X PABHO YHCJY G C TOUHOCTBIO 0 h:

x=ath.
Hanpuwmep, sanuce x = 3,42 + 0,01 o3HauaeT, uTo X paBHO 3,42 ¢ TouHOoCTHIO 710 0,01, T. €.
3,42 - 0,01 <x<3,42 + 0,01; 3,41 < x < 3,43.

Yucaa 3,42 n 3,43 ABIAIOTCSA TPUOJIUIKEHHBIMY 3HAUEHUSIMU YMCJIa ¢ HemOCTAT-

KOM U1 ¢ M30BITKOM.

Mpumep 5. CorsacHOo PAAMOJOKAILMOHHBIM HN3MEPEHMUSIM, paguyc BeHepnl paBeH
(6 050 = 5) kM. 3amucarh pe3yJbTAT B BUIE JBOMHOTO HEPaBEHCTBA.
Pewenue:
6050 -5<x<6050+5;6045<x <6 055.

IIpu cpaBHeHNY MPUOIMKEHNI PA3INYHBIX BEJINUYNH ObIBAET HEJOCTATOUHO HANTH TOJIb-
KO abGCOJIIOTHYIO TTOTPEITHOCTh. B TaKUX Caydasax HAXOMAT OTHOCUTEJIHHYIO IOTPEIIHOCTD.
OTHOCHTEIbHOI TOTPEIIHOCTHI0 HA3BIBAIOT YACTHOE OT JeJieHUS a0COJIOTHOIH IIo-
TPENIHOCTH Ha MOAYJIh IIPUOGINKEHHOr0 3HAUEHU A BeJINYMHBI, yMHOKeHHoe Ha 100 % .

Mpumep 6. ITpubauikeHHoe 3HaueHuMe Macchl 3emyu pasBHo (5,98 + 0,01) - 10%* xr.
A wmacca ropomuss! (4 + 0,2) r. Kakoe usmepenue ABasgeTcs 60jiee TOUHBIM?

Pewenue:
OmeHUM OTHOCHUTEJNbHYIO MOTPEITHOCTh KaKI0T0 M3MEpPeHU:

24
0’01 10 -100 % =~ 0,2 O/o;

1) macca 3eMJi, OTHOCUTEJIbHAS MOTPEIITHOCTh: = 98 107
,98 .

0,2
2) Macca TOPOIINHLI, OTHOCUTEILHAA IIOTPEIIHOCT: :1 -100 % =5%.

Macca 3eman msmepeHa TOUHee.

B mexoTophIX 3amauax MPaKTUUYECKOI'0 COMEPIKAHUA HET He0OXOIMMOCTH HAaXOAUTh
OTHOCUTEJIbHYIO WX a0COJIIOTHYIO IIOTPEITHOCTh, 4 JOCTATOYHO HPOCTO BBIIOJHUTH
OPUKUIKY U OIEHKY Pe3yJbTATOB.

Mpumep 7. B Tabuuile npuBegeHbl Pe3yabTaThl 0 Oery Ha auctaHuuu 30 M g yua-
muxcesa 9 kaacca. OIeHUTH Pe3yabTaT:

a) meBOUKHU, IIPoOesKaBIlieil gucTaHIuoo 3a 5,23 c;

0) MajnpumKa, IpoberkaBIIero JUCTAHIINIO 3a 5,12 c;

B) IeBOYKHU, ITPOOEKABINIEN qucTaHIINIO 3a 5,98 c.

Manasuuru deBouku
Omnenka «D» «4» «3» «B» «4» «3»
Bpewms, c 4,6 4,9 5,3 5,0 9,9 5,9
Pewenue:

a) JleBouka mpobe:kasia AUCTAHIIUIO 3a 5,23 ¢, YTO HAXOAUTCA B UHTEpPBaJe
5,0 < 5,23 < 5,5, T. e. memyienHee, ueM TpeOyeTcs Ha OIEHKY «H5», HO OBICTpee,
yeM Ha OIeHKY «4».

0) AHaJIOTUYHO MaJIbUUK, MMPOOEKABINUHA AUCTAHIWIO 3a 5,12 ¢, MOJYyYUT OIEHKY
«3», mockoasky 4,9 < 5,12 < 5,3.

B) lleBouka, mpoOesKaBIllad AUCTAHIINIO 3a 5,98 ¢, HOpMATWB He BBITIOJHUJIA, II0-
CKOJBKY 5,98 > 5,9.

Omeem: a) orieHKa «4»; 0) olleHKa «3»; B) HOPMATUB HE BBIMOJIHEH.



0 TpennpoBouHble TecToBble 3afanua K paspeny 1

2
1. Haiigure 3HaUeHUe BBIPAYKEHU: 3(%) —22-%.
H7 2) -19 3) -7 4) 252

2. BriOepuTe HOMEpP TOTO BhIpaKeHUsd, 3HaAUEHME KOTOPOT'0 PaBHO HYJIIO.
(1P + (1P 2 EP -1 8) -1t (1) 4) ((1° + (-1)"
3. CooTHecuTe OOBLIKHOBEHHBIE JPOOM C PABHBIMU AECATUUHBIMU.

3 1) 0,6
A) = 2) 0,12
9 3) 1,125
B) - 4) 0,15
8
B) >
20
OrBer: A b B

4. B Tabiuiie npuBemeHbl HOpMaTuBLI o Oery Ha 30 M maa yuamuxcsa 9 kiaacca. Oie-
HUTEe pe3yabTaThl MAJIbUNKa, IPo0exaBIliero gucTaHnuo 3a 4,76 c.

Manpuuku HdeBouku
Onenka «5» «4» «3» «D» «4» «3»
Bpems, ¢ 4,6 4,9 5,3 5,0 5,5 5,9
1) omenka «5» 2) omeHKa «4» 3) omeHKa «3» 4) HOPMATHUB

He BBINOJIHEH
5. Kaxomy mu3 BeIpaskenuii pasuo npoussegerue 0,09 - 0,0009 - 0,00009?

1) 729 - 1053 2)9-10° 3) 729 - 101! 4)9 - 101
6. Kakoe 13 uncesJ oTMeUEHO HA KOOPAWMHATHOIN HMpAMOIT ToOuKoit A?
A

10 1 2 3 4

1) V3 2) V8 3) V11 4) 17

7. 3HaueHUe KaKOTro U3 BBIpa)KeHI/IfI ABJIAETCA PallMOHAJIbBHBIM yucaom?

(V3)’
1) (V3 -2)({3 ++2) 8 5

2) (V3 -v2) 4) V3 .42

8. 32 KameHIIUKAa BRIMOCTUIN YJaAULY 34 42 qHA. CKOIBKO HYKHO KAMEHIIUKOB, UTOORI
BBIMOCTUTB 3Ty YJIAUIY 3a 28 mHeir?
1) 54 2) 36 3) 24 4) 48

2

9. HaiiguTre 3HaueHNe BLIPAYKEHUA: (\/ 6 - V11 + \/ 6+11 )
1) 12 2) 2J11 3) 12+ 2V11 4) 22
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10. Tosap mogeresen Ha 20 %. Ha CKOJBKO MPOIIEHTOB 0OJIbIIIE MOYKHO KYIHTL TOBapa
Ha Ty JKe CyMMy OeHer?

1) 20 % 2) 25 % 3) 10 % 4) 15 %
11. VYxakuTe HauOOJIBINNII OOIINHA JeJauTeab uncea 45 u 36.
OrBerT: .

12. YupocTuTe, OTBET 3aIUIINTE B BUE AECATHUUYHON APOOH:

5
V125

Orser: .

. 4
13. B marasune 66110 560 Terpanmeit, 13 HUX ? COCTABJISAJN TETPAAU B KJIETOUKY. CKOJIb-

KO OBLJIO TeTpajeil B KJIETOUKY?
Orser: .

14. Cpeguuii Bec MaJbUMKOB TOTO 2Ke Bo3pacTta, uro u Caira, paBex 54 Kr. Bec Camu co-
craBisgeT 135 % ot cpemuero Beca. Haiimure Bec Cariru.
Orser: .

15. 3amumure 4KcJI0 B CTaHJAPTHOM Buze: 725 - 10711,
Orser: .

16. 13 20 KT MOPCKOM BOABI MOKHO H00BITE 0,5 Kr coiri. CKOJIBKO HYKHO B3ATh MOPCKOII
BOJbBI, UTOOBI MOJYYUTh 3,5 KT cou?
Orser: .

17. BrimosiHNTe OeMCTBUSA U 3AIUIINATE Pe3y/IbTaT B cTaHmapTHoM Buze: (3,4 - 1078) : (6,8 - 10™).
OrBer: .

18. Berio 300 r 6 % -HOTO pacTBOpa COJIM, Uuepe3 HeKoTopoe Bpems 60 r© Bombl McIapu-
Jochk. KakuM craJyio IpoIeHTHOe cofeps;KaHue CoJiu B pacTBope?

OrserT: .

19. 15 mpomasky B IUPKE 3arOTOBUJINM HEKOTOPOE KOJMYECTBO IIOPIIUI MOPOIKEHOrO.
4 .
Cuauajia mpopmain ? BCeX mOpIuii, morom erfe 38 mTykK. Ilocse sToro ocramach

TPeTh BCEX 3arOTOBJIEHHLIX MOpruii. CKOJIBKO MOPIUI MOPOMKEHOI'0 3arOTOBUIN IJIA
apomakm?
OTserT: .

20. IIpexncraBbTe B BUIE CTEIICHN:

OTser: .




b Anre6panueckue Bbipa)keHUs

3HaTb: -« onpefeneHne OYKBEHHOIO BblpaXKeHWs, Er0 OMNYCTUMbIX 3HAUEHWIA;
+ TOHATME PABEHCTBA U TOXKAECTBA;
+ bOopMynbl COKPaLLEHHOTO YMHOMXEHUS;
+ TMOHATME MHOIOUNIEHA, KBaAPaTHOIO TPEXUNEH];
+ MOHATME anrebpanyeckoi 4pobu N paLMoHabHbIX BblpaXKeHNIA.

YmeTb: + BbINOMHATb dN1IEMEHTAPHbIE 3HAKOBO-CMIMBOJIbHbIE AENCTBUS;
+  BbIUMCJIATb YNCIIOBOE 3HaYeHne 6YKBEHHOTO BblPaXKeHWs, HAXOAUTb 06M1acTb JOMYCTUMBIX 3Ha-
YEHUI NePEMEHHDbIX;
+ BbIMOJIHATb AENCTBNA C MHOTOYIeHaMU;
+  1CMosib3oBaTb GOPMYSIbl COKPALLEHHOrO YMHOXEHUS;
+ pacrno3HaBaTb KBafpaTHbIA TPeXUSIeH 1 packfiaAblBaTb €r0 Ha MHOXUTENN;
+ BbINOJIHATb BCE AENCTBUA C anrebpanyeckmumm 4poosmMm 1 paunoHanbHbIMU BblPaXKeHUAMMN.

2.1. bykBeHHble BbipaxeHua (BbipaxeHna ¢ nepemeHHbIMM)

2.1.1. bykBeHHble BbipaxeHua. Yucnosoe 3HaueHue OYKBEHHOTO BblpaXKeHns

Yucaosoe BBIPpAaKEeHHue — 9TO MaTeMaTu4deCKad 3alliucChb, cComepixallad dmcja, CKO00-

KU ¥ 3HAKU NelCTBUIH.

Hamnpumep, (7 — 4,2)% - (5,5 + 0,1)3; (g - 1%) -(-0,5) — umcIOBBLIE BHIPAMKEHUA.

Yuca0, KOTOpPOe IIOJydyaeTcs B pe3yjabTaTe BBLIIIOJNTHEHUS IENCTBUI, Ha3LIBAETCS
3HAUYEHHEM YHMCJIOBOTO BBHIPAKEHUS.

BykBeHHBIM BhIpaskeHHEeM (BhIpasKeHHMEeM C IepeMeHHBLIMH WM ajredpandyecKu-
MM BBIPa’KeHUSIMHU) Ha3bIBAIOT BhIpaKeHUe, COCTOAIee U3 aaredpanuecKux BeJIUUNH
(uucen m OYKB), COEIUHEHHBIX 3HAKAMU ajiredparmdyecKUX AelcTBUIl (CJI0KEHUe, BBI-
ynuTaHue, YMHOKEHUeE, JejleHre, N3BjJeUeHe KOPHA 1 BO3BeIeHNe B CTEIIeHb) U CKOO0-
KaMM, IIOKAa3bIBAIOIINMI II0CJIES0BATEeIbHOCTEL JEeMCTBUMA.

3b

Hampuwmep, (a® — b3) - (x + y); a_T; x? — 3xy + y*> + 4 — OGyKBeHHbIe BbIPAKEHUS.

Ecnu B BRIpasKkeHUe ¢ mepeMeHHBIMU HOACTaBUTL BMECTO OYKB HEKOTODBIE YUCJIA,
TO MOJIYUUM UYHCJIOBOE BBIPA’KEHME, KOTOPOoe OyZeT MMeTh YKMCJI0BOE 3HAUEHUE.
Hanpuwmep, npu a = —1 Beipakenue a? — 2a umeer suauenue (—1)% — 2 - (-1) = 3.

» Npumep 1. Banucars B BUje BHIPDAKEHUA:
a) cyMMmy uwmcesa b u c;
0) mpousBeneHue uucesa 3k u 2n;
B) KBaJpaT CYMMbI YKCeJ a4 U M;
T') Pa3HOCTb KBaApaToB uucea 3a u 4b;

II) YacTHOe uucesa a + ¢ u d.

Omeem: a) b + ¢; 6) 3k - 2n3 B) (a + m)% 1) (3a)2 — (4b)%; 1) (a + ¢) : d wn “; c.
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» Npumep 2. CobGeTBeHHAST CKOPOCTH Karepa X KM/4, & CKOPOCTb T€UEHWS — Y KM/U.
CKOJIbKO KHJIOMETPOB IIPOIIeJI KaTep, eCJau OH ABUTAJCA 3 U II0 TeUeHUI0, 2,5 U Ipo-
TuB TeueHusd u 1 4 mo osepy?

Pewenue:
Ecam cobcTBeHHAaA CKOPOCTH Karepa X KM/4Y, a CKOPOCTH TeUEeHUA — Y KM/U, TO
CKOPOCTB KaTepa II0 TEYeHUIO0 COCTABUT (X + J) KM/4, IPOTUB TeueHUA — (X — y) KM/,
a 1o o3epy — x km/4. Torga nmpoiifeHHbiit IyTh cocTaBuUT: 3(x + y) + 2,5(x — y) + x.
 nNpumep 3. CocTaBuTh BHIpasKEHWE IJIA BHIUUCJIEHUSA ILIOMAMLN:
a) m 0)

b

Pewenue:

a) Purypa mpeacTaBidgeT cO00H MPIMOYTOJbHUK C pasMepaMu a4 Ha b U TJIOIIAAbIO
S, = ab, U3 KOTOPO# «BBIPE3aH» NMPAMOYIOJBHUK ILIOmMaAbio S, = mn. Torga mio-
manas uCKomoit gpurypser: S =S, — S, = ab — mn.

0) durypa IMpeAcTaBiaseT co0Oil IOJAYKPYr paauyca r U pPaBHOOEIPEHHBIH Tpe-

. 1
YIrOJIBbHUK C OCHOBaHHMeM 2r u BbIcOoTOU h. Ilnomane moaykpyra S, = Znr?, mwio-
2

1
maab TpeyroJlbHUKa S, = 5 (2r)-h =rh. Torma mnjomagb HCKOMOI (UI'YPEI
1 5,
S=8+8, =§nr +rh.

Omeem: a) ab — mn; 6) %nrz +rh.

@D 2.1.2. [lonyctumble 3HaueHna nepeMeHHbIX, BXOAAWMX B anrebpanyeckue BbipaxeHns

3HaueHUA IePEeMEeHHBIX, IPU KOTOPBLIX BhIPaKeHNE MMeeT CMbICJ, Ha3bIBAIOTCA JA0-
IMYCTUMBIMHU 3HAUEHUSIMHU II€PEeMEHHBIX.

Hanpuwmep, 1714 BeipaskeHusa

AOIIYCTUMBIMU ABJIAIOTCA BCE 3HAUEHUA X, KPO-

Me X = 5, MOCKOJIbKY IIpU X = 5 3HAMeHAaTeJb X — 5 paBeH HYJIIO, a Ha HYJb AEJUTD
HeJb3sd, T. €. IPU X = 5 BhIpa’KeHUe He UMeeT CMbICJA.

TaRI/IM 06p3.30M, JOIIYyCTUMBIMHA 3HAYEHUAMMN II€PEMEHHbIX BBIDAKEHUA ABJIAIOTCA
BCe 3HAUEHUS MEePEeMEeHHBIX, KpOMe TeX, TP KOTOPBIX 3HAMeHAaTeJb XOTA ObI OJHOMI
u3 apobeil, BXOAAIINX B JaHHOE BhIpasKeHUe, paBeH HY.JIIO.

. Mpumep 1. YKasaTs JOMyCTUMbIC 3HAUCHUS IePEMEHHON B BLIPAYKEHUN:
a-1 3x x® 1
a) a+ ; 0) — 3 B) —/——3 T) ;
5x” + 2x xt+1 O
x




a-3 b a’-16 3

) ; e) 3 9K) 5 8) .
lal -5 b? — 2l a’>-6a+8 x? —b5xy — 6y
Peuwienue:
a) JlomycTUMBIMU SABJIAIOTCS BCe 3HAUEHUA @, KpoMe a = —5H, MOCKOJBbKY IIpu a4 = —5H

3HaMeHaTeJb a + 5 oOpalfaercsa B HYJIb.
0) Haiizem sHauenusa x, Ipu KOTOPBIX 3HaMeHATe]Ib Apo0u paBeH HyJio: 5x2 + 2x = 0;

2
x(bx +2)=0; x=0umm x = “ JomycTUMBIMHY ABJIAIOTCSA BCe 3HAUEHUA X, KPO-

Mex=0mnm x=——.
5

B) Ilpu mr060M 3HaueHuM X BeIpaskeHue x* + 1 > 0 u HMKorga He o0palaeTca B HYJIb.

lIOHyCTI/IMBIMI/I ABJIAIOTCA BCE€ 3HAUYEHUA X.

. 1 1 x*-1
r) Haiigem sHaueHM s X, IPKU KOTOPBLIX 3HAMEHATENb X — — PABeH HYJII0: X — — = ;
x x x

x#20; x2-1=0; (x —1)(x+1)=0; x =1; x = —1. [JomycTUMbIMU ABJIAIOTCA BCE
3HaYeHus X, kpome x = -1, x =0 wu x = 1.

n) Haiimem 3HaueHusa a, Ipu KOTOPBIX 3HAMEHATEJb |a| — 5 paBeH myxdio: |a|] — 5 = 0;
la| = 5, 7. e. a =5 unu a = —5. [lonycTUMBIMU SABJAIOTCSA BCe 3HAUEHUS @, KPOME
a=-5ma=>5.

e) Haiinem Bce sHauenus b, mpu Kotopsix b? — 2/b| = 0:
npu b>0:2-20=0; b(b—-2)=0;b=0u b = 2;
mpu b <0: 82+ 2b=0;b=0u b=-2, o b = 0 He yaoBIETBOPsIeT ycaoBuio b < 0,
sgauur, b = —2.

JomycTUMBIMHY ABJSIOTCA Bce 3HaueHusA b, kpome b=-2,b=0u b = 2.

&) Halimem sHaueHus a, IpM KOTOPLIX 3HaMeHaredb a? — 6a + 8 paBeH HYJIO:
a’>—4a —2a+8=0;a(a—4)—2a—4)=0;(a—4)a—-2)=0;a=4ua=2.
HomycTuMbIMY ABJAIOTCA BCe 3HAUEHUA a, KpoMe a =4 u a = 2.

3) Haiimem 3aBUCUMOCTH MEKIYy NHEPEMEHHBIMU X U Y, IPU KOTOPOII 3HAMEHATeJ b
x? + bxy — 6y? paBen myawo: x2 + bxy — 6y? = x> — xy + 6xy — 6y = x(x — y) +
+ 6y(x — y) = (x — y)(x + 6y), T. e. x =y nau x = —6y. JonyCcTUMBIMU ABIAIOTCA
BCe 3HAUEHUS X U J, KPOMe CIyUaeB, KoTaa x = y u x = —6y.

@0 2.1.3. MopcTanoBKa BbIpaXeHUit BMECTO NepemMeHHbIX

BreipaxxkeHuda c mmepeMeHHBIMU IIPY PA3JUUYHBIX 3HAUEHUAX BSTUX IIePeMEHHBIX MO-
I'yT IPUHUMATL pas3Hble 3HAUEHUA.

 nNpumep 1. Haiitu sHauenue Boipaxkenus a’ + 3b, ecau: a) a = -1, b = —3;

6)a=<, p=-1.
2 4

Pewenue:
a)Ecima=-1,b=-3,10a?+3b=(-1)>+3-(-3)=1-9=-8;
2
6) Ecau azl, bz—l, TO a2+3b=(1j +3(—1j=1—§=—2=—1.
2 4 2 4 4 4 4 2
. Mpumep 2. YOpocTuTs BhIpa)KeHUe 1 HANTU ero YUCJIO0BOEe 3HAUEHUe:
9a® — 24ab +16b> — 25 1 1
opu a=—, b=2—.
3a—-4b-5 9 3
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Pewenue:
(9a® — 24ab + 16b%) — 25 _ (8a - 4b)* - 5° _ (3a —4b-5)(3a — 4b +5)

=3a —4b+5.
3a—4b-5 3a—4b-5 3a—4b-5
Ecin azl, b:21, TO 30L—4b+5=3-1—4~2l 5—§—ﬂ 5=
9 3 9 3 9 3
l—ﬁ 5——ﬁ+5——9+5——4
3 3 3
» Npumep 3. UssecTHo, uTO db+a _ 3
5a-Tb
_ 2 2 3 2
Haiimu: a) 4a 5b; 5) 3a 22ab +22b . B) a i 3ab .
2a+b 5a” + 3b 4a°b + 3b
Pewenue:
4b+a
IIpeoGpasyem BoeIpaskeHue r— = 2. PasmequM 4KCJNUTEJbL U 3HaAMEHATEeJb JPO-
a p—
.8
O0u, cTosAIell B JIeBOIl UACTU paBeHCTBa, MOUJeHHO Ha b # 0, moayumM: 52 7bb =2;
b b
4+ a a a
b__o, Haiinem 3HaueHme — wu3 »5TOro paBeHcTBa: 4+ — = 2(5 == 7);
a b b b
5.--T7
b
4+2-10.% 14, 9.%- 18, %2,
b b b b
a) IIpumenum 5TOT MpHeM, T. €. IOUYJIEHHOEe AejieHue Apodu Ha b # 0 K JaHHOMY BBI-
4a b5b 4a 5
a 4a-5b p p p ~ _4-2-5 3
pakeHuio, 3aTeM MHOJACTAaBUM — = 2: = = = =—.
b 2a+b 2i+§ 2i+1 2:2+1 5
b b b

0) 3ameTuM, UTO B UMCJINTEJIe U 3HaAMeHaTeJe NJaHHON APOOM CTOUT cyMMa OJHOUJIE-
HOB BTOPOI CTENeHU, IOTOMY Pa3fejiMM dTH OJHOUJIEHLI Ha b? IIOYJIeHHO, YUNUTHI-

a
Basi, 4TO — = 2:

a’ ab b* aY a
8a* —2ab+2p’ 3 22 :3(1,) “2p) "2 3.22-2.242 10
2 2 2 2 2 2 *
5a” +3b 5'(;2+3'l;2 5(;) 3 5-2°+3 23

B) B unciaurene u sHaMeHaTesle JAaHHOI APOOM CTOAT OSHOUJIEHBI TPEThell CTemeHwH,
a
IIOSTOMY Pas3fejnM X IIOYJEeHHO Ha b, yuuThIBas, 4To 3 =2:

a® 3ab’ 33_3 a
a’®-3ab® P37 g3 _\b b) 2°-3-2 2

4a% +3b° 4a% 3b° 22 4-22+3 19
b? +? 4, —| +3




@D 2.1.4. PaBeHcTBO GyKBEHHbIX BbIpaKeHUii, TOXAeCTBO. Mpeo6pa3oBaHuA BbIpaxeHMil

IlBa BBIpasKeHUs, IPUHUMAIOIIIE COOTBETCTBEHHbIE 3HAUEHUA IPU JIIOOBIX 3HAUE-
HUAX MepeMeHHbIX, HAa3bIBaIOTCA TOMKIECTBEHHO PABHBIMHU, MU TOMKIECTBEHHBIMH.

Hampuwmep, BoIpaskenus 5x + 3x u 8x ABIAIOTCA TOMKIECTBEHHO PABHBIMU.

ToskaecTBO — pPaBEHCTBO, BEPHOE IIPU JIOOBIX JOMYCTUMBIX 3HAUEHUSAX IIePEeMeH-

HBIX.
a 5 a+b
Hamnpumep, 3(a — b) = 3a — 3b; 5 + 5 = ; (a +b)? =a?+ 2ab + b2
PaBencTBa, BHIpAsKAIOI[NE 3aKOHBI apU(PMETUUYECKUX NEeMCTBUM, TAKKe ABIIIOTCA

TOKIEeCTBAMMU:
a+b=>b+a; ab = bc;
(a+b)+c=a+(b+c); (ab)e = a(be);
a(b +c)=ab + ac.

3aMeHa JaHHOTO BHIPDAYKEHUA APYTUM TOYKIECTBEHHBIM €My BBIDA'KEeHUEM Ha3bIBa-
eTCA TOKAECTBEHHBIM IPe00pPa30BaHNEM BHIPAKEHUI.

ToxxaecTBeHHBIE TPeOoOPA30BAHUSA BBIPAKEHUN BBITIOJMHAIOT HA OCHOBAHUU CBOMCTB
IelCTBUI HaJ YUCJIaMM, K TOKIECTBEHHBIM ITPEO0PA30BAHUAM OTHOCAT M PACKPBITHE
CKOOOK, U IpUBeJeHNe IOJO0HBIX cilaraeMbIX. ToKeCcTBeHHBIE ITPE0OPasOBaHUA WC-
MOJB3YIOT VIS YIPOIIEHUS BBIPAMKEHUM.

(D Npumep 1. Yupocrurs Beipakenue: —2(3m — 5) + 3(3m + 7).
Pewenue:
PackpoeM cKoOKHU 1 IIpuBegeM HOLOOHBIE cjaraeMble:
-2(8m —5)+3Bm + 7)=—-6m + 10 + 9m + 21 =
=(-6m + 9m) + (10 + 21) = 3m + 31.

YT0o6BLI MTOKa3aTh, UTO PABEHCTBO ABJAETCS TOKIECTBOM (MHaue rOBOPS, UTO-
OBl IOKA3aTh TOSKIAECTBO), HCIIOJB3YIOT TOMKIECTBEHHbIE IIPEOOpPa30OBAHHUSA BbI-
paskeHUu.

JoxasaTh TOMXKIECTBO MOKHO TaK:

1) J1eByI0 UacThb TOMKIECTBA C IIOMOIIBIO TOXKIECTBEHHBLIX IIPE00Pa30OBaHUU CBOIUM

K BUIY, KOTOPBIA MMeeT IpaBas YacCTh;

2) IpaByI0 YacTh TOKIECTBA C IIOMOIILIO TOMKAECTBEHHBIX IIPeoOpasoBaHUIl CBOAUM

K BUIY, KOTOPBIN MMeeT JieBas YacTh;

3) obe wacTu ToKIecTBa mpeobpasdyeM K OJHOMY M TOMY K€ BUIY;
4) maxoouM PAa3HOCTH JIEBOM U IIPABOM UYACTe TOKIecTBa U IOKAas3bIBaeM, UTO OHA
paBHA HYJIIO.

 nNpumep 2. Norazars Tosknecrso: 10x — (—(5x + 20)) = 5(3x + 4).
oxasamenvcmaeo:
Paccmorpum J1eByr0 4YacTh TOMKAECTBA, PACKPOEM CKOOKM M IPUBEJEM IIOL00HBIE
cjaraeMble, BEIHECEM 34 CKOOKM OOIIUII MHOMKUTEh:
10x — (—(5x + 20)) = 10x — (=b5x — 20) =
=10x + bx + 20 = 15x + 20 = 5(3x + 4),
uyTO U TPebOBAJIOCH JOKAa3aTh.
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00 2.2, (reneHb ¢ Lenbim nokasatenem

@ 2.2.1. (BoiicTBa CTeneHu ¢ UenbIM Nokasatenem

IIpuMeHUM CBOMCTBA CTeIleHU C IeJbIM IIOKAasaTejieM [IJsd YIPOIIeHUs BhIpake-
HU, comep Kaliinx OSHOUJIEHBI.

BreipaxeHus, cocTosInue us Ipou3Beqe s Uce, OYKB 1 UX CTeIeHel, Ha3bIBAIOT
OJHOUJIEHAMH.

Hampuwmep, 3; —3y* 0,7 - x -y - 3 - 25.

CraHgapTHHIM BHAOM OJHOUJIEHA HA3LIBAIOT OJHOUJIEH, COCTOAIIUN 13 IPOU3BeIe-
HUS YMCJIOBOTO MHOMKUTEJSI, CTOAIIEro Ha IIePBOM MecTe (ero HasbIBAIOT K0I(Quuu-
eHmoM), U CTEeIIeHN C Pa3INUYHBLIMI OYKBEHHBIMU OCHOBAHUSIMU.

CremeHpi0 OJHOYJIEHA HA3BIBAIOT UYMCJIO, PABHOE CyMMe IIOKasaTejieil cTelmeHei
BCeX BXOJAINUX B HEro OYKB.

Hanpuwmep, crenens oguouserna 0,5xyz® pasua 1 + 1 + 3 = 5.

Eciu ogHOUYIeH ABISETCA YMCIOM, TO €ro CTelleHb paBHA HYJII0, HAIIpuMep, 3 = 3a°,
CTeIlleHb OJHOUJEeHA — HYJb.

CnoxeHue n BbluUTaHKUE OJHOYNIEHOB

CroxeHre 1 BBIYMTAHNE MHOTOUJEHOB MOKHO IIPOMB3BOAUTEL TOJBKO C OJHOUJIEHA-
MU, UMEIOIUMU OAUHAKOBYIO OYKBEHHYIO YacCTh, T. €. C IIOJOOHBIMMU.

 nNpumep 1. 2xy — 5a + 3xy + 0,7a — 3 = 5xy — 4,3a — 3.

YMHOMeHue oHOuNeHoB

Wcnonbayem cBolicTBa CTEHeHHU C IleJbIM IIOKasaTeiaem (a" - a™ = a™*"), a Tak-
JKe IepeMecTUTeIbHBIA 1 COUeTaTeJbHbBIN 3aKOHBI YMHOMKEHU.

£ Npumep 2.
a) (—=3a") - (0,2ab') = -3 - 0,2 - a>1 - b™ = —0,6ab'1;

1 2 3 2
6 1_ 3 )(__ 5 bj:_(__j 1+5‘ 3+1. b=_ bxﬁ 4.
)( 2xya 3xy 2 3 x Y a abx’y

JleneHue ogHOUNEHOB

Hcnonb3yemM CBOMCTBO CTEIEHM:
aﬂ . bm — an* m

» Npumep 3.
a) 28a®b* : 0,7a*b = 28 : 0,7 - a®* - b*! = 40a'b3;
B 4 3
“0.3abx _ 6 30018 btk y = 0,150 b xy = o0 X
2a°by 20a’y

BO3BEAEHI/IE 01HOYJI€Ha B (TeNneHb
Hcnonbayem cBOMCTBA CTEIEHM:
a)' a"
(ab)" = a™b" u (—j =—, b=z0.
b b

60 2 Mctamewe sopanenns



£ Npumep 4.
1 )_( 1T o s 1 qg
a)( SPe) =3 (p) -a” = gl @
6) (10m2n)? - (—=83mn?)3 = 102 - (m?)% - n? - (-3)® - m? - (n?)% = 100m* - n% - (—-27) - m3 x
x n® =-2700m™n?
B) (a2b5)n . (a2nb)3 . (a3b2n)5 — (a2)n . (b5)n . (a2n)3 . b3 . (a3)5 . (bZn)5 — a2n . b5n . a6n . b3 . a15 X
X blOn — a2n+6n+15 . b5n+3+10n — a8n+15b15n+3;
2n+2 . 7n+1 2 2n+2 . 7n+1 2 2n+2 . 7n+1
0 () - -(
14" on qn
x 49 = 784.

2
— 2n+2—n,7n+1—n 2 22'72224'72216X
@7y j ( > =( )

2.3. MHorouneHbl

2.3.1. MHorouneH. (noxeHue, BblYMTaHNE, YMHOXKEHNE MHOrOUNEHOB

MHOroujJes — 5T0O CyMMa OJHOYJIEHOB.

MHorouJieH, COCTOAIMI U3 ABYX CJaraeMblX, HA3bIBACTCS ABYYJIEHOM, 13 TPEX —
TPEeX4JIeHOM U T. [I.

CraraeMble MHOTOYJI€HA, MMEIOIME OLMHAKOBYIO OYKBEHHYIO YacCTh, HA3LIBAIOT
HOTO0OHBIMH.

Taxk, ciaaraemsie 3xy? u —3xy? nmomodusr; 3abc u abe monobuwl; 3, 7 1 —5 MOTOOHEI.

CraHgapTHBIM BHUJ MHOrOY4JIeHA — 5TO MHOTOUJIEH, COCTOAINUI M3 OJHOYJICHOB
CTAHJAPTHOTO BULA U HEe COepsKalliuil II0LO0HBIX CaaraeMbIX.

CremeHsr MHOTOWIEHA CTAHZAPTHOTO BUAA — HAMOOJILINAA W3 CTElleHeil, BXOIs-
IUX B HEro OJHOUYJIEHOB.

Hanpumep, maorousen x3y? + xy? + xy + 3 — 9TO MHOTOUJIEH IIATOM CTEIeHU, II0-
CKOJIBKY CTeleHb ofHouwIeHa x°y? maras 1 HaubOJbINAA U3 BCEX.

» Npumep 1. CBecTn MHOTOUJIEH K CTAHZAPTHOMY BHAY, YKA3aTh €r0 CTENEHb:
3a’b® — abb® — a*a — a?b?b + 0,5ab - 2b* + 4ab - 0,5ab® = 3a?b® — ab? — a* — a?b® +
+ ab? + 2a%b® = 4a°b® — a*. ITO MHOTOUJIEeH IATOH CTENeHH.

CnoxkeHue 1 BblYMTaHNE MHOTOYNIEHOB

Yrobbl 3anKCaTh CYMMY HECKOJbKUX MHOTOUJIEHOB B BHJe MHOTOUYJI€HA CTaHIAPT-
HOTO BUA, HYJKHO PACKPBITH CKOOKM M MPUBECTHU ITOMOO0HBIE caaraemMble. Ecau mepen
CKOOKOII CTOUT 3HAK «+», TO IIPU PACKPBITHU CKOOOK 3HAKMU, CTOAIIME IIepen cJarae-
MBIMU B CKOOKaXx, HY’KHO OCTaBUTH 0e3 M3MeHEeHUs.

» nNpumep 2. Hatitu cymmy muOrOwreHos: 5m? — m + 3, 3m? + m u —5m? — 2m? + 4.
Pewenue:
bGm?—m+3)+(Bm?+m)+ (-5m® - 2m? + 4) =
=bmP-m+3+3mi+m—5md2—-2mi+4=m>+7.
Yro0bl 3amucaTh Pa3HOCTh HECKOJbKUX MHOTOYJIEHOB B BHJE MHOTOYJIEHA CTaH-
JapTHOrO BUIA, HYKHO PACKPBLITh CKOOKW M IIPUBECTH IOAOOHBIEe ciaraemble. Eciu
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mepen CKOOKOU CTOUT 3HAK «—», TO HPU PACKPBITUU CKOOOK 3HAKU, CTOAIINE IIepen
cjlaraeMbIMU B CKOOKax, HYKHO 3aMEHUTH Ha IIPOTUBOIIOJIOKHBIE.

D Npumep 3. HaiiT pasHOCTH MHOTOYJIEHOB:
a) 3a* + 3a® — 9 u 3a* — 3a® + 9; 6) bp? — 2pq — Tq* u —3p + 2pq + 54¢>.
Pewenue:
a) (3a* + 3a®-9) — (3a* — 3a?+9)=3a*+ 3a® -9 — 3a* + 3a® — 9 = 6a® — 18;
6) (5p® — 2pq — 1q*) — (=3p® + 2pq + 5¢°) = 5p* — 2pq — 1q* + 3p® — 2pq — 5q* = —4pq — 12¢”.

YMHOXeHUe 0iHOUIeHa Ha MHOTOYJIEeH

Yr0o0bl YMHOMKUTD OJHOUJIEH Ha MHOTOUJIEH, HYJKHO STOT OJHOUJIEH YMHOMKUTL Ha
KasKILIM 4jeH MHOTOUJICHA U IIOJIyUeHHbIe MPOU3BEICHUS CIOMKUTD:
(a + b)(c +d)=ac + ad + bc + dec.

» nNpumep 4. IIpescTaBuTh B BUJe MHOTOUJIEHA:

a) —ﬁazbs-(lﬁa—ébj: L 15 oy, 1.4 zbﬁ——ia3b5+£a2b2;

R +—-.-—a =
7 14 10 14 7 28 49
0) 3xy(x?—y*+7) — bxy(y*+ x?) = 3x3y — 3xy2 + 21xy — bxy2 — bxdy = —2x%y — 8xy? + 21xy;

B) (—%azbg + %ab7 - %a%e) -(-12a°0") = 6a°b"® — 2a'b™ + 4a°b™.

YMHOXeHne MHOrouneHa Ha MHOrouneH

Yr0o05BI VYMHOMHUTH MHOI'OYJIEH Ha MHOI'OYJIEH, HYXHO Ka?KI[BIﬁ YJieH OJHOI'0O MHO-
royJjJieHa YMHOMUTH Ha Ka)RI[bIﬁ YJIEH APYTOoro MHOIro4JieHa U IIOJIYY€HHBbIE€ pe3yJibTa-
ThI CJIOXKHUTD.

(' Npumep 5. IIpeacTaBuTh B BUje MHOTOUJIEHA:
a) (4p — 2m)(3p + bm) = 12p% + 2mp — 6mp — 10m? = 12p® — 4pm — 10m?;
0) (—x% + 3ax — a)(x + 2a) = —x® — 2ax + 3ax® + 6a%x — ax — 2a® = —x%® — 3ax +
+ 3ax? — 6a’x — 2a?;
B) —2b%(2b + b%)(b — 1) = —2b%(2b% — 2b + b3 — b%) = —2b3%(b® + b® — 2b) = —2b° — 2b5 + 4b*.
(D Npumep 6. YupocTurs BeIparkeHue u HaiiTu ero sHayenue: 8a® — (2a — 3b)(4a® + 6ab +

+ 9b?) mpu b =1.
3 Pewenue:

8a® — (2a — 3b)(4a? + 6ab + 9b?) =

=8a’ — 8a® — 12a%b — 18ab2 + 12a% + 18abz — 27b3 = —27Tb3.

1 1

3
, TO —27-(—) =-27-—=-1.
3 27

Ecam b = 1
3

@D 2.3.2. Gopmynbl COKPALLEHHOTO YMHOXEHNA: KBaApaT CyMMbI U KBaJpaT pasHoOCTH;
dopmyna pasHOCTU KBajPaToB CYMMbI U Pa3HOCTU Ky6oB

KBaapat cymmbl 1 KBagpaT pa3HOCTU ABYX BblpaXKeHuI

(a + b)?>=a?+ 2ab + b? (a — b)? =a?— 2ab + b?

KBagpar cymmBl ABYX BhIpaskeHuil pa- | KBagpaT pasHOCTH OBYX BbIPasKeHUIT
BEeH KBaJApaTy IIePBOr0 BBLIPAMKEHUS | paBeH KBaApaTy IIEePBOr0 BLIPAMKEHISI
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IJIIOC YIBOEHHOE IIPOM3BeJleHNe MePBO- | MUHYC YIBOEHHOe IIpOM3BelleHUEe Iiep-
TO ¥ BTOPOTO BBIPAYKEHUs ILJIIOC KBa- | BOTO U BTOPOTO BHIPaKEHUS ILJIIOC KBa-
IpaT BTOPOTO BBIPAYKEHUSA IpaT BTOPOTO BBIPAKEHUS

 nNpumep 1.
a)(—a—-bP=(a)+2-(-a) (-b)+ (-b)*=a®+ 2ab + b*> = (a + b)%
6) (—a+b)2=(a)’+2- -(-a) -b+b*=a?—- 2ab+ b*=(a — b).

» Npumep 2. IlpeacTaBuTh B BUje MHOTOUJICHA:
a) (2x +5)?2=(2x)?+2-2x -5+ 5%2=4x% + 20x + 25;

1 G TR | 1

6) | —x+3y| =|=x| +2-=x-83+By)* = =x* +2x + 9y%

. (3 yj (3 j 3 Gy =3 Y

2
B) (6m3 +11m5) =36m® +2-6m? 'me’ +£m10 =36m® +14m?® +12m1°;
6 6 36 36

r) (7Ta® — 8ap?®)? = 49a* — 2 - 7a? - 8ap? + 64a?p’ = 49a* — 112ap? + 64a?pS.
Oopmyna pa3HOCTV KBaApaToB

a’?—-b% = (a - b)a +0b)

IIpousBemenue pasHOCTU ABYX BBIPAKEHHUHN M UX CYMMbBI PaBHO PasHOCTHU KBazapa-
TOB 9TUX BBIPAKEHMUIA.

 nNpumep 3.
a) (2a + T)(2a — 7) = (2a)* — T2 = 4a® — 49;

2 2
0) (ga—§b)(ga+§bj:(gaj —(ébj :iaZ—ibz;
7 5 7 5 7 5 49 25

NS NP6 PR IS PR PRI B
B)(5mn+7pj(7p 5mnj (7pj (5m°n) 49p 25m°n”;
r) (—a® + )7 + a?®) = (7 - a®)(7 + a?) = 49 — a*

n) (—2a® — 3b)(—3b + 2a?) = —(2a® + 3b)(2a® — 3b) = —(4a® — 9b?) = 9b? — 445,
e)(x+y+x+y—D=(x+y)+D(x+y) - =(x+y)?—-12=x%+2xy + y> - 1.

Cymma 1 pa3HoCTb Ky60B

a® + b3 =(a + b)a® - ab + b?)

IIpousBenmenme cyMMBI ABYX BBIpaKeHUI U HEIIOJHOTO KBaJapaTa UX Pa3sHOCTHU PaB-
HO cyMMe Ky0OB 9TUX BBIPAKEHUMH.

a® — b3 =(a — b)(a®+ ab + b?)

IIpousBemenne pasHOCTH IBYX BBIPAKEHHUI M HEMOJHOT'O KBaapaTa MX CyMMbI PaB-
HO PasHOCTU KY0OB 5TUX BBIPAKEHMUIA.

i nNpumep 4. IIpescTaBuTh B BU/e MHOTOUJIEHA:
a) (x — y)(x® + xy + y*) = x* — y%
0) (4p — 1)(16p% + 4p + 1) = (4p)® — 13 = 64p® — 1;
B) (b + d?)(b® — b3d? + d*) = (b3)2 + (d?)® = b° — dS;
r) (bm? + 6p3)(25m* — 30m?2p® + 36p%) = (bm?)? — (6p3)® = 25m® — 216p?%;
D (a-1)a?+a+1)a+1)a®-a+1)=({a - 1)a®+ a + 1))((a + 1)(a® - a + 1)) =
=(@@®—-1)a®+1)=(a®)? - 12=ab - 1.
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@ 2.3.3. Pa3noxeHue MHOrOYNIEHa Ha MHOXUTENN
Pa3JIO?RP[TB MHOTOYJIEH HAa MHOMKHUTEJHN O3HAYaeT IIPeACTaBHUTh €ro KaK IIPOM3-
BeJJeHre HECKOJIbBKHNX OJHOYJIEHOB M MHOI'OYJIEHOB, TOMXIECTBEHHO paBHoe ,I[aHHOMy

MHOT'OYJIEHY .

Pa3noxeHne Ha MHOXXUTENN C NOMOLLbI d)opmyn COKPALLEHHOr0 YMHOXeHUA

dopmyna IIpumepsI
Ksagpar cymMmsl aByX BbI- | a) @’ + 10a +25=a%2+2-a -5 + 5%2=(a + 5)?;
pasKeHmii: 6) 0,01x%? + 0,8x + 16 = (0,1x)*>+ 2 - 0,1x - 4 + 42 =
(a + b)? =a®+ 2ab + b* =(0,1x + 4)%
2
1, ) (1 j 1 )
B) —x " +2xy+4y" =|=-x| +2-=x-2y+ (2y)" =
) 1 y+4y =3 5% 2y +( Y)
1 2
=|=-x+2y|;
(2 yj

1 1,Y .1
r) §a4+9b2+2a2b=(§a2j +2-§a2-3b+(3b)2=

2
= (l a’ + 3b)
3

KBagpar pasmoctu aByx | a) a® — 2ax + x2 = (a — x)%
BBLIPAKEHIIA: 6) b - 0,120 + 0,36 =b>*—-2-b - 0,6 + 0,62 =
(@ — b)>=a® - 2ab + b? = - 0,6)%

2
B) imz—ngrlz(lmj —2-lm-1+12 =
49 7 7 7

2
:(lm_lj 5
7

r) —6,4a%y* + 0,16a* + 64y° = 0,16a* — 6,4a%" + 64y* =
= (0,4a%? — 2 - 0,4a% - 8y* + (8*)* = (0,4a? — 8y'y?

Pasuocts KBagparos aByx | a) 36a? — b? = (6a)? — b% = (6a — b)(6a + b);

BBIPAKEHUIt: 6) -100m?* — 121v* = 121v* — 100m? = (11v)* —
a’>—-b?>=(a — b)a +b) —(10m)? = (11v — 10m)(11v + 10m);
B) —1Ep16 8y 1%752%24 = %tzoa24 - %pw =
= (% t"%a'? — gpgqgj(g t"a'? + gpsqgj =
= (1%1510(112 - 1%p8q9j(1%t10a12 + 1%p8q9j;

rN@+2?-1=@+2-1)a+2+1)=
=(a + 1)(a + 3);
o) 625 — (a — 3)?=252—(a — 3)? =
=25 - (a—3)(25+ (a—-3))=
=25 -a+3)25+a—3)=(28 — a)(22 + a);
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OKxoHuaHUue mabaulvl

®dopmyna IIpumepsl

e) (5a2 — 3b)2 — (2a2 + 5b)® = ((5a® — 3b) — (2a° +
+ 5b))((5a® — 3b) + (2a% + 5b)) = (5a? — 3b — 2a® —
— 5b)(ba® — 3b + 2a? + 5b) = (3a® — 8b)(Ta> + 2b)

Cymma u pasHocTh Ky0oB | a) 1000 + b2 = 103 + b3 = (10 + b)(100 — 106 + b?);

JBYX BBIPasKeHUN: 6) n® — 64 = n® — 43 = (n — 4)(n + 4n + 16);
at+ b= 27 , 8 3 9 3 3 5
= (a + b)(a® — ab + b?) B) <@ +Eb =159 * gb _ §a+§b y
ad — b3 =
— (a - b)(a® + ab + b?) X(%a2+ab+%b2);

r) 343a% — 0,001¢* = (7ab')® — (0,1c2)® =
=(7a’'" - 0,1¢'*)(49a'?b** + 0,7ab c'* + 0,01c**);

m (a+38)P—a*=(a+3—a)(a+3)+a(a+3)+a?))=
=3@*+6a+9+a®+3a+a?=3B3a’+9a+9)=
=9(a® + 3a + 3)

Kyo cymver um pasmoctu | a) x3 +6x2+12x + 8 =a3+3 -x2-2+3-x-2%2+
JIIBYX BBIPAKEHWUIA: + 23 = (x + 2)%
(a + b)? =

1 1
6) 27x% —9x%y + xy® + —y® = 3_9.042.2
=a® + 3a% + 3ab® + b? ) y y 27y (3x) 3-9x 3y

(@~ by = 1 (1Y 1Y
=a® — 3a’b + 3ab® - b* +3-3x-§y+(§yj =(3x—§yj

Pa3noxeHune Ha MHOXUTENU CNOCOOOM BbIHECeHUA 00LLero MHOXUTENSA 3a CKOOKK

YT0o0bI PA3JIOKUTH MHOTOUWJIEH HA MHOKMTEJIHN CIIOCO0O0M BBIHECEHH S 00IIero MHO-
JKMTeJNIA 32 CKOOKH, HY:KHO: 1) HAWTH 3TOT MHOKHUTENb; 2) BBIHECTH €ro 3a CKOOKH,
pas3aenauB KaskIbIi YJeH MHOTOUJIEHA HA 3TOT OOIIUl MHOMKHUTEIb.

(D Npumep 1. PagnoxuTts Ha MHOKUTEIN MHOrOWIeH 35a%h? — 14a%b’.
Pewenue:

Ecnu xKoahuIineHTs YIeHOB MHOTOUJIeHA — HATypPaJbHBIE UMCJIa, TO OOIIUI MHO-
JKUTEJIb — 9TO HAMOOJBINMUHA 00N menuTenb aTux uuces. (aa yucen 35 u 14 mau-
OoJIbIIUY OOIIUI AenuTes b — (). VI3 cremeHed ¢ OMHAKOBLIM OCHOBAaHWEM B OOITHII
MHOKUTEIb BOHAET KaKJas CTeNeHb ¢ HaMMeHbINUM MokasareneMm (a? u b? — cre-
MeHU ¢ HaUMEeHBINUM mokKasaTesneMm). OOmuii MHOKUTENAbL — 7a?b?. Beimecem ero sa
CKOOKM, UmMcJia B CKOOKAxX IoJiyuaeM JejieHreM JaHHOT'0 MHOTOUJIeHa Ha WX OOIumit
MHOYKUTENb, T. €. HA 7a’b%:

31,2 274
35a°0° — 144" = Ta’b’ (35‘2 b ldab
7a°b 7a°b
' Npumep 2. Beirectu 3a CKOOKU 00U MHOKUTEIIb:
a) Tax — Tbx = Tx(a — b);
6) 15xy + bx = 5x(3y + 1);
B) —b5a*b? — 10a%b* + 15a3b® = —5a%b*(a® + 2b? — 3ab);
r) p'+p? - p°=pipt+ 1 - p);
x) —3m8 — m? — 5m*=-m?B8m® + 1 + bm?);
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e) 2p(x —y)+q(x —y)=(x —y)2p + q);
&) a(b—5)—n(5 —-b)=ab —5)+nd - 5)=(b - 5)a + n).

Pa3noxeHne MHOroUNeHOB Ha MHOXUTENM CNOCO6OM rpynnupoBKu

Yr10o06sI PA3JI0KUTHh MHOTOUJIEH HAa MHOKHTENU CIIOCOO0M TPYNNMHUPOBKHU, HYKHO:
1) 00beIUHUTH cjIaTaeMble B TaKHe TPyNNbI, KOTOPbIe MMEIOT OOIIUIl MHOJKUTEIh
B BHUJE MHOTOUWJIeHa; 2) BBIHECTH ITOT OOIIMI MHOSKHTEIb 324 CKOOKHU.

Kak npaBuyio, OIMH U TOT K€ MHOTOUYJIEH MOKHO PA3JIOKUTH Ha MHOXKUTEJIU BY-
Ms crocobamMu, TPYNOUPYSA PasinuHbIe cjaraeMsble:

I croco6 IT coco6
ab +b5a +bm+5m = ab+5a+bm+5m=ab+bm+ bda+5m
=a(b+5)+ mb+5)=(b+5)(a+ m) =bla + m)+ 5(a +m)=(a+ m)b+5)

Mpumep 3. PasyioKuTh MHOTOUJIEH HA MHOMKUTEIN CIIOCOOOM I'DYIIIUPOBKH:
a) b2 + xb — x%y — xby = b(b + x) — xy(x + b) = (x + b)(b — xy);
0)da —ax —x: +4x=a(d - x)—x(x—4)=a4 - x)+x(4-x)=(4 - x)a + x);
Bymp—-b+bp—-m=(mp—m)—(b-bp)=m(p—-1)—-b(1 —p)=m(p—-1)+b(p—1) =
=(m +b)(p - 1);
r) 21x + 8tm?® — 24m? — Txtm = (21x — Txtm) + (8tm3 — 24m?) = Tx(3 — tm) +
+ 8m2(tm — 3) = Tx(3 — tm) — 8m* 8 — tm) = (8 — tm)(Tx — 8m?).
Mpumep 4. PasyioKuTh HA MHOMKUTEIN MHOTOUJIEH at? — ap + ¢ — tp — bi? + bp.
Pewenue:
I cnoco6. Crpynnupyem 4jeHbl MHOTOUYJIEHA B TPU I'PYIINBI IO ABa cJaraeMbIX Tak,
uTOOBI cjaraeMblie B KayKAOUW I'PYIIIe MMeau OOIUI MHOMKUTEb:
(at* — ap) + (t* — tp) — (bt* — bp) =
=a(t® — p) + t(t* — p) — b(t> = p) = (£* = p)a + t = D).

II cnoco6. CrpynnupyeM 4UjeHbl MHOTOUJIEHA B ABe TI'PYIIILI II0 TPU CIaraeMbIX:
at’> —ap + 12 — tp — bt? + bp = (at? + t3 — bt?) — (ap + tp — bp) =
=ta+t—b)—pla+t—>b)=(a+t— b)t? - p).

Mpumep 5. PasiokuTh HA MHOMKHUTENN TPEXUJEeH, IPEICTABUB OOWH M3 €ro UJEeHOB

B BHUJe CYMMBbI HOZOOHBIX CJIAaraeMBbIX:

A x2-—6x+56=x2-x—-56x+5=x(x—-1)—5(x—-1)=(x — 1)(x — 5);

0) x?—x—-6=x2-2x+3x—-6=x(x—2)+3(x —2)=(x — 2)(x + 3);

B) a® + bab + 6b% = a® + 2ab + 3ab + 6b% = a(a + 2b) + 3b(a + 2b) = (a + 2b)(a + 3b).

Pa3noxeHue MHOrouneHa Ha MHOXKUTENM HECKONbKUMM Cnocobamm

YTo0bI Pas3I0KUTh MHOTOUJIEH HA MHOKUTENN, MOKHO HCIIOJIb30BATH MOCJEI0BA-
TeJbHO HECKOJBbKO CII0C000B: 1) BEIHECeHHE 3a CKOOKM 001Iero MHOkuTend; 2) dop-
MYJIbI COKPAIIeHHOT0 YMHOKEHHUA; 3) CII0CO0 IPYyNIIUPOBKH.

Mpumep 6. PazioXuTh MHOTOUJIEHBI HA MHOMKUTEJIN:
a) 16x2 — 4; 6) 3a® — 300a”; B) 2am? + 4am + 2a; v) —pm?® — pn®.
Pewenue:

IIpuMeHuM crroco6 BHIHECEHUSA 34 CKOOKU OOINEro MHOMKUTEISA U (POPMYJILI COKPa-
IEHHOT'0 YMHOMKEeHUS:
a) 16x2 — 4 = 4(4x? — 1) = 4(2x — 1)(2x + 1);
0) 3a® — 300a” = 3a®(1 — 100a?) = 3a®(1 — 10a)(1 + 10a);
B) 2am? + 4am + 2a = 2a(m?® + 2m + 1) = 2a(m + 1)%;
r) —pm? — pn® = —p(m?® + n®) = —p(m + n?)(m? — mn? + n*).



. Mpumep 7. PaznoKuTh MHOTOUJIEHBI HA MHOMKHUTEJIN:
a) 7Tab + 21a — 7b — 21; 6) —abc — 3ac — 4ab — 12a.
Pewenue:
IIpumeHUM cmoco0 BLIHECEHHA 3a CKOOKM OOIEero MHOMKUTEJA U CIIOCO0 IPyIIu-
POBKU:
a) 7Tab+2la—-7—-21=Tab+3a—-b—-3)=T(a(b+3)—1(b + 3)) =70 + 3)a — 1);
0) —abc — 3ac —4ab — 12a = —a(bc + 3¢ + 4b + 12) = —a((c(b + 3) + 4(b + 3)) = —a(b + 3)(c + 4).
(D Npumep 8. PasnoskuTh MHOTOUIEHBI HA MHOYKUTEJIN:

a) x% + 2xy + y* — 25; B) a® — b% + a® — 2ab + b%;
6) p? — x2 + 20x — 100; r) ¢ + 2¢d + d? — x%* - 2xy — Y.
Pewenue:
IIprumMeHUM cIOCO6 IPYHNNUPOBKU U (POPMYJIBI COKPAIIEHHOTO YMHOMKEHUS IIOCJIe-
JIOBATEJIHHO:

a) X2+ 2xy+y? - 25 =(x2+2xy+y) - H2=(x+y) -52=(x+y — 5)x +y + 5);

6) p> — x2+ 20x — 100 = p? — (x® — 20x + 100) = p? — (x — 10> =(p — (x — 10))(p + (x +
+10)=((@ — x+ 10)(p + x + 10);

B) a® — b® + a® — 2ab + b% = (a® — b®) + (a® — 2ab + b?) = (a — b)(a® + ab + b?) + (a — b)? =
=(a — b)a®+ ab + b%+a — b);

r)c2+2cd+d?>—x2-2xy—y’=(c+d?—-(x2+2xy+y?)=(c+d)?—-(x+y)P=(~c+
+d)—(x+yY)c+d)+(x+y)=(c+d—-—x—-y)c+d+ x+y).

@0 2.3.4. KeappartHblit TpexuneH. Teopema Buera.
PasnoeHne KBaJipaTHOro TPEXUNEHA Ha INHEIHbIE MHOMXUTENN

KBagpaTtHpiM ypaBHeHHEM HAa3bIBAIOT YpPaBHEHUE BHUIA
ax?+bx +c=0,
rme x — ImepeMeHHasd, 4, b, ¢ — HEKOTOpbIe uucia, npuuem a # 0.
Ecnu a = 1, To Takoe ypaBHeHUe Ha3LIBAIOT MPUBEIEHHBIM.
Hampumep, x2 — 7Tx + 1 = 0 — mpuBefeHHOe KBAAPATHOE YPaBHEHUE.

Teopema Bueta

CymMa KopHeil MpUBEeIeHHOTO KBAaPATHOTO YPaBHEHUA PaBHA BTOpOoMYy K03(du-
IIUEHTY, B3ITOMY C IPOTUBOIMOJOKHBIM 3HAKOM, a IPOU3BeAeHNEe KOPHEH PaBHO CBO-
00THOMY UJICHY.

Eciu x, u X, — KOPHM IPUBeJeHHOI0 KBaJPaTHOTO ypaBHeHHusd x* + px + ¢ = 0, T0
X, +X,=-p, X, - X,=4¢.

Teopema, obpaTHaa Teopeme Bueta
Ecan uucia X, U X, TAKHe, YTO X, + X, = —p, a X, - X, = ¢, TO X, H X, — KOPHH
MPUBEIeHHOr0 KBAIPATHOrO ypaBHenus x2 + px + q = 0.

IIo Teopeme BmeTa MOKHO YCTHO HaXOIWTh KOPHM IIPUBEIEHHBLIX KBaJIpPaTHBIX
ypaBHEHMUIA.

 nNpumep 1. Pemnrs ypasrenue: a) x? — 13x + 40 = 0; 6) x% + 5x — 14 = 0.
Pewenue:
a) Ilycte x, u x, — KopHu sroro ypaBHeHus. ITo Teopeme Buera x, - x, = 40, T. e.
KODHU OJHOTO 3HaKa. X, + x, = 13, T. e. 06a KOpHs moJoKUTeNbHbIe. OUEBUAHO,
4yTo X, = 9, X, = 8.

S Mwewwew 6



68

0) Ilo Teopeme Buera x, - x, = —14, 3HaUUT, KOPHU PA3HBIX 3HAKOB. X, + X, = —9,
T. €. MOAYJb OTPUIATEJIBHOTO KOPHS OOJIbIlIe MOAYJIA IOJOMKUTEIbHOTO KOPHSA HA
5. x,=-7,x,=2.
Omeem: a) 5; 8; 6) —7; 2.
» Npumep 2. Yucno —9 senserca kopuem ypasHenus x> + 10x + ¢ = 0. Hatitu BTOpO#A
KOpPeHb ypaBHeHUA U KOdPPUITUEHT (.
Peuienue:
ITo Teopeme Buera x, +x,=—10, Ho x, =—9, Torga x,=—1, mosromy g =x, - x,=—1-(-9)=9.
Omesem: —1; 9.
» Npumep 3. Ypasuernus x> + px + 8 = 0 UMeeT MONOKUTENbHBIE KOPDHY, OAWH U3 KOTO-
prix B 4 pasa GoJibilie npyroro. HaiiTu KopHHU ypaBHeHUA U KO3(D(MUIIMEHT p.
Pewenue:
ITo reopeme Buera x, - x,=8, amo ycaosuto x, =4x,, rorna 4x, - x,=8; xg = 2, 10 yCJIO-

BUIO KOPHU IIOJIOXKUTEJIbHEIE, TOTA X, = \/5, x, = 442. —pD=X+X,= J2 1442 = 5\/5;

p= ~54/2.

Omeem: \/5 u 4x/§; p =—5\/§.
» Npumep 4. He pemas ypasaenus x* — 7x + 9 = 0, maiitu:
1 1
a) x, - x,; 0) x, + X,; B) —+—; I) X, + X5 f) X, +X,.
xl 2
Peuwenue:
a) ITo reopeme Buera x, - x, =9
a) Ilo Teopeme Buera x, + x, =
Lyl %t T
x, x, x-x, 9

.

b
.
b

) xf +x§ =xl2 + 2x,x, +x§ - 2x,x, = (x, +x2)2 —-2xx, = 7"—2-9=49 — 18 = 31;
m) xP+xd = (e, + 2, —xx, +x7) = (o + X)X + Xl —xx,)=T-(81-9)=T7-22=154.

Muorousien Buga ax? + bc + ¢, roe a # 0, Ha3bIBAeTCSI KBAJAPATHBIM TPEXYJIEHOM.

Teopema

Ecnau x, u x, — KOpPHH KBaJIpaTHOTO ypaBHeHHUdA ax’ + bx + ¢ = 0, To KBafApaTHBIH
Tpex4jeH MO:KHO IIPeCTaBUTh B BUIE:
ax® + bx + ¢ =a(x — x)(x — x,).
IIpumeuanue: ecau KBagpaTHoe ypaBHeHne ax? + bx + ¢ = 0 He UMeeT KOpHE, TO
KBaJpPAaTHLIN TpexuieH ax? + bx + ¢ He PACKJIAALIBACTCS HA JIMHEMHBbIE MHOMKUITEJIN.

D Npumep 5. Pasnoskurs Ha MHOMKUTEIN KBaAPATHBINA TpexuieH 2x% + 3x — 5.
Pewenue:
Pemum xkBagparHoe ypaBHenue 2x2 + 3x — 5 = 0.

_ bib® -dac -3+/9-4.2.(-5) -3+7

X2 = =
2a 2.2 4
xlzﬂ:_z,g,; xzzﬂzl.
4 4
Torma 2x? + 3x — 5 = 2(x — (—2,5))(x — 1) = 2(x + 2,5)(x — 1) = (2x + 5)(x — 1).

6x> —5x+1

D Npumep 6. CoxpaTurh npOGH: :
4x° -1



Pewenue:
Pemrum ypasuenue 6x% — 5x + 1 = 0.

. _ b++b®—dac 5+J25-4.6-1 5+1 x—i—l'x—5 1 4 1
L2 2a 2.6 12 7 12 2777 12 12 8

IIpencraBuM MCXOAHYIO IPOOL B BHUJE:

1 1 1 1
6x2—5x+1=6(x_2)[x_3] z(x—zj-s(x—sj _(2x-1)Bx-1) _3x-1

4x* -1 (2x —1)(2x + 1) @2x-1)2x+1)  (@x-1)@2x+1) 2x+1°

@0 2.3.5. (TeneHb U KOpeHb MHOFOYMEHA C OfJHOI MepeMeHHOil

Bunombl (ZBy4YJeHBI) ¢ OOHOII IlepeMeHHON Bumga (x + a), Tae X — IlepeMeHHasd,

a — YKCJIO, MOXXHO BO3BOIUTDL B CTEIIEHb:
(x+a)l=x+a;
(x + a)®> = x% + 2ax + a?;
(x + a)® = x® + 3x%a + 3xa? + a’;
(x+a)y=Ax"+Ax"'a+Ax"?a*+Ax" %+ .. +A _xa""' +Aa".

To ecThb eciu PaCKPBLITH CKOOKY B BhIpaskeHUU (X + a)”, TO MOJYUYUM MHOTOUJIEH

C OJHOM HepeMeHHOI CTemeHu N:
A=A =1.

OcranbHble KOd(PPUIIMEHTH PA3IOKEHNA MOYKHO MOJYUYUTH C TOMOIIBIO TPEYTOJIb-
Huka ITackans. B sToM TpeyroJbHMKE B KaXXIOM PSAAY II0 KpasM CTOAT €IUHUIILI,
a KaykIoe M3 OCTAJbHBIX UHCEJ PABHO CyMMe ABYX UYMCEJ, HAaXONSAIINXCS HAl HUMH

cJieBa U cIIpaBa.
Tpeyroapaur Ilackans

Crenenn Kosddummentsr pasaoxeHnsa

(x + a)° 1

(x + a)! 1 1

(x + a)? 1 2 1

(x + a)? 1 3 3 1

(x + a)* 1 4 6 4 1

(x + a)® 1 5 10 10 5 1

(x + a)® 1 6 15 20 15 6 1

(x + a)’ 1 7 21 35 35 21 7 1

(x + a)® 1 8 28 46 70 46 28 8 1

» Npumep 1. Vcnonssys TpeyroasHuk IlacKkamis, pasionATh:
a) (x + 1)% 6) (x — 2)% B) (x + 1)"; ) (x* — 1)°.
Pewenue:
a) (x +1)°=x°+ 5x* + 10x3 + 10x2 + 5x + 1;
0) (x —2=ux*+4x% - (-2) +6x%- (2 +4 - x - (-2)® + (-2)* = x* — 8x% + 24x% — 32x — 16;
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B) (x + 1)"=x" + 7x8 + 21x° + 35x* + 35x% + 21x% + Tx + 1;
r) (2% — 1) = (x2)° + 6 - (x2)° - (1) + 15 - (x2)* - (1) + 20 - (x2)? - (=1)? + 15 - (x?)? x
x(=1)*+6 - (x?) - (-1)° + (-1)% = x12 — 6x1° + 15x8 — 20x% + 15x* — 6x2 — 1.

3anuiiieM MHOTOYJIEH OT OJHOUW mepeMeHHOII B BUIE:
fx)=ax"+a, x""+.. +ax+a,

rjge n — cTeleHb MHOrO4JeHa, a, (i = 0, 1, ..., n) — KoadduiuenTsl, a, — crapmui
Koo dumnumenr, a = 0.

Kopaem MHOroujeHa Ha3bIBaeTCA TaKOe YMCJIO X,, IPU KOTOPOM 3Ha4YeHHE MHO-
rouseHa paBHo Hyxmwo: f(x,) = 0.

Ilenble KOPHM MHOTOYJIEHA C IEJLIMH KO3(DPUIIMEHTAMHU SABIAIOTCA NeJIUTEJISIMUI
ero cBOOOJHOTO YJIeHA.

D Npumep 2. Haiitn kopHu MHOrOouneHa x° + 5x% + 2x — 8 = 0.
Pewenue:
Iesble KOpHU MOJKHO HMCKaTh cpenu uucena: —1; 1; —2; 2; —4; 4 u —8; 8.
fA)=1+5+2-8=0,x,=1;
f-1)=-1+5-2-8=0;

f2)=8+5-4+2-2-8=+0;

f-2)=-8+20-4-8=0, x =—-2;
f4)=64+5-16 +8 — 8 # 0;

f(-4)=-64+80-8-8=0, x, = 4.

Omeem: —4; —2; 1.

O 2.4. Anre6panveckas apo6b

@0 2.4.1. Anre6panueckas apo6b. CokpaieHue apobeii

Anreopandyeckas 1podb — 9TO Ipo0Ob, Y KOTOPOI UMCJIUTENL WM 3HAMEHATeJlb SB-
JISIIOTCA MHOTI'OYJICHAMMU.
3  a+T, “+y | a.
x-2" a-7" x*-xy+2y* x b
3HaueHre IIePeMeHHBIX, IIPA KOTOPBIX APO0L MMEET CMBICJ, HA3LIBAIOT HOIYCTH-
MBIMH 3HAYEHUSIMH IePEeMEeHHBIX.

3

Hamnpuwmep,

Hampuwmep, naa apodu IOIIYCTUMBIMHU SBJISIOTCS BCE 3HAUCHUS MepPeMeHHO

X, Kpome x = 2.

HomycTUMBIMI 3HAUEHUSAMH II€PEeMEHHBIX ajaredpanvecKoil Apo0OU ABJIAIOTCA BCe

3HAUYeHHs IIePEeMEeHHBIX, KPOMe TeX, IPU KOTOPBLIX 3HAMeHaTeJlb APO0U paBeH HYJIIO.
a

a’-3a+2

xZ2nux#-2; ——
x* -4 ly| -4

Hanpuwmep, mias gpobeii: yz4mny=—4;

ailnaiZ;a—Ha;«tO,ailI/Iai—&

a(a —1)(a +5)
OcHOBHOe CBOICTBO anrebpanyeckoii apo6u

Eciou ymcauress M 3HaMeHaATeJNb ajire0pamdyecKoil IpoOu YMHOKUTH WJIM pasie-
JUTh HA OOUH U TOT K€ HEeHyJeBOil MHOTOUJIEH, TO IMOJYyYHTCA AP0o0b, paBHAA eii.

0 eOpamecme sopaewna



ITO CBOMICTBO MO3BOJISET COKPAIATh APOOU U IIPUBOIUTEL UX K 0O0IIleMy 3HAMEHATEJIIO0.
CokpaTtuth ajredGpamyecKyro Apo0b O3HAUYaeT pasfejiuThb UYHCJIUTEJb W 3HaMeHa-
TeJIb Ha OOIMUI MHOMKUTEJIb, He PABHBIN HYJIIO.

» Npumep 1. Coxparurs apodu:
28x°y* 4.7-x%y° 4

a = :—;

)35x2y3 5-7-x*-y°-y by
-15mn®* -5-3-m-n° 3

0) 2 2 2T T o
40m=n 58 m-m-n 8m

6a—-3b 32a-b) 3
8a—4b 4(2a-b) 4’
4y-8  4A(y-2) 4
y-4y+4 (y-2° y-2

. 4c* - 25x° _ (2¢-5x)(2¢ +5x)  2¢-5x
4¢® + 20cx + 25x° (2¢ + 5x)* 2 +5x’
8a +4b 4(2a + b) _ 4Q2a+b) 4

e)

.
2

2ab+b> —2ad —bd b(2a +b)—2d(2a +b) (2a+b)b-2d) b-2d
x°+8 (x+2)(x*-2x+4)
x+2 X+ 2 B
x®+3xy +2y° 2 +xy+2xy+2y° x(x+y)+2y(x+y)
xP-xy-2y° P +xy-2xy-2y° x(x+y)-2y(x+y)
_(x+y)x+2y) x+2y

(x+y)x-2y) x-2y

x% = 2x +4;

x)

3)

2
-1
» Npumep 2. Hocrpours rpadpur GyHKIUH: Y = ad

x+1°
Pewenue:
-1 (x—-1)(x+1)

Paccmorpum BrIpaskeHue

= =x —1 mpu ycimoBum, uto X + 1 #
x+1 x+1

#0, T.e. x #—1.
x_l; 1 1 1 IO 1 1

Hy:xHO mocTpouTts rpadukr GyHKIUU: Y = { . .
x #-1. -3-2-1 1/; 2 3

T'padurkom paHHOW QYHKOINUU ABJIAETCA IIpAMasd A )
y =x — 1 ¢ «BBIKOJIOTOII» TOUKOM (—1; —2).

@ 2.4.2. [leitcteua ¢ anrebpanyeckumn apobamu

CnoxeHue 1 BbluNTaHUe anredpanyeckux gpoobeit

YT00BI CIOKUTH (BHIUYECTH) TPOOU C OMUHAKOBHIMU 3HAMEHATEJISIMU, HYKHO CJIO-
SKMTH (BBIUECTH) UX UNCJIHUTENH, 3 3HAMEHATEJIU OCTABUTh MPEKHUMU.

(D Npumep 1. BeimosnuuTs AeiicTBuA:
b—3+3b—1_b—3+3b—1_4b—4_4(b—1)_b—1.
4b 4b 4b 4b 4b b’

24 MeSpawesammposs T

a)
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a-3b 3a-b_ a-3b-(Ba-b) a-3b-3a+b _-2a-2b _

0
) a+b a+b a+b a+b a+b
a+b
5) 7c—9_c—15_7c—9+c—15_7c—9+c—15_8c—24_8(c—3)_8
c—-3 3-c c-3 c—-3 c—-3 c—-3 c-3

Y100 CI0KUTH (BBIUECTH) APOOU ¢ PA3HBIMHM 3HaMeHATEJNIMH, HYKHO CHaudaJja
NMPUBECTH APOOM K OTJHOMY 3HAMEHATEJI0, a 3aTeM CKJIAJIbIBATh (BHIUMTATH) APOOH
C OMHAKOBLIMHU 3HAMEHATEJITIMH.

(D Npumep 2. BoimosnuuTs AeiicTBuA:

5b 4c
) —t+t—;
ac
4 7
6) 22 3 ;
9x’y” 12xy
2 2

xy—y2 xz—xy’
2 x+3 3x+1
- 2 T3 .
x+2 4-x x°—4x -4

Pewenue:
a) O6muM 3HamMeHaTeJeM ABYX Apobeii OymeT IIpous3BeleHHe UX 3HaMeHaTeseli, II0-
STOMY OOMIOJHUTEJIbHBIN MHOMUTEIb IJA IIePBOM Apodbu — b, a AJad BTOPOil — ac:

5b" . 4¢’*  5b* + 4ac’

ac b abce
6) OOmuii 3HaMeHaTeJb Ap0o0ell — Ipous3BeleHUEe HAUMEHbBIIIero o0IIero KpaTHo-
ro umcesa 9 u 12, 1. e. 36, u cTemeHell MepeMeHHBLIX C HAMOOJIBLIIINM IOKa3aTeleM,
C KOTOPLIMM OHM BXOJST B 3HAMEHATeJIM, T. €. OOI[MM 3HaMeHaTeJeM Oyaer
36x2%y®. IIOMONMHUTENbHBI MHOMKHUTENb IJs MepBOM apobu — 4y, IaA BTO-
poit — 3x:
4/ 7/3 16y + 21x
+ =
9x’y® 12xy®  386x%y°
B) PasiosxkuM 3HaMeHaTeN b KasKIOU APOOM HA MHOMKUTEJU:

2 2 o 2F 2 222y 2x-y) 2
xy-y* x-xy ylx-y) x(x-y) xy(x-y) xylx-y) xy
2 x+3 Sx+1 20 x 137 3y 41/

r) - >+ — = + + 5
x+2 4-x° x"-4x-4 x+2 (x-2)(x+2) (x-2)

2x” —4x +4)+ (x —2)(x +3) + (x + 2)3x + 1)
- (x + 2)(x — 2)° -
2% —8x+8+x’+8x-2x-6+3x"+x+6x+2  6x°+4
- (x + 2)(x — 2) S (x+2)(x -2
YT006HI CI0KUTH (BHIYECTDH) APOOH U I[eJIoe YHUCI0, HY:KHO IieIoe BhIpakeHue mpe-

CTAaBUTH B BHUE APOOH cO 3HaMeHaTejeM 1, a 3aTeM MCIOJIB30BATH IMIPABUJIO CJIOSKE-
HUSA (BRIYNTAHUS) TPo0eil ¢ pa3HBIMU 3HAMEHATEJISIMU.




x* +y°

 nNpumep 3. IIpeobpasosaTh B APOOH BHIDAYKEHUE: X + Y —

x+y
Pewenue:
x+y_x2+y2 _x+y 4yt @y - (YY)
x+y 1 x+y x+y
P +2xy+y’ -2t -yt 2xy
- x+y x4y

YMHoxeHue n geneHue anrebpanyeckux gpobeii. Bozsegenue apobm B creneHn

Yr10o06bI YMHOKUTH TPOO0Hh HA APO0H, HYJKHO IEPEMHOKUTH OTHEJIHHO MX YNCIUTETH
¥ 3HAMEHATeJIN, IIePBoe IIPOu3BeieHIe 3aITUCATh B YHCINTENb, BTOPOe — B 3HAMEHATEeJIb.
C mOMOII[BIO STOTr0 IIPABUJIA IIOJyUaeM U IPABIIO BO3BEAEHUS APOOU B 71-I0 CTEIEHb:

n
b b"
(D Npumep 4. BeImoSHUTD YMHOKEHUE U BO3BEAEHNE B CTEIIEHb:

25a® 106> 25a®-10b* 25
a) 3 5 3 5 3.
4b°> 1ba 4b° -15a 6a°b

6) 12m* -[_ ° jz =_12m2 3 _ _9m,
16mn?® 16mn® n®’
5 (_ 2a3bj4 _ 164"
3m’ 81m® ’
N (_ 3a_3bj3 _ 27a%*
5¢% 125¢°%;
3a-1 a+1 _ (Ba-1)a+1) ~ 1 _
A a>-1 9a>-1 (@a-D@+DBa-DBa+1) (a-DBa+1)’
a®-1 ¥+x+1 (a-D@@+x*+x+1) a-1

e)

-1 d+2a+1 x-DE+x+Da+1l)y (x-Da+1)

x2+xy+x2+yz'x2—xy—2x+2y:x(x+y)+z(x+y)x

X’ —xy+xz-yz x*+xy—-2x—-2y x(x—-y)+z2(x-y)

Xx(x—y)—2(x—y):(x+y)(x+z)-(x—y)(x—2)=1;

x(x+y)-2x+y) (x-y)x+2) (x+y)x—-2)

2 16,,‘(16:1+4.16:):16n‘(16:.(16+4)]2:(24),1‘[(2:):.20]:
64" —4 .64 64" - (64 — 4) (2°)" -60

~ 21 (242 ~ 9in g98n 1

- (26n.3)2 - 212n‘9 :9'

x)

Y1006BI pa3aeauTh OTHY APOOL Ha APYryl0, HY:KHO IEPBYIO AP0O0b YMHOKHTH Ha
Ipo0b, OOPATHYIO BTOPOIi:

E_2.8_3 4 .0,¢20,d=0.
d b be
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» Npumep 5. BeimosHuTs nesenue:
184° 6a® 184156 9

a : = - = - ;
) -5b* 15b 5b* -6a’ ab®
2.3 2
6) —14xy’ :(_2830 Y JZ 14xy2 ?L:')z _ 5z :
5z 28x7y 2xy
5mn” 5 5 5mn” m
:(-10k°n") = - =- ;
B) )= TR 10 T 14K

0 ( 3a jz.a2+ab_9a2-(a—b)(a+b)_ 9a
a-b) a*-bv* (a-b?-ala+b) a-b

@D 2.4.3. PaunoHanbHble BbIpaXeHUs M ux npeobpazoBaHus

PammmoHaTbHBIM BBIpaskeHHEM Ha3bIBAETCs BbIpasKeHMe, COCTaBJIEHHOE W3 UMCeJI,
OyKB, X CTelleHeli, CKOOOK 1 apu(pMeTUUeCKUX 3HAKOB.
5x+1 2a+b b
x-1" a 4a’

PamuoHasbHOE BhIpasKeHNE HA3BIBAETCA IEJIBIM, €CJIM OHO He COIEP:KUT JeJeHUA
Ha BbIpaKeHUe C epeMeHHOM’.

Hanpuwmep, 2x2; 7;

x+3 1
Hampuwmep, Beipaskenua 3x — 1; —3; dxy — 1; 1 ; gxy — IIeJbIe.
PamuonanpHas (ajaredopamueckas) Apodb — 3TO ApPoOb, Y KOTOPOH UMCJIUTENb

1 3HaMeHAaTeJIb ABJIAITCA MHOI'OYWJIEHaMU.

ToXaecTBeHHble Npeo6pa3soBaHMA paLoHabHbIX BbIpaeHHil
a +a2+3a-( a+3  a )
3-a 2a+3 \a®°-83a a*-9)

Pewenue:

1. BoimosiHuM cHauaJja AeficTBrHe B CKOOKax. I[Jish 9TOro pasiio:KHM 3HAMEHATeJI! Ha
MHOJKUTEJIUN U IpUBeneM Apodu K obIeMy 3HaMeHAaTeJio:

(D Npumep 1. Yupocturs BeIpaskeHue:

a+3 a _a+3"7 a _ (a+3)y-da®
a®°-3a a*-9 a@-3) (@a-3)a+3) a(a-3)a+3)
_a’+6a+9-a’ 6a +9 _ 3(2a+3)

a(@a-3)a+3) a@-3)a+3) al@-3)a+3)
2. BolmomHuM yMHOMKeEHUe:
a’+3a 32a+3)  a(a+3)-3(2a+3) 3
20+3 a(@-38)a+3) (2a+3)-a(@a-3)a+3) a-3
3. BeImOJIHUM CcJIOMKeHue:

a_ 3 _a 3 _a—3__a—3__1
3—-a a-3 3-a 3-a 3-a a-3 )

D Npumep 2. [ToxasaTs TOXAECTBO:

( a a j( a a j_a—n
a+n a*+n*+2an) \a-n a®-n? a+n’

T eOpamecme supaewna




Iloxasamenvcmao:
YupocTuMm BbIpaskeHHne, CTOSIEee B JeBOM YaCTH:

( a a j( a a )_ a’ " a )
T2 2 : T2 2 | = - 2 |
a+n a +n°+2an a-n a —-n a+n (a+n)

[ a " a _ad+an-a ad’+an-a _
(@+n)® “(a-n)a+n)

a—n_(a—n)(a+n)

(@ +an-a)-(a-n)a+n) a-n
 (a+n)?-(@+an-a) a+n’

ITonyununu BwIpaskeHue, CTOsINee B IIPABOW YacTH paBeHCTBa. ToiKIecTBO I0-
KasaHo.

O 2.5. KsagpaTHblit KopeHb U3 yMcna

@D 2.5.1. (BoiicTBa KBaApaTHbIX KOPHEl U UX NPUMEHEHNE B BbIYUCNEHNSAX

IIpocreiimue cBoiicTBa KBaJpaTHBIX KOPHEH paccMOTpeHbI B . 1.4.1.

HamomMHMM, YTO KBAAPATHBIM KOPHEM W3 YKCJIAa ¢ HA3LIBAIOT YMCJIO, KBaapaT Ko-
TOPOTO paBeH d.

Hamnpumep, KBagpaTHBIMU KOPHAMU U3 yncyaa 36 OyayT uucaa 6 m —6, MOCKOJIBKY
6% = 36 u (—6)% = 36.

ITosTomy ypaBHeHHe Buja x* = a upu a > 0 uMeeT IBa KOPHA: X, = Ja u x, = —a.

Hamnpumep, ypaBHeHue x? = 3 uMeeT KOPHIN: \/§ u —\/g.

HeOTpI/IHaTeJIbHOG 3Ha4YeHue \/; Ha3bIBAIOT apmbMeTm{ecmnM KBaJApaTHBIM KOPHEM.

OcHoBHble CBOWCTBA apudpMeTyecKoro KBajpaTHoro KOpHs

\/%:\/E.\/B, a>0,b2>0;
ﬁzﬁ,azo,bzo;

b b
Ja¥ =a", a>0

,HJIH JIIO0OBIX 3HAUEHUI @ BBITIOJHSIETCS TOXIECTBO.

Ja? =lal.

Hanpumep, 5,12 = 5,1 = 5,1; /(-8)? =|-8| = 8.

@ Npumep 1. Haiitu 3Hauenune Beipaskerusa Va’ +2a+1 npua=>5;a=-1;a=-2.
Pewenue:

Ja® +2a+1=J(a+1)* =la+1l.
a) Ecima =5, To |a + 1| =15 + 1| = |6| = 6;

s ke wwea 15
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6)ecima=-1,T0|la+1|=]-1+1|=|
B)ecsima=-2,10|la+1]=]-2+1=|-1
Omesem: 6; 0; 1.

3HaK KBAApPaTHOTO KOPHSA HA3bIBAIOT PagUKaJIOM, a BbIpasKeHMNe BUIA \/a+b\/z
HA3LIBAIOT JBOMHBIM PagUKAIOM.

Mpeo6pa3oBaHue ABOIIHbIX paauKkanos Buaa v a + b/c

MeToa BhIZEJIEHUS IIOJHOTO KBaaparta
B mpeobpasoBaHMAX TaKWX BBIPAKEHUU CTPEMATCSA OCBOOOAUTHCS OT BHEIITHETO
pajzukaia, IpelcTaBUTh IOJKOPEHHOe BhIDaKeHUe B BUle KBajApaTa CyMMBbI UJIU pPas-
HOCTU IBYX BBIpaKeHUIA.

. ﬂpumep 2. prOCTI/ITI: BhBIpaKeHue, 1pejgcraBmB IIOJKOPEHHOE BEIPaKeHe B B e II0JI-

HOT'O KBajgpara:
2) i+ 23 3+ 298+1 (B +2. 481412 = (VB +1) =
V3 +1=v3+1;

6) 9 4v5 =445 +5 =2 —2.2.45 +(V5) =y(2-+5) -
~[2- 5| =5 -2 (amcno 2- 5 <0, mosromy V(2-+5) =—-(2-5));
B) \/17—4m=\/17—4m=\/17—4m=
17 -4l2+ 5] =17 -4(24V5) =17 -8-4J5 =9 445 =5 -2 (cm. mpu-

mep 0).

®opmyJia TBOWHOTO PaguKaIa
Eciu a > 0 u b > 0 u pasgocth a? — b paBHA KBaJpaTy pPaIUOHAJLHOI'O UMCJIA,
MOKHO HCIIOJIb30BaTh (hOPMYJIY:

m:\/am/mi\/az—m

2 2

(D Npumep 3. Yupocrurs Beiparkenue: 55 ++/216.

Pewenue:

IMockonbry VH5° —216 = /2 809 = 53, MOKHO HCIIOJH30BATH (hOPMYJIY ABOITHOTO
pamuKaia;

2 2
55+m:\/55+\/55 — 216 +\/55—\/52 -216 _ /55;53+

2

L [25%83 _ 1108 =1++36-3 =1+ 643.

2

YupoureHue IBOWHBIX PAAUKAJIOB ¢ IMepPeMeHHOM
Tak Ke, KaK U B MeTO/ie BbIJeJeHNUs IIOJHOrO KBaJpaTa, HEOOXOAMMO BBIJEJIUTDH
TMOJTHBIN KBaJpaT B IIOAKOPEHHOM BBIPAYKEHUU.



a-2Va-2-1
Ja-2-1
Pewenue:
Brigenum mosHBIM KBAaApaT B IIOAKOPEHHOM BBIPAMKEHUM, CTOAIEM B UMCJIUTEJIE:

Ja—zJE?§—14J;:Jm—z)—ziJEf§+1+
Ja-2-1 Ja-2-1
(Va—2-1)  Wa-2-1
Ecau a = 2,2, To BhIpaKkenue \/ﬁ —-1<0, mosTomy:
Na-2 -1 (Va—2-1)
Ja-2-1 Ja-2-1

» Npumep 4. HaliTu sHAYEeHUE BHIPAMKEHUS \/ +1, ecam a = 2,2.

1=

+1.

+1= +1=-1+1=0.

BbipakeHue nepemMeHHbIX U3 reoMeTpuyeckux 1 Guandeckux Gopmyn

IousaTre apudMeTUUECKOTO KBAAPATHOT'O KOPHS WHOTAA MPUXOAUTCA WMCIIOJIH30-
BaTh IIPU PEIIeHUN IeOMeTPUUYeCKuX 1 (GU3UUECKUX 3aad.

 Npumep 5. Uz GpopmMysbl JATbHOCTH IOJETA TeJa, OPOLIEHHOTO ¢ HAYAJbHOW CKOPO-

v sin 20
CTBIO TIOZ YIJIOM O K TOPU3OHTY [, = —————, BBIPa3uTh CKOPOCTH V. (Bce Besmunm-
HbBI TOJIOKUTEJIbHBIE. )
Pewenue:
visin2a . . Lg
ly =————; yysin2a=1[g; v, = — , T. K. BCe BEJIMYMHBI IIOJOKUTEIbHbIE,
g sin 2a
Y
IOTOMY U, = ,[— .
sin 2o

4 2
» Npumep 6. Y3 hpopmys miomanym noBepxHOCTH mapa S = 4nr? u oobema mapa V = o

BBIPA3uTh 00beM IIapa V uepes moianb moBepxHocTu S. (Bce BeIWUYMHBI IMOJIOMKI-
TeJbHBIE. )
Pewenue:
W3 gpopmyasl S = 4nr? HalimeM paguyc Imapa r:
S
4nr2 = 8; r* = —;
T
S S

r=,—=——.
4n  2Jrn
ITogcTaBuM sTO 3HaUeHUE B (hopMyay odbema 1apa V:

o (ﬁj :
dnr® ovr) 4n-(JS)  4n-sJS  sVs
3 3 3. (2dx) 88wt 6Jn’

L s ke wwea T

V=



U TpenupoBouHble TecToBble 3afaHuA K paspeny 2

1. Hailigure BTOpPOi ABYUJIeH B PA3JIOKEHHNN HA MHOMKUTEJN KBAaJPATHOTO TpexXuJjeHa
5x2 — 45 = 5(x — 3)(...).

1) (x — 5) 2) (x +3) 3) (x — 3) 4) (x + 5)
2. Ilpu Kaxux 3HAUEHUSAX @ BBIpaKeHUe a1 He MMeeT cMmbIcja?
a J—
1 2) -1; +1 3)1;0 4) 3
a—4x
3. VYxakuTe BbIparkKeHUe, TOKIECTBEHHO paBHOe Apo0u .
2b + 3y
x —4a 2) a+4x 3) 4x —a 4)_a+4x
3y +2b 2b -3y -2b -2y 3y —2b
4. Ha#iguTe sHaUeHNe BLIPAYKEHUS (% — 2] : (1 + %j opu a = Qﬁ, b= Gﬁ.
a
1) % 2) 1647 3) 3J7 4) —g

5. VYcTraHoOBUTE COOTBETCTBHE MEIY 3aITAaHHLIMM BBIPDAMKEHUSAMU UM BBIPAMKEHUAMU, KO-
TOPbIE UM TOKIECTBEHHO PaBHBI.

A. 4b% + 2ab + a? 1) 2a® + 3ab — 2b?
B. (a + 2b)(2a — b) 2) b? — 4a?
B. (2a — b)(b + 2a) 3) 4a® — b?
4) (a + 2b)?
OrserT: A b B
6. Eciau §=b—l, TO @ = ...
a c
1) 3¢ 2) bc -3 3) c 1) 3b+c
bc-1 c 3 —bc c
7. Ecau v299 ++298 =a, To V299 —/298 = ..
1 2)a -1 3)1-a 4)l
a

8. Ksagparublil TpexuiaeH x2 + px + 12 umeeT oTpuaTeJbHbIE KOPHU, OJUH U3 KOTOPBIX
B 3 pasa Oouibirie npyroro. Koadduiuent p pasen:
1) -8 2) 8 3) -6 4) 6

9. VYupocTture BhIpakeHue 6 — 2\/5, IpeICTaBUB IOAKOPEHHOEe BBIpaKeHUe B BUE II0JI-
HOTO KBajpara.

1) V5 +1 2) 1-5 3) V5 -1 4) 6 -5

2 J—
10. Coxpature Opo0b: w
x° +2x
1) - 2 2) 2x+1 3) 2 1) 2x -1
x+2 x+2 x x

8 eOpamecme sopaewnn



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

2

HaiinuTre sHaueHue BhIpaKeHUA mpu x = —3.
x+5
Orser:
3
IIpu KaKWX 3HAUEHUAX Y BBIDAXKEHHe —————— He HMeeT CMBbIcia?
y -2y +1
Orser:
2
3 3 243 . 1
VYupocTuTe BeIpaskeHme 7 m°n | -(-7mn®)° u HaliguTe ero 3sHaUeHNe IpU M = — §; n=3.
Orser:
2
BreimosinuTe meiicTBus: —a+1.

a+1
OrserT:

a®-b>  3a*

Haiinure 3HaueHMe BbIPAYKEHUS .
3a+3b H5b-5a

mpu a = 2,5.

Orser:

He pemas ypaBHeHus x> — 5x + 2 = 0, Haiizure X7 + x,.
Orser:

Vupocrure Beipaskenue A + B + C, eciu A = 2a® — 3ab + 4b%, B = 3a? + 4ab — b2,
C =a?+ 2ab + 3b2.
Orser:

Hcnonnssysa Teopemy Buera, HalijuTe KOpHM KBagpaTHOro Tpexuiaena x2 + 7x — 30.
OrsBer:

Brurunciaure, UCIONb3Ys Pa3joiKeHne HA MHOMKUTENN CIIOCO00M I'PYIIIINPOBKI:
31-41+4,2-g+31-2é+2,8-g.
3 5 3 3 5 3
OrBer:

Brerumcaure: \/28 ~10/3 + \/28 +104/3.

Orser: .

e



s, YpaBHeHUA U HepaBeHCTBa

3HaTb: - MOHATME YPaBHEHUS;
« BUAbl YpaBHEHUI (NMMHeNHOe, KBagpaTHOe, APOOHO-MHENHOE, YpaBHEHNE BHELUHUX CTerne-
Hel);
* CUCTEMbl ypaBHEHWI (INHENHbIE N HENVHENHbIE), NX rpaduyeckan NHTepnpeTaLms;
+ TMOHATNE O YNCIIOBbIX HEPABEHCTBAX;
* HEepaBEeHCTBO C O4HOW NepeMeHHON (NMMHEeNHbIE U KBagpaTHbIE);
+ CUCTEMbl HEPABEHCTB.

YMmeTb: - pelwatb ypaBHEHUA NTNHENHbIE N HETMHENHDIE;

+ pelaTb CMCTEMbI ABYX YPABHEHWI C ABYMSA NepeMeHHbIMU;

+ pellaTb TEKCTOBble 3afaun anrebpanyeckum cnocobom nyTeM nepexoda OT anrebpanyeckon
Mopfenn B CUCTEMY YPaBHEHWI;

« VHTEpNpeTupoBaTb pe3ynbrarT;

¢ MCCNepoBaThb YPaBHEHWA U CUCTEMbI YPaBHEHUI C MapameTpamu;

+ KOHCTPYMPOBAaTb SKBMBAJIEHTHbIE peveBble BblCKa3biBaHUA C MCMOSIb30OBaHMEM anrebpaunye-
CKMX 1 TEOMETPUYECKUX A3bIKOB;

+ dopmMynmpoBaTb CBONCTBA YNCIIOBbIX HEPABEHCTB;

¢ pacno3HaBaTb JINHENHbIE N HENIMHENHbIe HEPaBEHCTBa;

+ pelLaTb JIMHENHbIE N KBaApaTHble HEPABEHCTBA, UCMONb3ysA rpaduryeckme npeacTaBneHus.

3.1. YpaBHeHus

3.1.1. YpaBHeHus ¢ 0HOI NepemMeHHOi, KOpeHb ypaBHeHus

YpaBHeHHE C OTHOII NEePeMEHHOIl — 93TO PABEHCTBO, COJepiKallee HEM3BECTHOE
qyucjao, obosHaueHHOe OyKBOi. HemsBecTHOe uMcI0 B ypaBHEHUUM Ha3bIBAeTCs Iepe-
MEHHOII.

Hanpumep, ypaBuenue 3x — 4 = 5x + 1 comep:KUT IepeMeHHYIO X; YpaBHEHUe
3(y+1) = % COJIEPIKUT IIEPEMEHHYIO Y.

Bripa)keHne, 3anmmcaHHOe B ypaBHEHHM CJieBa OT 3HAKA PABEHCTBA, HA3LIBAETCS
JIEBOIl YaCThIO YPAaBHEHUA, a BhIpaKeHNe, 3allICAHHOE CIIPaBa, — IIPABOM YaCThIO.

Tak, B ypaBuenuu 3x — 4 = 5x + 1 meBas yactb: 3x — 4; mpaBas 4acThb: 5x + 1.

KopHeMm ypaBHeHHA HA3bIBAeTCsA 3HAUEHNE EePEMEHHOU, IPKU KOTOPOM ypaBHEHNe
obOpartaeTcs B BepHOe PaBEHCTBO.

Hanpumep, uucio —2,5 ABasgercs KopHeM ypaBHeHUA 3x — 4 = 5x + 1, IIOCKOJBKY
3-(-2,6)-4=5-(-2,5)+1; -11,5 = -11,5.

Yucmo 1 He ABIsSeTCA KOPHEM 3TOT0 YpaBHEHMUSA, MOCKOIBKY 3 -1 — 4 #5 -1 + 1;
-1 # 6.

. Mpumep 1. Kaxoe us uucen 3, —2, 4 aBiadeTca KOpHeM ypaBHeHHUA Hx — 8 = 2x + 4?
PeweHue:
ITo ompenenennio KOpHsS IIPU €ro IIOACTAHOBKE B ypPaBHEHHE IIOCJeIHEe MTOJYKHO
o0paTHUThCA B BEePHOE PaBEHCTBO.

80 3 Yk nepsensa



IIycrs x = 3, Torga 5 - 3 — 8 moysKkHO OBITH paBHO 2 - 3 + 4, Ho 7 # 10. 3 He aABAA-
eTcs KOpHeM ypaBHEHU.

IIycrs x = -2, Torga 5 - (—2) — 8 momkHO OBITH paBHO 2 - (—2) + 4, HO —18 # 0. -2
He ABJSETCS KOPHEM YpPaBHEHMS.

IIyctb x =4, Torma b -4 —-8=2-4+4,12=12. 4 — KopeHb YpPaBHEHH.
Omeem: 4.

YpaBHEHUE MOKET UMETH PA3JIUYHOE KOJIUIECTBO KOPHEI.
Hanpuwmep:
a) ypaBHenue 5x = 20 uMeeT OAUH KOPEHb, X = 4;
0) ypaBuenue x(x + 3)(x — 7) = 0 umeer Tpu KopuA: x =0; x =-3ux="7;
B) ypaBHeHHe X + 1 = X He MMeeT KOpPHeii, IIOCKOJbKY IPU JIOOBIX X JieBasd YacTh Ha
eIUHUITY 00JILIIIe IPABOIA;
r) ypaBHeHHE 5(x — 3) = 5x — 15 nMmeeT GecunciieHHOEe MHOKECTBO KOPHEI, TTOCKOJIb-
Ky oOpalifaeTcs B BepHOe PaBEHCTBO HPU JIIOOBIX X.
Pemnth ypaBHeHHME — 5TO 3HAUUT HAWTHU BCE ero KOPHU WU AOKA3aTh, YTO KOP-
Hell HerT.

PaBHOCUNbHbIE YpaBHEHUA

Ecau ypaBHeHUS nMeIOT OTHU U Te Ke KOPHU, 5TU YPaBHEHU Ha3LIBAIOTCS PaBHO-
CUJILHBIMM.
x(x —1)
2

YpaBHeHUE = 0 u x? = x paBHOCHUJILHBI, IIOCKOJILKY MMEIOT KopHu: x =0 x =1.

VYpaBHeHus, He UMeOIe KOPHEH, TaKiKe CUNTAIOT PABHOCUJIbHBIMU.
Hampuwmep, ypaBueHusa x + 1 =x u 3 — x = 1 — X paBHOCUJBbHBEI.
IIporecc pelieHMA ypaBHEHUS 3aKJIOUYAETCA B 3aMeHe JaHHOTO YPaBHEHUS APY-
TUM, PAaBHOCUJIBLHBEIM €MY.
OcHOBHBIE CBOWCTBA YPaBHEHUIL:
1. JIro0oii usieH ypaBHEHUS MOKHO IMepeHeCcTH M3 OLHOM YacTU ypPaBHEHUA B APYIYIO,
U3MEHUB IIPU 3TOM ero 3HaK Ha IMPOTHBOIOJJIOKHBIN.
2. Obe yacTy ypaBHEHUS MOYKHO YMHOKUTH UJIV Pa3feJIUTh Ha OJHO U TO JKe UMCJIO,
OTJIMYHOE OT HYJIA.

() Npumep 2. Pemuts ypasuenue: 5(x — 3) — 2(x — 7) + 7(2x + 6) = 7.
Peuwienue:
PackpoeMm cKOOKH; B JIeBOM uacTu ypaBHeHUs: bx — 15 — 2x + 14 + 14x + 42 =T,
ITpuBegem momoOHBIE ciaaraembie: 17x + 41 = 7.
Ilepenecem BTOpoOe caaraeMoe B IIPABYIO YaCTh YPABHEHUS, U3MEHUB IIPU dTOM €ro
3HAK HA IPOTHUBOMOJIOMKHBIN: 17x =7 — 41; 17x = —34.
Pasnenum obe vactu ypaBHeHus Ha 17: x = —2.
Omeem: —2.

@D 3.1.2. Nuneitoe ypaBHeHue

YpaBHeHUe Buzma ax = b, rge x — mepeMeHHasd, @ U b — HEKOTOphIe Umcya, Ha3bl-
BaeTCA JIUHEWHBIM yYpaBHEHHEM.

Hampuwmep, 3x = 1; —2x = 5; —%x =0.

S s 8



KopHu nuHeitHoro ypaBHeHuA Bupa ax = b

b
1) a # 0, Torma x = ; — OJUH KOPEHb;
2)a=0,b=0, rorna 0 - x = b, ypaBHeHUe He UMeeT KOPHeii;
3)a=0ub=0, rorga 0 - x = 0, ypaBHeHUe UMeeT OeCUNCIeHHOe MHOKECTBO KOPHeIi,
T. e. Jio6oe Ynco OymeT KOPHEM 9TOTO YpaBHEHUS.
PaccmoTpuM ypaBHEHUS, CBOAAIIMECA K JUHEHHBIM.

 nNpumep 1. Pemurs ypaBHeHuE:
a) 2x+1-3(x—4)=4(3 — x) + 4; B)
3x -7 9x+11 3-x,

22+1 Tx+5 x-2
3 15 5 °

0) ; r) 8(1,3x + 0,25) — 6,6x = 3,8x + 2.
4 8 2
Pewenue:
a) Packpoem CKOOKHM B JIeBOM M HIpPaBOM UacTax ypaBHeHudA. IIpuBemeM ITOZ0O0HBIE
cjaaraemMbie:

—2x+1-3x+12=12 — 4x + 4;
—5x + 13 =—-4x + 16.
IlepeHeceMm ciiaraemMble C IepeMEHHOM B JIEBYIO YacTh YpPaBHEHHUS, YHCIa —
B IIPaBYIO, MeHAA IIPU 3TOM 3HAK IIEPEHOCHMOTO CJIaraeMoro Ha TPOTUBOIIOJIOMK-

HBIN:
—5x +4x =16 — 13;
—x = 3;
x =-3.
0) YMHOXKUM 00e UacTy ypaBHEHUs Ha OoOIMiI 3HAMeHAaTeJb Apobeii, T. e. Ha 8, mOJTy-
YuM:
3x -7 -8—9x+11-8: 3—x.8;
4 8 2

28x —7) — (9x + 11) = 4(3 — x);
6x —14 -9x - 11 =12 — 4x;
-3x — 25 =12 — 4x;
4x — 3x =12 + 25;
x = 37.
B) YMHOXKHUM 00€e UacTu ypaBHEHUs Ha OOINMUI 3HaMeHaTelb ApooOeii, T. e. Ha 15, moc-
Jie COKpAIleHUA TMOJYUnM:
52x + 1) — (7Tx + 5) = 3(x — 2);
10x + 5 — 7x — 5=3x — 6;

3x = 3x — 6;
3x — 3x = —6;
0-x=-6.

YpaBHeHUE He MMeeT KOPHeH, IMOCKOJbKY He CYIIeCTBYeT 3HaueHWusa X, IIPU
KotopoMm 0 = —6.
r) Packpoem cKOOKM u mpuBeneM IIOLOO0HBIE cllaraeMble:
10,4x + 2 - 6,6x = 3,8x + 2;
10,4x — 6,6x — 3,8x =2 — 2;
0-x=0.
VpaBuenue nmeer GecUMCJIEHHOE MHOKECTBO KOpHel, IIOCKOJbKY IPH JIF00OM
3HaueHUU X BepHO paseHcTso 0 = 0.
Omeem: a) 3; 0) 37; B) KOpHEH HeT; I') ypaBHEHNE NMeeT OeCUrCcIeHHOe MHOXKeCTBO
KOpHeI.



lpocTeiiume nuHelHble ypaBHeHUA C Moaynem

Ypasaenue Buza |f(x)| = a, rae f(x) — MHOTOUJIeH IIEPBOI CTeIlleHU, a — Jboe
YWMCJIO0, MOYKET UMeTh HeCKOJIbKO PeIeHuit:

1)a>0 2)a=0 3)a<0
f(x) = a unu f(x) = —a flx)=0 KOpHEH HeT, IOCKOJIBKY
[f(x) =0
Mpumep 2. Pemuths ypaBHEeHUE:
a) |x| = 2,5; B) |bx — 1| = 4;
6) |x|=—%; r) 2x — 1] = x.
Pewenue:

a) x, = 2,5; x, = —2,5;
0) KOopHeu HeT;
B)bx—1=4 wmu bx-1=-4
5x =5 5x = -3
x, =1 x,=-0,6
r) OueBUIHO, UTO YpPaBHEHNE UMeEET pelleHue Ipu ycjaoBuu, uTo x > 0. Torga:
2x+1=x wnm 2x+1=-x
x, =-1 3x,=-1
1
X, =——
O6a KOpHsA ABJAIOTCS ITOCTOPOHHUMU, ITOCKOJbKY HE YIOBJIETBOPAIOT YCJIOBHUIO X > 0.
Omeem: a) 2,5; —2,5; 6) KopHeii meT; B) 1; —0,6; ) KOpHell HeT.

NuneitHoe ypaBHeHue  04HON NepeMeHHOM, COfiepXaLLiee napameTp

Besnuwuna, BXoaAmiasa B ypaBHEHNE WJIM HEPABEHCTBO M COXPAHAIONIASA CBOIO BEJIN-
YWHY, Ha3bIBAeTCs MapaMeTpPOM.
Wrak, nuneiiHoe ypaBHEeHNE MOYKET NUMETh:

ax +b

a+0

x — Jroboe

KOpHEeN HeT
x == YKCJIIO

OIHO pellleHue:
a

Mpumep 3. Pemuth ypaBHEHME C TapaMeTPOM:

a) ax = 0; B)x+b=ax; x —ax=5; x(1 —a)=25;
0) mx = m; r) (a®> — 5a + 6)x = a® + 2a — 8.
Pewenue:

a) Ectma =0, 70 0 - x =0, x — sr000€ YmMCIO.

0
Ecan a # 0, To x = — =0, oANH KOpEeHb.
a
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6) Ecitu m =0, 0 0 - x = 0, x — mar0060€e umcIIo.

m
Ecou m #0, To x =—; x =1, oquH KOpPEHb.
m

B) Ecin a =1, to 0 - x = 5, KOpHell HeT.

Ecoma#1, To x = .
l1-a
r) Pasmosxum Ha MHOKUTENU BbIpaskeuue a? — 5a + 6 u a? + 2a — 8.
a’?—5a+6=(a-3)a—-2);a’+2a—-8=(a+4)a - 2).
Torma (a — 3)(a — 2)x = (a + 4)(a — 2).
Ecau a =3, 70 0 - x = 7, KOpHeli HeT.
Ecima=2,7100 - -x =0, x — ar000e uucJo.
(a+4)a-2). x—u

Ecmma#2wuma=3, 10 = ;
(a —3)(a-2) a-3

; OOUH KOPEHb.

@D 3.1.3. KeappatHoe ypasHenne. Qopmyna KopHeii KBapaTHOro ypaBHeHUs
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VYpasuenue Buzma ax?® + bx + ¢ = 0, rme x — mepeMeHHas, a, b, ¢ — HEKOTOPLIE
yucia, upuuem a # 0, Ha3bIBaeTCA KBAAPATHHIM ypaBHEHHUEM.

Yucna a, b 1 ¢ — Kod3(p(PUINEHTHI KBAJPATHOTO YPaABHEHUS. 4 — IIEPBBINA KO3(-
umnmenT; b — BTOPOHN K0ahPUITMEHT; ¢ — CBOOOIHBIN UJIEH.

Hamnpumep, 3x% + bx — 4 = 0 — KBagpaTHOE ypaBHEHNE, B KOTOPOM II€PBEI K03(-
dumuenT a = 3, Bropoii Koadduiiuest b = 5, cBOOOAHEII UyieH ¢ = —4.

Ecnu nepBoiit KoaddurnuenT a = 1, ypaBHeHUe HA3bIBAETCA MPHUBEIEHHBIM.

Hamnpumep, x2 — Tx + 9 = 0 — npuBemeHHOe KBaApaTHOEe ypaBHEHUE.

Ecin B xBamparnom ypaBuenuu b = 0 u (unm) ¢ = 0, To ypaBHEHUE Ha3BIBAETCA
HEeIIOJTHBIM.

PeweHune HenonHbIX KBaAPaTHbIX ypaBHEHMil

Bungsr ypaBHeHmit ITpumeps!

c=0 202 - Tx =0
ax?+bx=0 x2x—-T7)=0
x(ax +b)=0 x=0 wmm 2x-T7=0

x,=0 x,=3,5

x,=0; x,=——

b=0 a)3x2-9=0 0) x2+16=0
ax?+c¢=0 3x2=9 x2=-16
ax? = —c: x2=3 KOpHEe HeT
a) ¢ > 0, xopHeli HeT; x, = \/g;

c
6) c <0, xm:i/—; x, =3
b=0,c=0 Tx2=0

ax?=0 x2=0
x=0 x=0




PeweHne NonHbIX KBaApaTHbIX ypaBHEHNUI
Pemenne ypaBHeHnﬁ METOAOM BbIJEJEeHUA IMOJHOI'0O KBajapara

 nNpumep 1. Pemnrs ypaBHEHWE METOOM BBIAEIEHUs IOJHOTO KBaApaTa:

x2—6x+5=0;
x2—6x+9—-4=0;

(x—3)2=4

x—3=2 UJIn x—3=-2
X, =95 x,=1.

Pemrenue kBagpaTHOro ypaBHeHUs Mo (popmyie
Kopuu kBagpaTHoro ypasueuus ax? + bx + ¢ = 0 MokHO HaiiTh o hopmyiam:

ypasmeno e Kopmu ypasreris
D>0 X, = %
ax?+bx+c=0 D<0 KOpHEeH HeT
D=0 Xy, = %

Ecau samucaTh BhIUMCIeHWE TMCKPUMUHAHTA U HaXOKIeHUE KOPHEH B omHy (op-
MYJy, TOJIYUUM:

—b+ b —4ac
Xy = g (1)

D Npumep 1. PemuTs KBagpaTHOE ypaBHEHUE:
a)2x2+3x+1=0;a=2,b=3,c=1;
0) bx2 —4x+10=0;a=5,b=—-4, c = 10;
B) x>’ - 10x+25=0;a=1, b=-10, ¢c = 25.

Pewenue:
3+J9-4.2.1 -3+1 ~3-1 341 1
a) x1,2: 2 2 = 4 ; xl=T=—1; x2: 4 :__;
-3+49-4-2-1 -3+1 4++J16-4-5-10
0) X9 = 9.9 = 1 3 Xpp = = o ;

HO 16 — 4 - 5 - 10 < 0, KOpHei1 HeT;

—3+49-4.2.1 -3+1 _ 10+.100-4-1-25 10

— H e :_:5.
P) %1z 2.2 g e 2.1 2

Omeem: a) —%; 0) KopHeit HeT; B) 5.

Ecau BTOpoit KoddgdumueHT KBagpaTHOro ypaBHeHusa ax? + 2kx + ¢ = 0 ueTHsbIA
(b = 2k), MOYKHO TITPUMEHUTH (DOPMYJIBI:

_ —ki\/kz—ac (2)

x1,2 -

S s 8

a




Ecau mepBbIil Koo duiineHT KBagpaTHOTO ypaBHeHus paBed 1 (a = 1), a BTOpoit
KoahunmeHT yeTHBIN (b = 2k), TO MOKHO IPUMEHUTH (hOPMYJIY:

x,=-ktVE —c (3)

(D Npumep 2. Pemuts ypaBHeHUE:
a) Tx?—6x —-1=0;06) x2 - 16x — 161 = 0.
Pewenue:
a) Ilpumenum Gopmyary (2):
3£9-7-(-1) 3£+9+7 3+4 3-4 1 3+4
x12 = = = ; xl = ; x2 = =
' 7 7 7 7 7 7
0) Ilpumenum dopmyay (3):
xX,=8%1v64+161 =8++225=8+15; x, =8 -15=-T7; x,=8 + 15 = 23.

WccnepoBanue KBafpaTHOro ypaBHeHNA N0 AUCKPUMUHAHTY U Ko3puumneHTam

» nNpumep 3. Ilpn xKakom 3HaueHWH a ypasHeHme ax’ + (@ + 1)x + 1 = 0 umeer oxun
KOpeHb?
Pewenue:
YpaBHeHUE UMeeT OAVWH KOPEeHb, ecJii JUCKPUMHUHAHT paBeH HYJIO, T. €.
D=@+1)¥2-4-a-1=a>+2a+1-4a=a>-2a+1=(a— 1)~
(@ — 1)?2=0, torma a = 1.
Omeem: 1.
(D Npumep 4. Pemuts ypaBHeHNE B 3aBUCUMOCTH OT mapamerpa b: x? + 2x — b2 + 2b = 0.
Pewenue:
Haiinem gucKpuMMHAHT 9TOr0 YPaBHEHU:
D=22—-4(-b>+2b)-1=4+4b>-8b=4b>—-8b +4 =4(b> - 2b + 1) = 4(b — 1)
IanHoe ypaBHeHHE MMeeT OJWH KOPEeHb WJIM OBa PA3JIUUYHBIX KOPHSA, IIOCKOJLKY
D=40b—-1)*>0.

Ecaum b =1, D =0, oivH KOpeHb X = ? =-1.

9+ _1)2
Eciu b # 1, D > 0, 1Ba KOpHA X, , = 2240 -1 ;X =—-1+(b-1)?%

2
x,=-1-(b-1)=-1-b+1=-b;x,=-1+(b-1)=-1+b—-1=b-2.
Omeem: npu b =1x=-1; npu b # 1 nBa KopHa: x, = —~bux,=b — 2.

@D 3.1.4. PeweHue paumoHanbHbIX ypaBHeHMii. Peluenne MppaLMOHaNbHbIX YpaBHeHMUIA

ypaBHeHI/Ie Ha3bIBaeTCA palmuOHAJBHBIM, €CJIM €I'0 JieBad M IIpaBad 4YaCTu IIpen-

CTaBJIEHBbI PAIITMOHAJIBHBIMU BbIPaXE€HUAMU.

, x-1

1
Hampumep, ypaBHenus 2x — 7 = 5(x — 1); x+—=3; x° — =0 aBadAmTCA
x

x+2
panoHaJIbLHBIMMU.

IlexpiM HasbIBaeTCs palloOHAJbLHOE ypaBHEHUe, JieBasd U IpaBasd YacTU KOTOPOTO
IIpencTaBJIEHbI II€JIBIMU BBIPpAXKEHUAMM.

x x —
Hamnpumep, x2 - 3x + 1 = 0; E +x? = T — IIeJble YpaBHEHUS.
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JApo0HBIM Ha3BIBAETCA pPaIlMOHAJIBHOE ypaBHEHHE, Y KOTOPOro XOTs ObI oxHa

YyacTb — JAPOOHOE BhIpaKeHUe.
1 3x-1
x-2" x+1
Anroput™M peureHus: IPOOHO-PAIIMOHATBHBIX YPABHEHMIA:
Haiitu obmiuii sHaMeHaTe b Apodeii, BXOAAINX B YpaBHEHUeE.
YMHOKUTL 00e YacTu ypaBHeHUA Ha OOIUII 3HaMeHAaTeb.
PemuTs mosryuenHOe 1ejioe ypaBHEHUE.
HckmounTs 13 KOpHell ypaBHEHUS Te, KOTOPhIe 00paIlaioT B HYJIb OOIuii 3HaMe-
HaTeJIb.

Hanpumep, x° —x =

W N =

» Npumep 1. Pemnrs ypaBHeHwE:

2_ 2_
a)x x:0;6) 4x 1:0;3) 2x+4 B 10 _ 15 .
x+4 il 4x* +4x+1 1-2x 2x+1
2 Pewenue:

a) Mcnonb3yemM ycaoBHME PaBeHCTBA APOOM HYJIIO: UUCINUTENIb 9TON ApOOH MOJKeH
OBITh paBeH HYJIO, a 3HaMeHAaTeJb He PaBeH HYJIIO:
x2—x=0 u x+4+0
x(x—-1)=0 x#—4
x,=0,x,=1
0) AHaJIOTUYHO IPUMEDPY a:

4x? -1 =0; u x+—==0;
s 1 1
x* == X #——
4 2
1 . . 1
x, = 5; x, = —5 HO BTOPOU KOpPEHb IIOCTOPOHHUI, MOCKOJBKY IPH X = 5

3HaMeHaTeJb 00palliaeTcsa B HYJIb.
B) PasioskuM Ha MHOKHUTENIU 3HAMEHATeJNW W HaljeMm oOIuii 3HamMeHaTeJ b APO0Oei,
BXOOAIIIMX B YPaBHEHUE:
2
x + 4\2x—1 10\(2x+1) B 15\(2x—1)(2x+1)

+ =
@x+17°  2x-1 2x +1

1
OO0wmuit sHamenaressb (2x + 1)2(2x — 1) oOpaifaeTcss B HYJIb, €CIH X = 5 WIn

1
X = 5 3HaLII/IT, 9T 4YHucCJjia HEe MOTIyYyT OBITH KOPHAMM YPaBHEHUA.

(x +4)2x — 1) + 10(2x + 1)2 = 15(2x — 1)(2x + 1);
2x2 —x + 8x — 4 + 40x® + 40x + 10 = 60x2 — 15;
—18x2 + 47x + 21 = 0;
18x%2 — 47x — 21 = 0;

47J_r\/2209—4-18~21 47 +61 47 - 61 7 47 + 61
1,2: = 7x1: = "> xZZ—:g.
36 36 36 18 36
Cpenu moilyueHHBIX KOpPHEH HeT Yuce % 7 ) 051 —%.
1 7
Omeem: a) 0 m 1; 6) —; B) ——;
2 18
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X*(a+Dx+a
x—2
Pewenue:
>—(@+1x+a=0umx—-2=0, x = 2.
Haiinem qucKpuMMUHAHT:
D=(a+1Y¥-4a=a>+2a+1-4a=a>-2a+1=(a-1)% VD = +(a - 1);
x - (@a+1)+(a-1) :Z_a:a; x, - (a+1)—(a-1)
2 2 2
(a+1) .y

 nNpumep 2. Pemurs ypaBHeHUE =0 c mapameTpoMm 4.

ecau a = 1, ToO OTUH KOPEHb X =

IToryuyum, uTo X, = @, HO IpU X = 2 ypaBHEHUE PEIIeHU He UMeeT, T. €. Ipu a = 2
pellleHnil HeT.
Omeem: 1) ecnu a = 2, xopHel HeT; 2) ecau a = 1, oguH KopeHb — 1; 3) ecau a # 2
u a # 1, To ypaBHeHNe UMeeT ABa KOopHa: 1 u a.

PeweHune nppaLnoHanbHbIX ypaBHEHUI

Eciu B ypaBHeHUN HeM3BECTHAS BeJIUUYNHA CONEPIKUTCA IIOJ 3HAKOM PaguKaJia, TO
TaKkle ypaBHEHUA HA3bIBAIOTCA MPPAIMOHAIBHBIMMU.

OpHuM 13 CIIOCOO0B peIlleHnsa UPPANOHAIbHBIX YPABHEHNN ABJISETCS BO3BEeIeHIe
o0enx yacTell ypaBHEHUSA B KBAAPAT WM CTEIEeHb, PABHYIO IIOKAa3aTeJI0 KOPHI.

Pemenue ypaBHeunit suga (@ — uncio) /f(x) = a

a>0 a<0
f(x) = a? pelenuii HeT

(D Npumep 3. Pemuts ypasHeHUe:

a) V2x+1=3; 6) Vbx—-1=0; B) Vx +1=-8;

2+ 1=09; 5x—-1=0; KOpHEeH HeT.
1
x = 4. x==.
5
Pemenue ypasHenuii Buga /f(x) = ¢(x)
2
Pewenue: f(x) = ¢°(x),
o(x) > 0.
(D Npumep 4. Pemuts ypaBHeHUe: \x +2 = x.
Peuienue:
vo-x, [#-x-2-0, |*7%
x —_ x ’ x x - b x — _1’ x — 2.
x > 0; x > 0;
x>0

Omeem: 2.
Peunenue 0oJiee CIOKHBIX YPaAaBHEHUH METOJAOM BO3BeIEeHUS

o0eHnx yacTeil ypaBHEHHUS B KBaJApaT
 nNpumep 5. Pemnrs ypasrenwme: (x —5)(x +2)vx —7 = 0.

Pewenue:
HcxogHoe ypaBHeHNE MOYKHO 3aMEHUTh COBOKYIHOCTHIO YPaBHEHUIA:



x—5=0;x+2=0; Vx-7 =0 npu ycaoBum, uto x — 7 > 0; x > 7.
X, =95;x,=-2; x, =7, ycnouio x > 7 yJOBJIETBOPAET TOJbKO KODEHb X = 7.
Omeem: 7.

Ecau mpu pellleHMu ypaBHEHUMH leJiaeTcs IIPOBEPKA, TO MOKHO peIlaTh ypaBHe-
HUs, He HaXOAd 00JIACTh MOIYCTHUMBIX 3HAUYEHUN WM C IIOMOIILI0 PABHOCHUJILHBIX
IIepexo0B, KaK B mpumepe 4.

» Npumep 6. Pemuts ypaBuenue: vx +2 —vJx —6 = 2.
Pewenue:
BosBezeM 00e yacTu ypaBHEHUS B KBaJpar:

2
(Ve+2-Vx—6) =2% x+2-2J(x+2)(x — 6) + x — 6 = 4;
Wx?—4x-12=2x-8; x2 —4x —12=x2—-8x + 16; x = 7.

IIpoBepka mokasaina, uTo X = 7 — KOPEHb YpPaBHEHUS.

Omesem: 7.
MeTO,II BBE€JEHUA HOBBIX II€PEeMEHHBIX

 nNpumep 7. Pemnrs ypaBHeHUE:

a) 2Yx+1-Yx+1=6;6) (x+4)(x+1)-3Vx*>+5x+2 =6.
Pewenue:
a) CrmesraeM 3aMeHY IlepeMeHHOH Yx + 1 = ¢. 3

Torpa 2t -t =6; 2> -t — 6 =0; ¢, = 2; t2=—§.

BepHeMcsa K IepBOoHaYandbHOI mepemenHoii: Yx +1=2; x + 1 = 2% x = 31;
3 .
Yx+1= _E; KOpHeii HeT, T. K. Yx+1>0.

6) PackpoeMm CKOOKU:
X +5x+4-3Vx"+5x+2=6 mmu x° +5x+2-3Vx*+5x+2-4=0.

O6o03HauMM \x° +5x + 2 = t, mosyuuM ypaBHeHwue t2 — 3t — 4 = 0.
VYpasHeHue umeer Kopuu t, = -1, t, = 4.

VpaBuenue vx° +5x +2 = -1 He uMeer pemleHui, T. K. Vx> +5x+2 > 0.

Ja? +5x+2=4; & + 5x + 2=16; x%+ 5x — 14 = 0; x, = 2; x, = 7.
Omeem: a) 31; 6) —7; 2.

@D 3.1.5. Mpumepb! pewieHns ypaBHeHMil BbICLIMX CTeneHeii. PelueHne ypaBHeHnii MeTogoMm
3aMeHbl nepemMeHHoM. PellieHne ypaBHEHNIE METOZIOM Pa3NoXeHUs Ha MHOXKUTENN

CylmecTByeT HECKOJbKO METOMOB PEIINeHUs IeJIbIX YPaBHEHWH BBICIINX CTeIleHel
(crenenu GoJibirie 2).

METOA pa3noxeHna MHoro4seHa Ha MHOXXUTeNn
OTOT MeTOoJ, IPUMeHSAeTCA B CIydasax, KOT/a JieBad 4acTh — MHOTOUJIeH, KOTOPBIH
BO3MOXKHO PA3JIOKHUThL HA MHOMKHUTENH, a IIPaBasd YacTh yPaBHEHUS PaBHA HYJIIO.
(D Npumep 1. Pemuts ypasuenue: a) x° + 4x2 — 2x — 8 =0; 6) x> + x — 2 = 0.
a) Pasio:uM Ha MHOKUTENN CIOCOOG0M I'PYINIMPOBKU MHOTOYJIEH, CTOAIIUI B JIeBOI
YacTH ypaBHEHU:
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(x®+4x?) — (2x +8)=0; x*(x +4) — 2(x + 4) = 0;

(x + 4)(a® — 2) = 0; (x+4)(x—+2)(x++2) = 0;

x, =—4; x2=\/§; x3=—\/§.
6) x»*—-1+x—-1=0;

(x—1)(x®2+x+1)+ 1(x —1)=0;

(x—-—1)(x®2+x+1+1)=0;

(x = 1)(x* + x + 2) = 0;

x—1=0;x, =1 nm x%+ x + 2 =0, ypaBHeHUE He UMeeT KOpPHe.
Omeem: 1.

MeToa 3ameHbl nepemMeHHOiA
MeTO]_'[ 3aM€EHBbI nepeMeHHoﬁ — OJIUH N3 CaMbIX PACIIPOCTPaHEHHBIX 1 YHUBEPCAJIbHBIX.
Ypasuenusa Buzga ax* + bx? + ¢ = 0 maspiBaroTcsa ouxkBaapaTaeiMu (a # 0) u perma-
IOTCA MyTeM 3aMeHBbI X2 = .

(D Npumep 2. Pemuts ypasuenue: 4x* — 17x2 + 4 = 0.
Pewenue:
Crenaem sameny: x2 = ¢, Torga moayuuMm ypasuenue 4t2 — 17t + 4 = 0.

_ —bib'—dac 17+289-4-4.-4 17+15

t 5
L2 2a 8 8
tl:17+15:g=4; t2=17_15=1.
8 8 8 4
BepHemca K mepemeHHON X:
x*=4; x, =-2; x,=2;
x2—1° x _ L x _ 1
4> 27 T 97
Omesem: —2; —1; 1; 2.
22

Wnorpa B ypaBHeHUM BBITOJHO 3aMEHUTH APYTol IepeMeHHO He OLHOYJIEH, a MHO-
rouJieH UJan APOOHOe BBIpAKEHUe.

(D Npumep 3. Pemuts ypaBHeHUe:

2
B) 222+ x+ 1)2x + x 1+ 3)=8;6) L X9, x=3
x—-3 x“+4x+9
Pewenue:
a) Cuoenaem 3ameny t = 2x% + x + 1, Torza moyuyuM ypaBHEHUE:
t(t+ 2)=8;
>+ 2t - 8=0;
t,=2;t,=—-4.

Bepuemcsa K mepeMeHHOU X:
202+ x +1=2;
2¢2+x—1=0;
x,=-1; x, = %;
202+ x + 1 = —4;
2x% + x + 5 = 0; oTO ypaBHEeHNE KOPHEN He MMeEeT.



x2+4x+9
6) Coenaem saMeHY -3 = t, TIOJYYUM ypaBHEHUE:
x_
t+ L =-2;
t
2+ 2t +1=0;
t+1)2=0;
+4x+9 =
Torma T -1; x # 3;
x -3
x2+4x+9=—-x+ 3;
x2+bx +6=0;
x, =-2;x,=-3.
Omeem: a) —1; %; 0) —3; —2.

METOJJ, NOWIEHHOI0 AeNeHNA YpaBHEHUA Ha X c ﬂOCHEﬂyIOI.I.I,Eﬁ 3aMeHoli I'IEPEMEHHO|7|
Ypasuenusa suzga ax* + bx® + cx? + bx + ¢ =0 u ax* + bx® + cx? + dx + m = 0, rae

a_
m

2
b
(— , HaA3bIBAIOT BO3BPATHBIMH U PEIIAIOT METOJOM IIOUJIEHHOTO IeJIeHUS ypaB-
HeHusA Ha X2 U mocjiefyIolneil 3aMeHON IIepeMeHHOM.

D Npumep 4. Pemnrs ypasuenwme: 3x* — 2x® + 4x2 — 4x + 12 = 0.
Pewenue:

3ameruM, 4TO — =| — | , T. K. .
12 —4 4 2
Paspenum ypaBHenme mousneHHO Ha x2 (x = 0 He sBJsgerca KOPHEM ypaBHEHWUS,

U JleJleHUe He IIPUBEJET K IOTepe KOPHA):
3x' 2x® 4x® 4x 12 12
— - ———+—=0; 3x"-2x+4-—+= =0;
x x> X x X x

X

3(x2+12j—2(x+2j+4=0.
X X

X+ =

2
2 2 2 4 2
Cnenaem 3aMeHy x +— =%, Torma =1t°, mosromy x° +4 +— =1°, 3HAUMUT,
x x x

4 4
x? +— = t* — 4, moayuum 3(t2 — 4) — 2t + 4; t,=2;t,= -3
x
BepreMcsa K mepBoHaYaJIbHOU IIePeMeHHOMN:

2 ) .
x+—=2; x? — 2x + 2 = 0; oT0 ypaBHeHIe KOPHeIl He UMeeT;

x
2 4 ) .
x+—=——; 3x%+ 4x + 6 = 0; oTO ypaBHEeHNE KOPHEI He MMeeT.

X

Omeem: KOpHEU HeT.
PaccmoTpum elrie HECKOJIBKO HECTAHAAPTHLIX IPUEMOB IJIA PEIleHus YPaBHEHUI.

(D Npumep 5. Pemuts ypaBHeHME: ,
8) x(x — 1)(x — 2)(x — 3) = 15; 6) * 4+ 2% =
(x +3)

S s 0



Pewenue:
a) Crpynnupyem MHOXKUTEaAu X 1 (x — 3); (x — 1) u (x — 2), mepeMHOXKUM X(x — 3) X
x (x = 1)(x — 2)=15; (x* — 3x)(x?2 — 3x + 2) = 15.
3amena: x*> — 8x = t, rorga t(t + 2) = 15; t* + 2t — 15 =0; t, = 3; t, = —5.

3+421
2 b

x%2 — 3x = —5; x2 — 3x + 5 = 0; KOpHell HerT.
0) JleBasg yacTh ypaBHEHUS — CyMMa KBaJpaToOB, MO3TOMY HpubaBUM K obeuM dUa-
CTSIM ypaBHEHUS YIBOEHHOE IIPOU3BEIeHNEe dTUX BBIPAIKEHUH:
3x 9x” 3x
+ 5 =27 -2x ;
x+3 (x+3) x+3

2 2 2 \2 2
(x— 3’“):27— 6x ;(x j+6 Y __97-0.
x+3 x+3 x+3 x+3

2

x*-3x=3;x*-38x—-3=0; x, =

x? - 2x

3ameHa: =t. ?+6t-27=0;¢, =-9;t,=3.
x+3
xZ
=-9; x? + 9x + 27 = 0; KopHell HeT;
x+3
2 +
Y -3 x#-3;x*-3x—9=0; x12=—3_3\/g.
x+3 ’
+ +
Omeem: a) 3_\/5;6) 3_3\/3.

2 2

@D 3.1.6. YpaBHenune ¢ iByMA nepeMeHHbIMU. PewieHne ypaBHeHUil ¢ ABYMA nepemMeHHbIMU

YpaBHeHHE ¢ IByMSA IEePeMeHHBIMU X U Yy uMeeT Buu: f(x; y) = o(x; y),

rae f u @ — BBIpAYKEHUE C IIEPEMEHHBIMU X U Y.

Hampuwmep, x* + y? = xy; 2x + 1 = 3y + x; xy = 6 — ypaBHEHUS C ABYyMs II€PEeMeH-

HBIMU.

PenienuemM ypaBHEHHUS C IByMS NePEeMEeHHBIMM HA3bIBaeTCsd ITapa 3HAUEHWH Iepe-

MEHHBIX, IIPU KOTOPBIX ypaBHEHUE IpPeBPAIaeTcsa B BEPHOE PAaBEHCTBO.

Hampuwmep, nmapa uucen x = 2, y = 3 ABJIdgeTCA pPellleHNeM ypaBHeHUA xy = 6.
YpaBHeHUs ¢ ABYMSA HME€PEeMEHHBIMU, UMEIOIINEe OMHU U Te yKe KODPHU, Ha3bIBAIOT

PaBHOCUJIBHBIMHU.

Hanpuwmep, ypaBuenue (x — 1) + (y + 2)> =4 u ypaBuenne x>+ y>2—2x +4y+1=0

ABJAIOTCSA PAaBHOCUJILHBIMMU.

YpaBHEHUSA, HE UMEOIVE PEIIeHN, TaKKe Ha3bIBAI0T PABHOCUJILHBIMMU.
YpaBHeHUS ¢ ABYMSA IE€PEMEHHBIMU NMEIOT TaKue JKe CBOWCTBA, UTO U YPAaBHEHUS

C OTHOU mepeMeHHOI:

+ ecJIM B ypaBHEHUU IIePEHECTU cjaraeMble U3 OJHOUM YaCTHU B [PYTyI0, UBMEHUB IPU
STOM €ro 3HAK Ha ITPOTHBOIIOJIOKHBIN, MOJYYUM ypaBHEHVE, PABHOCUJILHOE IaH-
HOMY;

+ ecJqu B ypaBHeHUU 00e YaCTU YMHOYKUTDH WM Pas3meIUTh Ha OLHO M TO YKe UHCJIO,
He paBHOe HYJIIO, TO HOJYYUM ypaBHEHUEe, PABHOCUJILHOE TAaHHOMY.

» Npumep 1. Paccmorpum ypasrenme: 5x + 2y — 4 = 3(x + y — 1).
PackpoeM CKOOKH, IepeHeceM cjaraeMble ¢ IepeMeHHLIMH B JIEBYIO UacCTh, H3Me-
HUB IIPU 5TOM UX 3HAKH, a UMCIa — B IPABYIO YaCTh:

2 3 esewausepsens



5x +2y—4=3x+3y—3;6x —3x+2y—-3y=4-3; 2x +y = 1.
ITonyuunu ypaBHeHUE, PABHOCUJIbHOE UCXOJTHOMY.
YpaBHeHUE ¢ JBYMs IEePEMEHHLIMU UMeeT 0eCUMCIEHHOEe MHOKECTBO PEIIeHUH.

» Npumep 2. Pemenusamu ypaBHeHUs x + y = 7 ABAAOTCA mapsl uucen (3; 4); (4; 3);

(=15 8); (05 7) m T. &.

Yrobbl HANTH IAphl TAKUX PEIeHU, HyKHO 3alncaTh ypaBHeHUe B Buae y = 7 — X,
3aJ]aTh 3HAUEHUE X U IOJYYUTH COOTBETCTBYIOIIUE 3HAUEHUA Y, T. €. €CJU X = D, TO
y=7T—-x=7-5=2;ecmmx=-10, Toy=7-(-10)=17 u 1. n.

Mpumep 3. HaiiT; HECKOJNIBKO peIIeHU ypaBHeHUA Xy — 2 = 2x — Y.
Pewenue:

OueBUAHO, UTO CIIOCOOOM, YKa3aHHBIM B IIpuMepe 2, 9TO OyAeT cAesaThb CJIOMKHO.
3amaeM MPOM3BOJIbHBIE 3HAUEHUSA X U IIOJyUYaeM IIPU 9TOM ypaBHEHUE OTHOCUTEJIHHO Y.

Ecau x =0, To xy — 2 = 2x — y umeet Bun —2 = —y, y = 2. lHonyunnu napy (0; 2).

Ecmx=1,T0xy —2=2x —yumeer Bun y — 2 =2 — y; 2y = 4; y = 2. llonyunan
napy (1; 2).

Mo:xHO 3aZiaBaTh 3HAUEHUA Y, HOJyUasd IIPU 9TOM 3HAUEHUS X.

Ecau y =0, To xy — 2 = 2x — y umeer Bug —2 = 2x; x = —1. ITonyuusau napy (—1; 0).

[ Toro 4To0BI HAWTHU pelieHue YPABHEHUS ¢ IBYMSA II€PEMEHHBIMU, HYKHO IIO]I-
CTaBUTH B HEro IPOMU3BOJIFHOE 3HAUYEHUE OJHOI NepeMeHHOW U PelIUTh ypaBHEHUe
C OTHUM HEU3BECTHHIM OTHOCHTEJIHHO BTOPOIi.

[padmK ypaBHeHUsA ¢ ABYMSA NepeMeHHbIMM

I'padhuxom ypaBHeHHUS ¢ OBYMS IepeMEeHHBIMHM HA3LIBAETCS MHOIKECTBO TOYEK,
KOOPAWHATHI KOTOPBIX CJIYIKAT PEIIeHUAMYU 3TOT'0 YPABHEHUA.

Hamnpuwmep, rpadpux suHeliHOTO ypaBHeHUA ax + by + ¢ = 0 mpeacrasaser coboit
nmpaMyr0; rpaduk ypaBHeHUA y = ax? + bx + ¢ — mapabo.ay; rpauK ypaBHEHUSA XY =
=k (k # 0) — rumep6ouay.

I'padurom ypaBHenusa x> + y? = r?, rie x U y — I[epeMeHHbIe, I' — IOJIOKUTEIbHOE
YWCJI0, ABJISAETCA OKPYKHOCTH C IIEHTPOM B Hayajie KOOPAWHAT U PAANYCOM, PABHBIM 7.

TI'padurom ypasuenus (x — a)’? + (y — b)? =r?, rie x u y — NepeMeHHbIe, I', d U b —
yucyga (r > 0), ABaAeTCcS OKPYKHOCTb C IIEHTPOM B ToukKe (a; b) u paguycom r.

 Npumep 4.

y=x—-2x+1 (x—12+@+2)7>=4

el

I
o
i
:

-
o 4
wW

I'padpurkom ypaBHeHUS I'padpurkom ypaBHeHUS I'padhurom ypaBHEeHUA
sABJsAeTcA mapabosa (nod- aABIdeTcA rumepodosa ABJAETCA OKPYKHOCTD
PpoOHee 0 nocmpoeHuu (nodpobHee o nocmpoenuu c 1meHTpoM B Touke (1; —2)
napabon cm. n. 5.1.7) eunepbon cm. n. 5.1.6) U paguycoM, paBHBIM 2

(nodpobHee cm. n. 6.2.5)
93



9

[paduk nuHeitHoro ypaBHeHUA ¢ ABYMA NepeMeHHbIMM

MHOK€eCTBO BCEX TOYEK KOODAUHATHOU IJIOCKOCTU, KOODAWHATHI KOTOPBIX SBJISA-
I0TCA pPelIeHUuAMY ypaBHEHUdA ax + by = ¢, Ha3bIBaeTca rpad)MKoOM JIUHEITHOr0 ypas-
HeHUus ax + by + ¢ = 0.

3aBUCHMOCTH I'padux
b#0;a#0;¢c=0 2x+3y =6 y
y=— a P c T'padur sTOoro ypaBHeHUA — IIpA- 2\
b b mas. [TocTpouMm ee o ABYM TOUKAaM, \
namnpumep (0; 2), (3; 0) e NS
2191 2 3
az0;b20;¢c=0 1 y
a x+3y=0wnmmm y=—-——x 1
y=-—x 3
b T'padur sTOoro ypaBHeHUSA — IIpH- "0 1 2 3x
Masi, IPOXOIAINAs Uepe3 Hauajao Ko- - S
opauHAT BN R .
az0;b=0;¢c=0 2x = b; Yy
ax =c x=2,5 +
TI'pahur sTOro ypaBHEeHUA — TIIpPs- 1
X = a Masd, napajenbHaa ocu Oy - 0 N ¥
1 2|3
BEE)
a=0;b=#0;¢c=0 3y = —6; y
by =c y=-2 +
c T'papur »sTOrO0 ypaBHEeHUA — IIpdA- 14
y=% Mas, mapajienbHas ocu Ox 0 7
1 123
-2
a=0;06=0;¢c=0 VYpaBHeHUe peleHuil He UMeeT
O0=c
a=b=c=0 I'padhurom sBIAsAETCA BCA KOOPAWMHATHAA ILJIOCKOCTH
0=0

Paccmotpum GoJiee CI0KHBIE IPUMEPHI.

 Npumep 5. N306pasuTs HA KOOPAWHATHOMN ILIOCKOCTH MHOKECTBO TOYEK, KOOPAUHATHI
KOTOPBIX YAOBJIETBOPAIOT YPAaBHEHUIO:
a)(x—2)(y+1)=0;06) (y — 2)° = (x + 1)%

Pewenue:
a) IlpousBemenue ABYX BBLIpaKeHUII PaBHO HYJIIO, ec-
JIX XOTs OBl OJHO M3 HUX obpalraeTcsa B HYJIb, T. €. ol 1 |23
x—2=0wmmy+1=0,T.e. x=2umuy=-1.I'pa- ’ ’_1 ’ ’
(buKOM TaKOTO ypaBHEHUS SBJAIOTCA JBE IIPAMBIE
Buga x =2uy=—1. Pue. 3.1




0) (y —2¥=(x+1)2rmorma(y—2)=(x+1)mwmy— 2=

3
=x+1lumy—-2=-x— 1. Ilonryuaem o6'befuHEHIE
IBYX MPAMBIX Yy =X + 3 u y =—x + 1. 1
1 1 1 2 1
/l_3 T T 0 T T
@D 3.1.7. (nuctema ypaBHeHuii; pelueHue cucTemb » l32\
uc. J.

ypaBHEHVIﬁ C AByMA nepemMmeHHbIMU

Cucremoii ypaBHeHUI HA3bLIBAIOTCS ABA MU 0ojiee ypaBHEHUA, ¥ KOTOPBLIX HE00XO-
IUMO HAWTHU BCce OOIINEe pelieHnsd.
YpaBHEHUS CUCTEMbBI 3aIIIChIBAIOT CTOJOMKOM U O0BEeIUHSIOT (PUTYPHON CKOOKOI.

x+y+z="1,
x+y=3,
ampumep, x-3y+z=-1,
H , ) 2 3 1
x" -y +1=0;
—x+2y—2z=0.

Yucsio IepeMeHHBIX B CHCTEME MOXKeT He PaBHATLCS YUCJIY YPABHEHUI.

Pemuts cucTemMy o3HaUaeT HAUTU BCE €€ PEITeHUA.

CucreMa Ha3bBIBAETCS ONMpPeENeNIeHHOM, eCJIM OHa MMeeT KOHEeUHOe UMCJIO PeIlleHuiH,
U HeoIIpemeJeHHOM, ecii OHa mMeeT OECKOHEUHOe UMCJIO PeIleHuid.

IBe cucTeMbl HA3HIBAIOT PABHOCHIBHBIMU, €CJI OHU MMEIOT OJHO U TO »Ke MHOMKe-
CTBO PeIleHUuH.

Cucrema ypaBHeHUII Has3bIBAaeTCsAd JHHENHON, ecJud BCe ypaBHEHUS, BXOMASIINE
B CHCTEMY, ABJIAIOTCA JUHEHHBIMU.

x +3y =5,

Hanpuwmep, cucrema ABJIAETCA JIUHENHO.

—2x+y=-3
Pemrennem cucreMsl ypaBHEHHII ¢ JBYMs IlepeMeHHBIMH Ha3bIBAeTCA Ilapa ducell,
obpamaromasn KakJoe ypaBHeHNEe CHCTeMbl B BeDHOe PAaBEHCTBO.

x+y=-1
Hampuwmep, mapa uucen (—2; 1) aBisercsa pelieHrueM CUCTEMbI ’
3x -2y = -8.
I'pahmkoM JIMHEHHOTO YpPaBHEHHUA C ABYMS IIePEeMEHHBIMHU SABJIAETCA IIpsAMAasd, IIO-
ATOMY KOJIMYECTBO PEITIEHUN CUCTEMbI JUHEWHBIX YPAaBHEHUI 3aBUCUT OT B3AMMHOI'O pac-
TIOJIOYKEHUA JBYX NPAMBIX, ABJIAINUXCA IpadUKaMU COOTBETCTBYIOIINX YPaBHEHUM.
KoauuecTBO pemieHuii THHEWHOIH CHCTEMBI IBYX YPABHEHUH C IBYMS IePEeMEHHBI-
MU B 3aBHCHMOCTH OT K03 (UIHEHTOB IPU HEU3BECTHBIX.
. .. jax+by=c,
IIycTs mamas cucrema JMHENHBIX YPaBHEHUI:
a,x + by = c,.

3aBUCHUMOCTH I'paduueckasn
IIpumepsl
K03(p(pUITUEeHTOB HMHTEepIpeTamus
a, b ¢ 1 Y 2x —4 3
Ecim L =21%-"1 cu- 92 *- =9
a, b, ¢ -4x+8y ="T;
cTeMa pellleHul He uMeeT 0 9 4 3
}\ x e N
- b
-4 8 7
Dax+by=c;2)ax+by=c, peltenuii Her
IIpamble mapasiesibHBI, TOYEK
mepeceuyeHusa HET

S s 9%



OKxoHuaHUue mabaulbl

3aBUCUMOCTH T'paduueckas

K03(p(PUITUEeHTOB HHTepPIpPeTaIus ITpumepsr
L2 |
Ecnnu &:ﬁ:ﬁ, cu- 2 5x+3y =1,
% b “10x — 6y = -2;
creMa HMeeT OeCKOHeu- 0 5 3 1
x —_— — .
HOe MHOKECTBO pellie- 10 —_6 =5

Hull (HeompenmeJeHHA
( peA ) Dax+by=c;2)ax+by=c, | Geckoneunoe

IIpsavbie coOBIAAAIOT, BCE TOYKU | MHOMKECTBO pe-

NIPAMBIX ABJIAITCS PeIleHUIMHI [IeHnH
a b 3x —4y =2
—L 1 __ oxHO perrenue y=4
a, 2 6x+Ty=1;

OLHO pellleHne

Dax+by=c;2)ax+by=c,
IIpsiMble TIepeceKarTCs, TOUYKA
nepeceuenusa (x,; y,) — Dpeiie-
HIEe CHUCTeMBbI

() Npumep 1. B suHelHOM ypaBHEHWU HAWTU 3HAUEHME X, KOTOPOE SBJSETCA KOPHEM
ypaBHeHUd 2x — y = 5 ipu y = —3.

Pewenue:
ITogcraBuMm 3HaueHwe y = —3 B ypaBHeHue, nmosyuuM 2x — (—3) = 5; 2x + 3 = 5;
2¢ = 2; x = 1.
Omeem: 1.

X +y=-1,
2x + 3y = 4.
W3 map umcesn HAWTU Ty, KOTOPaAsS yIOOBJIETBOPSET dTOH CHUCTEME:
a) (-1; 2); 6) (1; -2);6) x = 1; y = —2.
Peuwenue:
a) x = —1; y = 2. llogcrTaBuM 9T 3HAUEHUA B CUCTEMY YPaBHEHUII:

+ry=-1, |1’ +2=-1,
{2x+3y =—4; {2-(—1)+2-3 # —4;
0) x = 1; y = -2 IloacraBuUM 9TH 3HAUEHUS B CUCTEMY YPaBHEHUI:
X +y=-1, 1 -2=-1 —BepHO, T. K. — 1 = 1,
{2x+3y = —4; {2><1+3><(—2) = -4 — BepHO, T. K. — 4 = —4;
(1; —2) ymoBieTBOpsET MaHHOU CHUCTEME.
» Npumep 3. UssecTHO, uTO Mapa umcen x = —3; y = 1 ABAAETCA DEIIEHUEM CUCTEMBI
ax -3y =-9,
—2x + by =11.

D Npumep 2. [Tana cucrema ypaBHEHMIA: {

(—1; 2) He ymoBJIEeTBOPSAET CUCTEME YPABHEHUA.

ypaBHEHMUI: { Haitit; a u b.

Pewenue:
IIo ycooButo x = =3, y = 1 — pelrleHue cucTeMbl YpaBHEHUH, T. €. IIPU MOACTAHOB-
Ke 9THUX 4YMCeJI B YyPaBHEHHUA IIOJIYyUYMM BEPHBIE pPaBEHCTBA.



ITogcTaBuUM BTHU YKCia B CUCTEMY:
a-(-3)-3-1=-9, |[-83a-3=-9, |a=2,
-2:(-3)+b-1=11; [6+b=11; b =5.
Omeem: a =2, b=25.
(D Npumep 4. CKOIBKO pelIeHU UMeeT CUCTeMa ypaBHEHUH?

x+y =4, 2x +y =8, y = -3x, y=x-3,
a) 0) B )
x+y=-1 2x -y =1; 6x + 2y = -1; 2x — 2y = 6.
Pewenue:
{alx +by=c, a, b
Cucrema uMeeT pellleHue, ecim —- # —1;.
a,x +by =c, a, b,
b
npu Y A h peleHuii HeT;
a2 b2 C2
b
mpu 424 Geckomeunoe MHOMKECTRO peleHuii.
aZ b2 cZ

+y=4,
a) {x Y a1=1,b1=1,c1=4;a2=1,b2:1,c2=—1,'1‘.e.%z

4
# —, CHCTeMa
x+y=-1 -1

-

HEe MMeeT pelieHud.

2x +y =8,
6){" Y a,=2,b =1,¢c,=8a,=2,b,=-1,¢c,=1, 1. e.
2x —y =-1;

SRR\

# i, cucrema
-1
uMeeT eIUHCTBEeHHOe pellleHue.
y = —3x,
) {Gx +2y =-1.

{3x +y=0,
Hpe;[CTaBI/IM CHUCTEeMY B BUE:

6x +2y = -1;

3 1 0 .
c,=-1,T. e. —=—+#—, pellleHUN HeT.
6 2 -1
= — 3, - = 3’
T) y=x IIpencraBuM cucTeMy B BuIe: *-y a,=1,b =-1,¢ =3;
2x -2y = 6. 2x — 2y = 6;
1 -1 3
a,=2,b,=-2,c¢c,=6, 1. e. —=-—=—. Cucrema numeer 66CKOHEUHOE MHOKECTBO
2 -2 6

PeIeHuii.

@D 3.1.8. (nctema ABYX NUHEIAHBIX YPaBHEHWIA C ABYMA NEPEMEHHbIMM: pelueHue
NOACTaHOBKOI 1 anrebpanyeckinm CnoxeHnem

Cucrema ypaBHeHUI BUIA
{alx +by=c,
a,x + by = cy;
Ha3bIBAETCHA JUHEWHON CHCTEMON ypaBHEHHH C IIePDEeMEeHHBIMU X U Y; a,, b,, ¢, u a,,
b,, ¢, — HEKOTOpbIE UKCJIA.

S s 9



OcHOBHbIE MeTO/bl peLLeHNs CUCcTeM ABYX INHENHbIX ypaBHEeHMUil

I'paduueckuii crmocod
YT0o0BI PEIIUTh CUCTEMY JIMHEHHBIX YPaBHEHUN IpaUuecKUM CIoco00M, Heo0XOo-
IUMO:
1) mocTpouTh rpaduKu ypaBHEHUI B OJHOM KOOPAMHATHON IIJIOCKOCTH;
2) HaliTH KOOPAMHATHI TOUEK IepecedyeHrs rpad)mKoB UK yOeIUTLCS B TOM, UTO I'pa-
(buKu He mepeceKarTcsa (IapaJiiesibHBI) UJIK COBIIAAAIOT;

3) ecaiy KOOPAMHATEHI TOUEK II€peceUeHus — IeJIble YHCJa, CAeIaTh IIPOBEPKY; €CJIU
HET, TO OIPEeIeJIUTh IPUOINMKEHHO, MOT'YT JIU IIOJYUYEeHHbIE YNCJIa ABJIATHCA pelle-
HUSIMU;

4) 3anucaTh OTBET.

L. | X—Y= 4,
. Mpumep 1. Pemuth rpadpudyecKkn cucreMy YpaBHEHUH:
3x+2y ="1.
Pewenue:

IToctpoum rpaduku pyHKIUHA: X —y=4; y = x — 4.

x 0 4

y -4 0

3x +2y="T;y=-1,5x + 3,5.

x 1 -1 —

y 2 b
Touka nepeceuenusa rpa@ukoB x = 3, y = —1.

—y =4,
CnenmaeM TPOBEPKY: Y 3 — (-1) = 4;
3x+2y =1,

3-3+2-(-1)="T7 — BepHO.
Omeem: (3; —1).

Cnoco6 noacTaHoBKM AN peLueHuna cncrem AByxX JINHENHBIX ypaBHEHMVI CABYyMA nepemMeHHbIMU

Yro06BI PEeIIuTh CUCTEMY JUHEHNHBIX ypPaBHEHHWH CII0COO0M IIOACTAHOBKM, HE00XO-
IUMO:
1) BeIpa3uTh OHY IIEPEMEHHYIO 113 KaKOT0-J100 YpaBHEHUS CUCTEMBI Uepesd IPYTryio;
2) moaCcTaBUTHL BMECTO STOU IlepeMeHHOII B Apyroe ypaBHeHUe IIOJYUYeHHOEe BhIpajke-
HUE;
3) pemIuTh MOJYyUeHHOE YpPaBHEHUE C OJHOM IepeMeHHOH;
4) HAiTH COOTBETCTBEHHOE 3HAUEHNEe APYIroil IepeMeHHO;
5) sammcaTh OTBeT.

3x +4y = -3,

D Npumep 2. Pemuts cucreMmy ypaBHEHUH CIOCOGOM MOACTAHOBKU: { 3 - 18
y—3x =18.

Pewenue:
W3 BTOpPOTO ypaBHEHUA CUCTEMBI BBIPA3UM Y U IMOJCTABUM 9TO BHIPA'KEHUE B IIED-
BO€ ypaBHeEHUeE:
y—38x=18; y=3x + 18; 3x + 4(3x + 18) = -3.
Pertum mosryuenHoe ypaBHeHUE ¢ OJHOW MepeMeHHOI:
3x +12x + 72 =-3; 15x = =75; x = —b.



Haiinem coorBeTcTBEHHOE 3HAUEHUE V:
y=3x+18=3-(-5) + 18 = 3.
Omeem: (—5; 3).

Cnoco6 cnoxenua ana peLueHna cncrem AByx JINHEIHbIX ypaBHEHI/Iﬁ CABYMA nepemMeHHbIMN

2 +y =7
 Npumep 3. Pemurs cucTeMy ypaBHEHHH CIOCOOOM CJIOMKEHUS: ’

3x —y=-2.

Pewenue:
B ypaBHEHUAX 39TOI CUCTEMBI KOIMOUITNEHTHI IIPU Y ABJIAIOTCA IPOTHUBOIIOJIOMKHBI-
MU YKCJIAMMU.
2x+y="1

© + ’
CJI0:KUM IIOUJIEHHO JIeBble U IIpaBble YaCcTU YPaBHEHUII: 3x—y=-2,

Bx =5, x=1.

ITopcraBum x = 1 B mepBoe ypaBHeHue: 2 - 1 +y = 7; y = 5.
Omeem: (1; 5).
6x + 5y = -8,

(D Npumep 4. PemuTs cuctemy ypaBHEHMIA CIIOCOGOM CIIOKEHUS:
dx +Ty = 2.

Pewenue:

VYMHOXKUM 00e YyacTH 000MX YypaBHEHUN HA TAKMe YMCJa, 4TOObI KO3(P(OUIIMeHTHI
IIPY OSHOM M3 MEePEeMEHHBIX CTAJM IPOTUBOIIOJIOMKHBIMI YMCJIAMI, HAIIPUMeED, IIepBoe
ypaBHEHNEe YMHOKUM IIOUJIeHHO Ha 2, a BTOpoe — Ha —3:

9 12x +10y = -16,
. +
-12x - 21y = -6,

(=3)
-11y =-22; y = 2.
ITopcraBum y = 2 B mepBoe ypaBHeHUe: 6x + 5 - 2 = —8; 6x = -8 — 10; x = —3.
Omeem: (—3; 2).

6x + 5y = -8,
4dx +Ty = 2;

PewueHmne cucrem NUHENHbIX ypaBHEHMVI, coAepaliux nepemeHHyio nog 3Hakom moayna

L ly—x=1,
(D Npumep 5. Pemuts cucremy ypaBHEHUNA:
x+|y| =1.
Pewenue:

,ecimy > 0,
Ilo ompenenenuo MomyJis |y| = {y y
-y, ecan y < 0.
ITosToMy mMeeM [IBe CHCTEeMbl YPaBHEHMII:
-x =1,
. y
a)y = 0; x+y=1
2y =2; y =1; x = 0. 910 perrenne ymoBIeTBOpAET ycyoBui y > 0.
-x =1,
L y
0) y < 0; x—-y=1
0 = 2; He MMeeT peIIeHU.
Omeem: (0; 1).

S s 9



lx-2l+]y-5|=1,
y—lx—-2/=5.

Pewenue:

D Npumep 6. Pemuts cucremy ypaBHEHMIA: {

Ilo ompenenenuio MomgyJis:

x—2,ecau x > 2, y—5ecauy =5,
lx -2/ = uly-5=
—x+2,ecaun x < 2 -y +5,ecan y<H.

NMmeeM COBOKYIHOCTH UeThIPEX CUCTEM ypPaBHEHUI:

Ly ) 51 Jrx+y=8,
2 4y —4aty—o=1,
a) (T Y —x+y=8, y=55;x=8-55=205
y=5 |\ly—-x+2=5; B
2y =11;

ITonyuennoe perenwue (2,5; 5,5) ynoBaeTBOpAET YCIOBUIO X =2, Y > 5.

x—-y=-2
x2>22, |[x-2-y+5=1, + .
0) —X + Yy =3, pellleHUl HeT.
y<5 |y—x+2=05; I —
0=1;
2 Sry-5o1, + L TYTH
<2, [~x+2+y-5=1,
B) ¥ x y x+y=17 y=55x=17-5,5=1,5.
y=>5 |(y+x-2=25; E—
2y =11;

ITonyuennoe pemenue (1,5; 5,5) ynoBiaeTBopaeT yCaoBUIO X < 2, y > 5.

x<2, |-x+2-y+5=1, |x+y=6,

r) {y<5; {y+x—2:5; {x+y:7;
Omeem: (2,5; 5,5); (1,5; 5,5).

cucremMa HeCOBMeECTHA.

WccnepoBaHme cuctembl ypaBHEHUI ¢ ABYMA NepeMeHHbIMM
(cucTema nuHeliHbIX ypaBHEHNIA C NapameTpamu)
. . Jax by =c,
Cucrema nByX NMHEWHBIX ypaBHEHHUM
a,x +by =c,
al bl
* HUMeeT pellleHHe, eCliu — # —;-
a’2 b2

al bl 1
* He UMeeT PellleHUud, eCIu — = — # —;
aZ b2 c2
. a, b ¢
* uMeeT OecurCIeHHOe MHOKECTBO pellleHMii, ecaiu — = — = —.,
a’2 b2 c2
Wcnonb3yeM 3T COOTHOUIEHUA IJIf PEUIeHUA CUCTeM JUHEeNHBbIX ypaBHeHUI ¢ ma-

paMeTpoM.
(D Npumep 7. HaliTu Bce 3HAUeHUs IapaMeTpa @, IPU KOTOPBIX CHCTEMAa:
(a+Dx-y=a,
{(a—S)eray =9
a) UMeeT eIUHCTBEHHOE pellleHMne (TpedyeTcsA ero HaWTH);

0) umeeT OecUrCJIeHHOE MHOYKECTBO PEIIeHUH;
B) pellIeHU# He MMeeT.

10 3 eewaukepasenia



Pewenue:
Cucrema nMeeT eIMHCTBEHHOE peIlleHue, eCJu

a+1¢—_1; aa+1)#-a+3;a>+2a—-3#0;a=1;a=+-3.
a-3 a
Paccmorpum, CKOJIBKO perieHuit mMmeeTr cucrteMa npu a = 1 u a = —3.
2x -y =1,
Ecam a = 1, To cucrema npumeT BuUI
—2x+y=-9.
Ionyunm 3 = _—1 * i
-2 1 -9
CucreMa pelieHUil He MMeerT.
—-2x -y =-3, -2 -1 -3
Ecam a = -3, cucrema npumer BUL: T.€. —=—=—.
—6x —3x =-9; -6 -3 -9

WUrak, mpu a # 1, a # —3 cucremMa uMeeT eIUHCTBeHHOe pellieHre, HAlIeM ero.
W3 mepBoro ypaBHeHudA BeipasuM y: y = (a + 1)x —a; y =ax + x — a.
ITogcTaBuM 5TO 3HAUEHWE BO BTOPOE YpaBHEHUE:
(a — 3)x +alax + x —a) =-9;
ax — 3x + a’x + ax — a®> = —-9;
a’x +2ax —3=a%>-9;
(@a®>+2a — 3)x =a% - 9.
Paznoxum Ha MHOMKUTEIN MHOTOUYJIEHBI OTHOCUTEJNLHO a B JIE€BOI U IPABOil YaCTH:
(a — 1)(a + 3)x = (a — 3)(a + 3),
HO a # 1 u a = —3, Koa(h(PUITUEHT IIPU X He PaBeH HYJIIO,
v (a-3)a+3). A 3.

- b b
(a-1)(a+3) a-1
a(@-3) a-3 ,, _a’-3a+a-1-a’+a
y=ax+x—-a= + - "Va= =
a-1 a-1 a-1
_—a-1_ a+1
a-1 1-a’
Omeem: a) eciu a # 1; a # —3, cucreMa uMeeT eIWHCTBEHHOE peIlleHHe BUIA
a-3 a+1
1;1 ; 0) eciz a = —3, cucTemMa UMeeT OecUMCIeHHOEe MHOMKECTBO
a— —-a

pertieHuir; B) ecau a = 1, cucrema pelieHuil He MMeeT.

@D 3.1.9. YpaBHeHna n CUCTeMbl YPaBHEHNI C HECKONBKUMM NepeMEeHHbIMM
(ypaBHeHMA B LenbIx yucnax)

YpaBHeHUs ¢ AByMA U 00Jee IIepeMeHHBIMU BUOA
f(x; y) = o(x; y) (c IByMsaA mepeMeHHBIMHA),
f(x; y; 2) = o(x; y; 2) (c TpeMdA IIepeMeHHBIMU),
e f U (¢ — BBIPAYKEHUS C 9TUMU ITePEeMEeHHbIMHU,
YyacTo HeoOXOAMMO YMEeTh PelllaTh B 3aJadax C IeJJOUNCACHHBIMU 3HAUCHUSIMH.

 Npumep 1. Yuamwmecs 9 rnacca cobupanu rpubs, Beero cobpanu 217 rpubos, npuuem
KasKablll coOpaJ ofmHAKOBOEe KoauuecTBO. CKOJIBKO YUEHUKOB IpUexaJjo 3a rpubamu,
ecau ux 0bL10 Gosbire 10 uemoBex?
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Pewenue:

. 217
IIycTh X yueHMKOB cobpasu KasKAbIi mo y rpuboB, Torma xy = 217 wim x = ——.

Y
HOCKOJIBKY KOJINYEeCTBO yUallnuxcd — 9TO I1eJioe 4ucCJio, iy — AeJINTEeJIb YKcja 217.

Yucao 217 umeer genutenu: 1, 7 m 31. Tax xax umciao yueHuKoB 0ojsee 10, To ux
6bL10 31.
Omeem: 31.

Paccmorpum erre HECKOJIBKO METOIOB PEIeHUs YPAaBHEHUU C NByMA IIEPEMEHHBI-
MU B IIeJbIX UHCJAX.

(D Npumep 2. Halitu nenouncienHble pelienus ypasaenus 2x% — xy — y? = b.
Pewenue:
Pasnoxxum JjieByro uacTh Ha MHOYKUTEJIN:
2x —xy —y?* =2x*+ xy — 2xy —y* = x(2x + y) — yCx + y) = (x — y)(2x + y).
ITonyunm ypaBaenue (x — y)(2x + y) = 5.
Yucno 5 MOKHO IIPEJICTABUTEL B BUJe IPOU3BEAEHUS NBYX IEJBIX UKUCEJ, C YUIeTOM
MOPAIKA, YeTHIPbMA CIIOCO0aAMMU:
5=1-5;56=5-1;56=(-1)-(-5) ubd=(-5)-(-1).
Ilonyuum deTbIpe CUCTEMBI:
x-y=1 |x-y=5 |x-y=-1, n x—-y=-5,
2x+y =5 2x+y=1 (2x+y=-5; 2x+y =-1.
Bce cucTemMbl UMEIOT II€JIOUMCIIEHHBIE PEIIeHUs, COOTBETCTBEHHO:
(25 1); (25 =3); (=25 —1); (=25 3).
» Npumep 3. Pemuts ypaBHeHUE B meabix uuciaax: 2x2 — 2xy + 9x + y = 2.
Pewenue:
Bripasum y uepes x:
2x2 - 2xy + 9x +y = 2;
y— 2xy =2 - 2x% — 9x;
y(1 — 2x) = —2x% — 9x + 2;
_2x" +9x -2
2x-1
ITonyuennasa npo0b — HeNpaBUJIbHASA, IMOCKOJBKY CTEIeHb UUCJIUTENA OOJIbIIIe

CTeIleHU 3HAMeHAaTessl. BbIeINM IeNyIo YacTh:
26 +9x -2 2x°-x+10x-5+3 2x°—x L 10x-5 3

2x -1 2x — 1 C2%x-1 2x-1 2x-1
_x@x-1) 5@x-1) 3 _ . 3 :
2x -1 2x -1 2x -1 2x -1

T.e. y=x+5+

2x -1
3
ITocKOMBKY X U Yy — IleJible YmcIa, 271 IOJIXKHO OBITH I€JIBIM UHCJIOM. ITO BO3-
x p—
MOYKHO, ecJu BeIpaskeHue 2x — 1 aABasercsa meauTeaeM uyucyaa 3, T. e. +1 u +3.

Honyunm:

2 -1=1;x=1; y=1+56+ 3 =9;
2:-1-1
3
2¢ —1=-1;x=0; y=0+5+ ;Y =2;
Yy 0_1 Yy




3
2¢-1=3;x=2; y=2+5+——; y=8;
Y 2217

3

2x-1=-8;x=-1 y=-1+5+———;
2-(-D-1

y=3
Omeem: (1; 9); (0; 2); (2; 8); (—1; 3).

(ucTembl ypaBHeHNUIA € TpeMA NepeMeHHbIMM

PaCCMOTpI/IM CIIOCOOBI peieHnd CUCTeMBI TPpexX ypaBHeHI/Iﬁ C TpeMA Hen3BEeCTHBbIMMU.

y+z=3,
) Npumep 4. PemuTs cucremy ypaBHEHWNA: {2 + X = —b,
x+y=4.
Pewenue:

Cucremy 5TuUX JUHEUHBIX YPABHEHUI MOMKHO PeIllaTh CIOCOOOM IIOACTAHOBKU HJIU
CII0COOOM CJIOKEHUS.

+{y+z=3,

z+x=-5H, HO X + Yy = 4 (TpeThe YypaBHEHUE CUCTEMBI),

2z+x+y=-2,
Torga 2z + 4 = -2; z = -3.
ITopcraBuM 5TO 3HAUEHME B IIEPBOE M BTOPOE YPABHEHUI:
y-3=38y=6;
-3+ x=-5; x=-2.
Omeem: (—2; 6; —3).

xy =27,
 nNpumep 5. Pemnts cucremy ypaBHeHHi: | xz = 3,
yz =4.
Pewenue:

IlepeMHOKUM COOTBETCTBYIOI[I€ YACTU BCEX TPEX YPABHEHWUIA:
xy - xz - yz =27 -3 - 4; x?y?z? = 324, rorpa (xyz)*> = 324; xyz = £18.
Pasgenum 91O ypaBHEHUe Ha II€PBOE, BTOPOE U TPEThe YPABHEHUS:
xyz 18 2 xyz 18,
xy 277 "3 xy 37
xyz 18
yz 47
3ameTnM, UTO KasKIas TPOMKA PeIeHuil JOJKHA COLEePIKATh UNCa OZHOTO 3HaKAa,
IIOCKOJIbKY ITOIIaPHBIE IPOU3BEEHUA 9TUX 3HAUEHUI IOJIOKUTEIbHEL.

Omeem: (4, 5; 6; gj u (—4, 5; — 6; — g)
3 3

y = 16; x =+4,5.

@D 3.1.10. Pewenne npocTeillunx HEANHENHBIX CUCTEM YPaBHEHMIl C ABYMA NepeMeHHbIMU

Henuneilinble cucTeMbl ypaBHEHUN Tak ke, KaK U JUHEHWHBIE, PEIIalTcsa cIocoboM
MMOJICTAHOBKM U aJITe0pPamuecKoro CJaoKeHuA. KpoMe 9TOro IpUMEHAIOTCA METOH 3a-
MeHbI IepeMeHHOM, MOUJIeHHOe YMHOKeHNe 1 JeJieHre YPaBHeHUH.

B



(noco6 noacTaHOBKM

x(y +1) =16,
. Mpumep 1. Pemuth cuctreMy ypaBHEHU: x 4
y+1
Pewenue:

3ameTrum, 4TO IpH y = —1 cucTeMa pelleHUil He MMeeT.
Bripasum x m3 BTOpOro ypaBHeHudA: x = 4(y + 1), momcTaBuUM 3TO BBIpaKeHUE

B IIEPBOE ypaBHEHUE:
4y + 1)y + 1) = 16; (y + 1)? = 4.
9To ypaBHEeHNE PABHOCUJIBLHO COBOKYITHOCTH YPABHEHMUI:
y+1=2y =L x =4y+1)=4-1+1)=38;
ny+l=-2y,=-3;x,=4y+1)=4-(-3+1)=-8.
Omeem: (8; 1) u (—8; —3).
x* -y’ =124,

. Mpumep 2. Pemuth cucTreMy ypaBHEHUI: { ) ,
x"+xy+y =31.
Pewenue:
IIpumenuM K mepBOMYy ypaBHEHUIO (hOPMYJIY PasHOCTU KyOOB:
(x — y)(x? + xy + y?) = 124, w0 us BrOpOro ypaBHeuus: x> + xy + y? = 31.
ITogcraBuM 5TO 3HAUEHNE B IIEPBOE YPaBHEHUE:
Y+4P+yly+4)+y* =31
y?+ 8y +16 + y> + 4y + y> — 31 = 0;
3y>+ 12y — 15 =0;
y:+ 4y — 5 =0;
y=Lx,=y+4=1+4=55y,=-5,x,=y+4=-5+4=-1.
Omeem: (5; 1) u (—1; —5).

Metopn anre6paut|ec|(oro CN0XeHua

. |T—-x+y—-xy=0,
. Mpumep 3. Pemuth cucTreMy ypaBHEHUM:
S5—-y+x—-xy=0.
Pewenue:
Cro:uUM U BBIUTEM MOUJEHHO YPABHEHUS:
+{7—x+y—xy:0, {7—x+y—xy:O,

S-—y+x-—xy=0; S5-y+x-—xy=0;

12 - 2xy = 0; 2-2x+2y =0
xy = 6; x—-y=1.
. {x -y=2,

ITonyunm paBHOCUJIBHYIO CUCTEMY YPaBHEHUI: 6

xy = 6.
Bripasum u3 nmepBoro ypaBHeHUd X = Yy + 1, moACTaBUM BO BTOPOe ypaBHeHUe:

yy+1)=6,y"+y-6=0;y,=-3,y,=2;
Omeem: (—2; —3); (3; 2).

. | +2y+1=0,
(D Npumep 4. Pemuts cucremy ypaBHEHUIA:

Y’ +2x+1=0.
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Pewenue:
CJI0/KUM TTOUWJIEeHHO YPaBHEHUS, MOJYyUNM:
X2+ 2y+1+y*+2x+1=0;
(x*+2x+1)+ @+ 2y+1)=0;
(x+1)2+@y+1)2=0.
CyMMa KBaapaTOB JBYX BBIPAKEHUIM paBHA HYJO TOTJAa ¥ TOJbKO TOra, KOraa
KaKkJ0e M3 HUX PAaBHO HYJIIO:
(x+1)2=0u(y+1)2=0.
3uaunt, x = -1 nmy=-1.
Omeem: (—1; —1).

METOA NOYWIEHHOIr0 YMHOMEHUA U AeneHna aucrem ypaBHeHMﬁ
x°y" =32,
x"'y® =128.

Pewenue:
ITounenso ymHOXKUM U paspenum ypaBHeHud (x = 0, y # 0):

x5y7 . x7y5 =32. 128, x12y12 — 25 X 27’ (xy)12 — 212’ xy = 12,
x5y7:£. y_1, 22_ 12. y_,1
x'y®  128° 2 4’ ) \2)7 lx 2

s I[aHHOﬁ CHUCTEMBEI ITOJIYUMM COBOKYIITHOCTB UEThIPEX CHUCTEM ypaBHeHI/Iﬁ. y‘ITeM,

D Npumep 5. Pemuts cucremy ypaBHEHUIA: {

:2’
W2 oy o 9; y=+1; x = +2.

4TO X U Yy ogHOro 3HakKa. Torga:
x = 2y;

Omeem: (2; 1) u (—2; —-1).

MeTop 3ameHbl nepeMeHHOi
MeToa 3aMeHBbI NepeMeHHOli — Hanubojee YHUBepCAIbHBIH MeTO[, KOTOPLIH Ipu-
MeHAeTCA IJIA PellleHUsA Pa3INdYHBIX CHCTeM ypPaBHEHWUH.
» Npumep 6. PemuTs cuctemy ypaBHEHWII METOJOM 3aMeHBI I€PEMEHHOM:
3 1 2
+ ==,
2x+y 2x-y b5
7 2
+
2x+y 2x-y

3
-

Pewenue:
1

2x+y:

t,
CrmenaeM 3aMeHy IIepeMeHHOI:

=2z.
2x -y

ITonyuum cucremy:
. -30t —-10z = 4,
(=2) 35t +10z =3,

2
dt+z=1, {15t+52:2,

7t+22=§;_5 35t +10z = 3; 5o tio L
5
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1 3 2
ITopcraBum t = 5 B IIepBOe ypaBHEHUE: —— + 2 = g; z=1.

1 _ 1

2x +y 5

BepHemca K HaUaIbHBIM IEePEMEHHBIM:
=1.
2x —y
N 2x+y =-5,
CloUM IIOYJEHHO: 2x -y =1, (IIpu ycnoBuu, uto 2x # *y.)
4x = —4; x = 1.

ITogcraBuM 3HAUeHUWE X B MEPBOE ypaBHeHUe: —2 + y = —5; y = —3.
Omeem: (—1; —3).

MeTomoM 3aMeHBI IIEPEMEHHOM MOXMKHO II0Jb30BATBLCSI U TOTAA, KOTLA 3aMeHy Ieje-
Cc000pasHo caeaTh CHAYAJIA TOJLKO B OJHOM K3 YPABHEHUI.
Wcnoonb3yeM 9TOT MeTO AJIS PeIleHus CUCTeM HPPAIlMOHAJIbHBIX YPABHEHUIM.

Xy |x+y _ 26
 nNpumep 7. Pemnrs cucremy ypaBHeHmiA: <\ x +y x-y 5

2

xy —6x -6y =6.

Pewenue:
Croenaem 3aMeHy IIepeMEHHOM TOJIBKO B IIEPBOM YPaBHEHUU U PEIIUM 5TO YpPaBHEHUE:
x —
y =t t>0, x#ty.
x+y
1 26 1

t+ A = ?; 5t — 26t +5=0;t =5, t, = = 00a KOPHS IOJOKUTEJIbLHEL.

Y7V _5 XTY 95, x — y = 25x + 25y.
x+y x+y

12x = -13y,
xy —6x —6y =6;|-12
ITomcraBum BmecTo 12x BbIpaskenme —13y.
18y -y —(-13y) - 6 — 72y = 72;

13y% — 6y + 72 = 0; KopHeit HeT.

o) =t (Fo¥ Ll o xoy 1o o5y x4y 124 = 13,
5 x+y o5 x+y 25

ITonyunm cucrtemMy ypaBHEHUII:

12x =13y,
{xy—ﬁx—ﬁyzﬁ; -12
13y -y — 13y - 6 — 72y — 72 =0; 13y? — 150y — 72 = 0;

a) t =5;

ITomyuum cucremy: { 12xy — 12 - 6x — 12 - 6y = 6.

12x -y —12x - 6 — T2y = 72;

13 6 13 1
% 1T 19Y V277187 T 1Y T
Omeem: (13; 12); (—1; —ij
2 13
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Ecin B cucreme ypaBHeHUH 3aMeHa X Ha Y ¥ Y Ha X IPUBOAUT K TOH JKe CHCTeMe,
TO TaKHe CHUCTEeMBLI HA3LIBAIOTCA CHMMeTpuUYecKuMHu. VX pelrnaroT MEeTOZOM 3aMeHBI
nepeMeHHON BUIA:

x+y-=t,
Xy = z.
 Npumep 8. Pemurh CUMMETPUYECKYIO CHCTEMY yDABHEHMUIA:
x+3xy+y=9,
Yyt +ay="T.
Pewenue:
IIpeobpasyem cucteMy CJIeAYIOITUM 00Pa3oM:
(x+y)+3xy =9, (x+y)+3xy =9,
X+ 2xy+y -2xy+xy="7 |((x+y)l-xy="1.
. {x +y=t,
Croenaem 3aMeHy IIepeMeHHOIA: MOJIYUYUM:
Xy =2
3 0 t+32=09,
t+8z=9,
, 3t* -3z = 21,
t°—2z="7;|-3
3t +t =30;
3t2+t— 30 =0;
tlz_ﬂ; 21:3_123_}_2:41; t2:3; z, = —izz.
3 3 9 9 3
ITonyumM COBOKYITHOCTH CUCTEM:
10
xX+y=—-——,
1 3 Cucrema pellleHHUH He MMeeT.
xy=4—.
=%
x+y=3,
9 Cucrema umeer pemterus (2; 1) u (1; 2).
xy = 2.

Omeem: (2; 1) u (1; 2).

YpaBHEHUE HA3LIBAETCS OJHOPOIHBIM, €CJU BCE UJ€HBl YPABHEHUS — OJHOUJIEHBI
OIHOI M TOM ’Ke CTelleHM, a IpaBas YacTh YPAaBHEHUS PaBHA HYJIIO.

Hampuwmep, 2x — y = 0 — ogHOpPOMHOE YpaBHEHUE MEPBOI CTEIEeHU;

3x? + 2xy — y?> = 0 — ogHOPOAHOE ypaBHEHUE BTOPOI CTEIEHM.

CucremMbl OJHOPOAHBIX YPABHEHHUH U CBOASIIMECST K HUM PeIalTCsd MEeTOIOM II0-
YJIEHHOTO JIeJIeHUA U 3aMeHbl ITIepeMeHHOI.

. |x*=38xy+2y® =0,
. Mpumep 9. Pemmuts cucteMy ypaBHeHUI:
2 2 _
x“+y° =20.
Peuienue:

OueBHUAHO, UTO IEePBOE YPaBHEHIE CUCTEMBI — OJHOPOIHOE YpaBHEHMe BTOPOIi cTe-
nenu. Pasgmesum ero mouwieHHo Ha y? (9TO BOBMOYKHO, MOCKOMBKY mapa x = 0, y = 0 He

SABJISIETCS PEIlleHreM CHCTEMBI).
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2 2 2

2 2 2
ER A — [fj —3(fj+2=0.

Yy Yy Yy Yy Yy
3ameHa: fzt, Torga t* — 3t +2=0;t, =2;t,=1, 1. e. 222 UIn le.
Yy Yy
ITonyuyuM COBOKYIHOCTEL CHCTEM:
Zo2
iy x = 2y; 2y)* + y* = 20; 5y = 20; y = £2, x = +4; (4; 2) u (—4; —2);
x4+ y2 = 20;
-1
2) 1y ’ x =y; x2 + x2 = 20; 2x% = 20; x? = 10; x =410, y=+10;
x*+y° = 20;

(V105 V10) u (—V10; -+10).
Omeem: (4; 2); (—4; —2); (\/E, \/ﬁ), (—\/ﬁ; —\/E)

L[ —2lxy+y® =4,
. Mpumep 10. Pemuth cucteMy ypaBHEHUI:
x? —3lxly -y = 3.

Pewenue:

x, x>0,
ITo onpeneseHuio Mogyas: |x| =
-x, x <0.

Paccmorpum gBa cayuas:

2 2 2
x*-2xy+y =4, |[(x- =4,
a) x > 0. ITonyuum cucremy: yry {( 2

x*-8xy-y®=38; |x*-3xy-y®=3.
ITo/Iy4uM COBOKYIIHOCTB ABYX CHCTEM:
x-—y=2 x—-y=-2,
%)
x*-3xy -y’ =38; x* -8xy-y® =3.
Pemum ux cnoco6oM TOCTAHOBKH:

x=y+2
1){ yi+4y+4-3y?—-6y—-y*—-3=0;3y2+2y—-1=0;
W+2)-3y(y+2) -y’ =3;

y =L x, =y+2=3; y2=—%; x2=y+2=2—%=1§; X, ¥ X, YOOBJIETBOPAIOT

ycjaoBuio x > 0;

x=y-2,
2){ Yy —4y+4-3y*’+6y—-y>-3=0;3y2 -2y —1=0;
-2 -3yy-2)-y* =3;
1 1 2
y, =L x,=y - 2=-3; y4=§; x4=y—2=§—2=—1§; KODHU X, U X, HE

YIOBJIETBOPSAIOT yCJA0BHUIO X > 0;
x*+2xy +y° =4, {(ery)2 =4,

0) x < 0, Torma cucremMa IPUMET BUI: ) )
x“+3xy—y =3.

x*+38xy -y’ =38;
x+y=2 {x+y=—2,
u

Nmeem COBOKYIIHOCTBh OBYX CHCTEM: 9 9
x“+3xy—y° =3.

x*+38xy-y® =38
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Pemmum nx crmocoboM moLCTaHOBKIU:
Dx=2-y;2-yP+3y2-y) -y’ =3;3y* -2y~ 1=0;y,=-1;x,=2 —y =3;

1 1 2
Ys = g; Xg=2-y= 2—5 = 1§; KODHU X, U X, HE YJIOBJIETBOPAIOT yCcI0BuUIO X < 0.
2)x=-y -2y -2 +3y(y-2)-y-3=03+2y-1=0y,=1;
X,=—Yy—2=-3; y, = —%; Xg=-Yy—2 :é—Z = —1%; X, M X, HE YIOBJIETBODS-

foT ycaoBuioo x < 0.

Omeem: (3; 1); (12; —lj; (-3; -1 u (_1E; _lj
3 3 3 3

WccnepoBaHue HennHeilHbIX cUCTeM YpaBHEHHiA (CMCTeMbI ypaBHEHMUiA C NapameTpom)

x+y=2-a,

, » Tlle @ — mapamerp.

. Mpumep 11. Pemuts cucteMy ypaBHEHUI: {
2xy=4+a
Pewenue:
Wckirounm mapaMeTrp @ U3 JAHHOU CHUCTEMBI.
3 mepBOTO ypaBHEHUA UMEEM: @ = 2 — X — U.
TlogcTaBuM 3HaueHMe @ BO BTOpoe ypaBHeHwme: 2xy = 4 + (2 — x — y)2.
Bocnoabsyemes gpopmymoii: (a + b + ¢)? = a® + b% + ¢® + 2ab + 2ac + 2bc.
2-x-y?=4+x2+y?—4x — 4y + 2xy.
Torma ypaBHeHUe IPUMET BUI:
2xy=4+4+x*+y*—4x —4y+2xynmm x> —4x+4 +y> -4y +4 =0,
T.e. (x —2)2+(y— 2)2=0.
CyMMa KBaJpaTOB BBIPAKEHUI paBHA HYJIIO, €CJIU Ka'KIOe M3 BHIPAKEHUII PaBHO
HYJIIO, T. €. X = 2, y = 2.
ITogcraBuM 5TV 3HAUEHUA B IePBOE ypaBHEHUE:
2+2=2—-a, T.e.a=-2.
Omeem: cucremMa UMeeT eIUHCTBEHHOE pellieHue Ipu a = 2, 3To perierue (2; 2).
. ax’ -2xy+a =0,
. Mpumep 12. Pemuth cucTeMy ypaBHEHUI: { y y rne a — mapamerp.
x”—2ax+y =0.
Pewenue:
O6a ypaBHEHUSI CHUCTEMbBI ABJAIOTCA KBaAPATHBIMH OTHOCUTEJbHO MEepeMeHHON X
npu ycjioBuu, uto a # 0.

2 2

JUCKPUMUHAHT IIEPBOTO YPaBHEHUS: =y —-a.

et
4
Dz 2 2

[IuCKPUMUHAHT BTOPOTO YPABHEHUS: i a” —y-.

Tak Kak cucTeMa WMeeT PeIleHNe NPU OJHOBPEMEHHOM BBINIOJHEHUU DABEHCTB
D, >0 u D, >0, To mpuxoguM K COOTHOImIeHM0 y* — a* = 0 mwm y* = a’.

Bropoe ypaBHeHue cucTeMbI IpHUOOpeTaeT BUL:

x2—2ax+a?=0wmm (x —a)>=0, x = a.
PaccmoTpum curyarum:

a) y =a.
IlepBoe ypaBHeHue cucteMsbl ax? — 2ax + a =0
a(x — 1) =0;

a#0, rorgax=1,orcrofaa=1uy=1;
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0) y=-—a.
ax’*+2ax+a=0wuwmm a(x +1)>=0,a#0, rormax=-1,a=-1,y=1.
Pacemorpum ormenbHo cayuait a = 0.
xy =0,
Cucrema mpuMeT BULI: ) y T.e. x=0,y=0.
x*+y° =0;
Omeem: a)ecima=0,Tox=0,y=0;06)ectua=1,Tox=1,y=1; B) ectu a =
=-1, tox=1,y=-1;r)ecima # 0, a # 1, a # —1, perieHuiit Her.

@0 3.2. HepaBencrBa

@0 3.2.1. YnucnoBble HepaBeHCTBa M MX CBOIICTBA

Onpenenenue IIpumepst
Ecau a 6oasie b, To 3anucwiBaoT: a > b. 10 > 2; -5 < 0;
Ecau a mensbIie b, To 3anuceIBaoT: a < b. -7 < —b; -100 < 0,001
Bripaxkenusa a > b u a < b HaspIBaOTCA Hepa- | 3 > 0;
BEHCTBAMHU
Yucio a 6ospiile uyuciaa b, ecaz a — b > 0: «<>» — 3HAK PaBHOCHUJIBHOCTH.
a>bsa—-b>0 Ecaun a — b =3, To a > b;
Yucao a meusbIne yucaa b, ecaiu a — b < 0: Ecimia - b=-0,1, To a < b;
a<bosa-b<0 Ecima-b=0,T0a=">

YHucio a paBHo uucay b, eciu a — b = 0:
a=bsa—-b=0

Ha wkoopamuaTHOW HIpAMOIi 0OJIBIIEEe UKCJIO b a<b
n3obpasKkaeTcsa TOUKOII, KOTOpas PaCIIOJIOKe- a
Ha cmpaBa OT MEHBIIIETr0 YKCJia, a MeHbIIee m<n<=Ek

qucjao — TO‘IKOfI, KOTOpad pacCIIoJIOKEeHa
cjieBa OT OOJIBIITET0 YMca

3HaKu > U < — 3HAKU CTPOTUX HEPaBEHCTB a<b,m>k
(a menbitie b; m GoJbile k)

3HaK! > U < — 3HAKU HECTPOTUX HEPABEHCTB ps<n
(p MeHbIIIe UJIN PABHO N WU P —
He 0OoJIbIIIe N);

azm
(a Oosbllle MaM paBHO M, a4 He
MeHbIIIe 1)

a>b, m > n — HepaBeHCTBaA OJHOTO 3HAKA 3>2u-7>-10;

(unu a < b, m < n) 2<7wu-3 <1 — HepaBeHCTBa
OIHOTO 3HaKa

a>b,m<kuma<b, m>k— 2,3<bmu-1>-10;

HepaBeHCTBA IIPOTUBOIIOJOKHBIX 3HAKOB 5>-3 u—-2<0 — mepaBeHCTBa

IIPDOTHUBOIIOJIOKHBIX 3HAKOB

C IIOMOIIBIO OIIPpEeeJIEHUA HEPAaBEHCTBA MO HO JOKAa3bIBATh HEPABEHCTBA.
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. Mpumep 1. JoxazaTh, UTO IIPU JIIOOBIX 3HAUEHUAX 4 HEPABEHCTBO BEPHO:
(a + N(a+1)<(a+ 2)a+ 6).
Ioxaszamenvcmeo:
Haiinem pasHOCTh ITpaBoO¥i U JIEBOU YacTell HEPaBEHCTBA:
(@+2)a+6)—(a+T)Na+1)=a’+6a+2a+12-a>—-a—-Ta-T7=5>0.
9TO 3HAUUT, UTO HpaBas UYacTh HepaBEHCTBA IIPHU JIOOBIX a OOJIbIlIe JIeBOII UacCTH,
uyTO U TPebOoBAJIOCh JOKA3aTh.

ITumM MEeTOJOM AOKAa3bIBAIOTCA TAK Ha3bIBaeMbI€ OIIOPHBbIC HEPpaBE€HCTBA.

(D Npumep 2. [Joxasarp, UTO CyMMa JBYX IOJOKUTEIbHBIX B3AMMHO OOPATHBIX YUCE] HE
a b
MEeHbIIIe ABYX: Z +—2>2, rnea>0,b>0.
a
oxasamenvcmeo:
Haiinem pasHocTh ITpaBoii 1 JIeBOU yacTell HepaBeHCTBA:
“a . b wig _ a®>+b*-2ab (a-b)’
b a ab ab
mockoJbKy (a — b)2 >0, a > 0, b > 0. PaBeHcTBo gocruraercs, ecau a = b.

>0,

a+b
AHaJIOrMYHO NOKAa3bIBAETCS, UTO CpelHee apu()METHUECKOe ABYX UMCeJI ( 5 ),

cpeqHee reoMeTpmuiyeckKoe (vab) 1 cpegHee rapMOHHMYECKO€E IIOJIOMKHNTEJIBHBIX YHMCeJI

T 1 CBA3aHbI COOTHOIIIEHUEM: T 2 T <A+ab < a+b ,a>0,b>0.
a b a b
C moMOIIbI0 OIIOPHBIX HEPABEHCTB, B CBOIO Ouepenb, MOYKHO HOKAa3LIBAThH PAML He-
paBeHCTB.
» Npumep 3. Moxasars HepaBeHCTBO: (@ + b)(ab + 1) > 4ab, ecim a > 0, b > 0.
Iloxaszamenvcmao:

b
Hcnonbayem omopHble HEpaBEHCTBA: >+ab, a>0,b2>0.

1
3anuiiieM BepHbIe HepaBeHCTBA: a ; b >+ab u abT+ > +ab.

ITounenuo IIEPEMHOKHM 9T HEePaBE€HCTBAa, IIOJYyUYMNM:

@+ON@b+1) 5 b wam (a + b)ab + 1) > 4ab,

yTo n TpeGOBaJIOCb AOKa3aThb.
OcHOBHBIE CBOWICTBA YHCJIOBBIX HepaBeHCTB

CsoiicTBa IIpumepst
Ecau a > b, To b < a; Ecau 10 > 2, To 2 < 10;
eciu a <b, Tob>a ecau -7 < -1, 0 -1 > -7
CBOMCTBO TPAH3UTUBHOCTMH: Ecam 10 >1 u 1 > —4, T0
ecima>bub>c,T0a>C 10 >4

Ecau K oberM uacTsiM BepHOTO HepaBeHCTBa mpubaBuTh | Ecam 20 >3, 1020+1 >3+
OIHO 1 TO K€ UMCJIO, TO IOJyYUM BEpPHOE HEePABEHCTBO: +1,7.e.21>4u120—-4>
ecitma >b, Toa+c>b+c >3-4, T.e.16 > -1
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OxoHyaHue mabauybl

CsoiicTBa IIpumepst

Ecau o0e wacTu BepHOTO HepaBeHCTBAa YMHOKUTh Ha | Eeaum 7 > —-3,1 u 5 > O,
OHO W TO K€ IIOJIOMKUTEJbHOEe YMCJI0, TO moayuum | To 7 - 5 > —3,1 - 5, T. e.
BepHOe HEPaBeHCTBO: 35> -15,5

ecau a >buc >0, T0 ac > be

Ecsiu 06e uacTu BepHOTO HEpaBeHCTBa YMHOKUTh HA | Ecam 10 > 2 mw -2 < 0, TO
OJHO W TO Ke OTpuIlaTeJbHOEe YWCJIO M 3HAK Hepa- -2-10<2-(-2), -20< 4
BEHCTBaA USMEHUTH HaA HpOTI/IBOHOJIODRHbeI, TO IIOJIY-
YMM BE€PHOE€ HEePaBEHCTBO:

ecau a > b; ¢ <0, To ac < be

uian a < b; ¢ <0, T0 ac > be

Eciin mou/JIeHHO CJI0KUTH ABA BEPHBIX HEPABEHCTBA 7<3
OHOTO 3HAKA, TO MOJYYMM BEPHOE HEPABEHCTBO: +
10<13
a>b V-
c>d 3 <26

a+c>b+d

Ecau a, b, ¢c u d — monoXuUTeAbHBIC UHCJIA, IIPU- 20 > 4
yem a > b uc >d, To ac > bd, T. e. ecai IOUJIEHHO x9 1
IIePeMHOKIUTh BepHBIE HepaBeHCTBA OMHOTO 3HAKA, >
BCe WIEHBLI KOTOPBIX — IIOJIOMKUTEJbHbBIE UICJA, TO 5 5
MIOJIYyYUM BepHOE HepaBeHCTBO 2 1
20-—>4-—
5 5
8>0,8
Ecmma>buc<d,troa—c>b—-d Ecau 20 > 3 u 4 < 10, ToO
20-4>3-10, 16 > -6
1 1 1 1
Ecima>b>0, 10 —<— Ecou 7> 3, To —<—
a b 7 3

Ecau a > b > 0, To gna go0oro HaTypaabHOTO unciaa | Eceam 5 > 2, n = 6, To
7 BepHO HEPaBEHCTBO a” > b" 56 > 26

» Npumep 4. UssecTHO, uT0 —3 < @ < 7. OLEHUTS:
2) 2a+ 7; 6) 8a — 1; 8) 4 — 2a; 1) L%

Peuwenue:
a) 3<a<T7,trorfa—-6<2a<14um-6+7<2a+7<14+7,1.e.1<2a+7<21;
0) 3<a<T, rorga -9 < 3a < 21, o -10 < 3a — 1 < 20;
B) —3 <a < 7. YMHOXUM IIOYJEHHO ABOMHOE UMCJIOBOE HePABEHCTBO Ha —2, MOJYUYNM:
-3-(-2)>-2a>7-(-2)umu —14 < —2a < 6.
Torma 4 —14 <4 —-2a<4+6,7.e. =10 <4 — 2a < 10;
r) 3<a<Tv7,torma-3 -7<-383a<-3-(-3);21<-38a<9;1-21<1-3a<1+09;
20 1—3a<10. 1-3a

—-20 <1 - 3a < 10. ITonyunum —— < -5 <
4 4 4 4
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. Mpumep 5. lokazaTs, YTO cCyMMa PaCCTOSHUI OT JIFOOOM TOUKM, JeKaIleil BHYTPHU Tpe-
YTOJILHUKA, OO €r0 BEPIINH 0O0JIbIIe IOJYIepUuMeTpa 9TOT0 TPEeyroJIbHUKA.
Pewenue:
Ilycts x, y 1 2 — paccToaHUA OT BHYTPEeHHEHN TOUKU
M 5o BepHinH TpeyrojbHUKa. M3 MOIYyUUBIIUXCA TPEX
TpeyroabuuKoB AMB, BMC u AMC 1o Teopeme O He-
PaBeHCTBE TPEYTrOJbHUKOB (CyMMa IBYX JIIOOBIX CTOPOH
TPeyroJbHuKa 00JIbIIIe TPEeThe CTOPOHBI) MMEeM:

xX+y>c
+x+2z2>0 a+b+c
T.e. X+y+z>——.

z+y>a 2

Puc. 34

2x+2y+2z>a+b+c;

@D 3.2.2. HepaBeHcTBO (MuHeiiHOe) ¢ ofiHON NepeMeHHoil. Pelenne HepaBeHcTBa

JIuHEeHBIM HEPaBEHCTBOM Ha3bIBaeTCS HepPaBeHCTBO Buaa ax + b > 0 (uau ax + b < 0),
roe a u b — HEeKOTOpbIe YMCJIa, X — IepeMeHHas. K JuHeHHLIM OTHOCATCA TaKiKe
HecTporue HepaBeHCTBa Buaa ax + b > 0 (wnu ax + b < 0).

Pemenuem JIMHEITHOTO HEePABEHCTBA C OJJHOW IMepeMeHHON Ha3bIBAETCA TaKOe YuC-
JIO, TIPU IIOJICTAHOBKE KOTOPOT'0 BMECTO IIepeMeHHOII HepaBeHCTBO oOpaliaeTcsa B Bep-
HOe UYICJIOBOE HepaBeHCTBO.

Hanpuwmep, sHauenme x = 1 aBiIsdeTcA pellleHHeM HepaBeHcTBa 5x — 4 > 0, mo-
cKOIbKY 5 -1 -4 >0, T. e. 1 >0 — BepHOe UHCJIOBOE HEPABEHCTBO.

Penruts HepaBEHCTBO — 3HAUUT HAWTH BCE €ro PeIeHus WX J0Ka3aTh, UTO UX
HeT.

PaBHOCHJIBHBIMM HA3LIBAIOT HEPABEHCTBA, MMEIOI[Ne OAUHAKOBLIe pelneHus. He-
PaBeHCTBA, He MMEIOIIe PEeIIeHNH, TaKKe HAa3bIBAIOTCA PABHOCUJIbHBIMU.

Hanpuwmep, mepaBenctBa 4x — 8 > 0 u 3x — 6 > 0 paBHOCUJIBHEI.

IIpu perieHny HePaBEHCTB HCIIOJL3YIOT CIAEAYIOIINe CBOWCTBA:

CroiicTBa IIpumepsl

Ecau us ogHOI yacTu HepaBeHCTBa IepeHe-
CTH B JIPYTyIO cJIaraeMoe C IPOTUBOIIOJIOMK-
HBIM 3HAKOM, TO IIOJIYUUTCS PABHOCUJILHOE

5x—-1)+3>1-3(x + 2)
50 —-5+3>21-3x—-6
S5x+3x>25-3+1-6

TeJbHOEe 4YlCJIO, M3MEHHNB IIPM 3TOM 3HaAK
HepaBeHCTBa Ha HpOTHBOHOJIO?KHI:IfI, TO IIO-
JIVIUTCA PaBHOCHUJIBHOE €My HEPpaBE€HCTBO

eMy HepaBeHCTBO 8x > -3
Eciu o0e uacTu HepaBeHCTBA YMHOMKHTHL | a) 3x > 12 |: 3; x > 4;
WV pas3gesiuTh Ha OJHO U TO Ke IOJIOKHU- 1

0) —x<4|-7; x <28
TeJIbHOE YNCJIO, TO TOJYYUTCA PaBHOCUJIb- 7
HOe eMy HepaBeHCTBO

3

Ecau o0e uacTtu HepaBeHCTBa YMHOMKHUTD a) —4x < 8 :(_4); x>—-=
UJU pas3fgeauTh Ha OAHO M TO Ke OTpUlia- 4

0) —§ > 9‘-(—§]; x < -15
5 3

Paccmorpum nmpuMepsl pellieHuil JUHENHBIX HEPAaBEHCTB M CIIOCOOBI M300paKeHMUa

MHOKeCTBa pe]lIeHI/Iﬁ 9THUX HEPaBEHCTB.
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» Npumep 1. Pemurs HepaBerncTBo: —x + 3(=7 + 5x) > Tx + 7.
Peutenue:

YipocTuM JeByI0 U IPaBYyI0 YACTH HEPaBEHCTBA: PacKpPoeM CKOOKM U IlepeHeceM
YJIeHbI, COAepsKalliiie Hen3BeCTHOe, B JIEBYIO UacCTh, a UJEHLI, He coAep:Kaliue Heus-
BeCTHOE, — B IPaBYIO:

—x—21 +15x > Tx + 7;
—x + 15x — Tx > 7 + 21;
Tx > 28.

ITocne mpuBegenHua MOMOOHBIX CIaraeMbIX pasmeuM o0e YacTu HepaBeHCTBa Ha 7.

ITonyuum x > 4.

MHOXeCTBO UHCeJ, YIOBJIETBOPSIOIIUX 3TOMY Hepa- Io? >
BEHCTBY, Ha YMCJIOBOM OCH M300paKaeTcsd OTKPHITHIM 4
ayuom (puc. 3.5). Puc. 3.5

Yucyio 4 He TPUHANJIEKUAT 9TOMY JIyUy, HA PUCYHKE
n3o0pakaeTcsa IIyCTOM TOUKOIL, JYy4Y OTMEUeH IIITPUXOBKOIM.

Kpome Toro, MHOKeCcTBO pellleHUI HepaBEHCTBA 3aNUCHLIBAIOT B Buae X € (4; +o).
YuramoT: «X OPUHAIIEKUT OTKPLITOMY YHCJIOBOMY JYy4Yy OT 4 0 OECKOHEUHOCTMU»
(+0 — 3HaAK, 0003HaUAIUIl 6ECKOHEUHO OOJIBININE IIOJIOKUTEeIbHBIE UKCJIA).

AHaJIOTUYHO MHOKECTBO YKCeJ, YIOBIETBOPSIIONINX > ‘
HEepaBeHCTBY X < —3, n300pakaeTcsa OTKPBITHIM JIy4OM, _u3 .
¥ MHOXKECTBO PEIeHUH 3alnCchbIBAIOT B Bume (—w; —3) Puc. 3.6
(puc. 3.6).

Yucsio —3 He TPUHALJIEIKUT dTOMY JIydy, IIO9TOMY OHO M300paskeHo MyCTO TOUKOU Ha
YHCJOBOM OCH M B 3alllICH BO3JIe HEr0 CTAaBUTCA KPyrJas CKOOKa (3HAK «—00» YHUTAETCSA
«MUHYC 6€CKOHEYHOCTh» W 03HAUAeT OECKOHEUHO 0OJIbINIIE OTPUIATEIbLHbBIE UMCIa).

B cBo10 ouepess MHOMKECTBO UMCEJI, YIOBJIETBOPAIO- & >
IUX, HAIpUMeEpP, HepPaBeHCTBY X > 5, u300paskaioT Ha 5
YKCJOBOM TIPAMOIl U HA3BLIBAIOT JY4OM, IIUIIIYT: Puc. 3.7

x € [5; +o0) (pue. 3.7).

YuramoT: «X OPUHALIECKHUT Jydy OT IATU OO IJIIC OeCKOHEUHOCTH». Humcio 5
OPUHAIIEKUT dTOMY JIYUy, IIO9TOMY HA UMCJIOBOM HMPSMOM OHO OTMEUEeHO 3aKpallleH-
HOUW ToukoOil. B 3amumcu Bo3jie HEro CTOMT KBaapaTHAas

CKOOKaA. f i
Anajsornuso nsobpaskaeTcs pellleHre HepaBeHCTBAa, Puc. 3.8
uc. o.

Hampumep x < 1 (puc. 3.8). x € (—; 1].

 Npumep 2. HaiiTy HauMeHbIIEE YHUCIIO, ABJIAIOIIEEC PEIICHIEM HEPABEHCTBA:
a)d(x—-1)<2+Tx;6)6y+12=>2@y —1) - 3y.
Pewenue: »
a)d(x — 1)< 2+ Tx;4x — 4 < 2 + Tx; _"2
4x — Tx <2+ 4; —3x < 6; x > —2 (puc. 3.9).
JIyu (—2; 490) — OTKPBITHIN, U YNCIO —2 HE BXO-
IUT B MHOKECTBO PEIIIeHUH 9TOro HepaBeHCTBA. [loaTOMYy HamMeHbIIIee I1eJI0e YuC-
JIo, SIBJIAIOIEeCs pellleHneM HepaBeHCTBa, — 9TO uucio —1.
0)6y+1>2(y—1)+3y; 6y +12=>2y — 2+ 3y;

Y

Puc. 3.9

6y — 2y — 3y > -2 — 1; y > —3 (puc. 3.10). _‘; >
JIyua [-3; +o0) cCOmeps:KUT YnCIo —3, IOITOMY HaHU- Puec. 3.10

MEHBIIIMM YMCJIOM, ABJIAOINMNMCA PEIIeHMreM I3TOI'O

HepaBeHCTBa, OyAeT 4ucao —3.
Omeem: a) —1; 6) —3.
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. Mpumep 3. HatiTu HanboJIbIIIee IEJIOE UKCJI0, SABJISIOINEeCsS pellleHrneM HepaBeHCTBA:
a)-83x—62>Tx+4;06)6x+1<0.

Peuienue:
a)-3x+6>Tx+4; 38x—Tx>6+4; c _
-10x > 10; x < -1 (puc. 3.11). 1 .
JIya (—owo; —1] comep:kur umcio —1, 1moaTomy Puc. 3.11

HanOOJIBIIIUM IeJBLIM UKCJIOM, SBJISIONIMIMCS pelle-
HUeM ITaHHOrO HepaBeHCTBa, OymeT umcio —1.

6) 6x+1<0;6x<-1; x< —% (puc. 3.12).

Y

=Nl ON

HauGonpmiuM IIeJbIM YHCJIOM, SABJIAIOIIUMCS
pelieHreM AaHHOTO HepaBeHCTBa, Oyaer umcio —1. Puc. 3.12
Omeem: a) —1; 0) —1.

@0 3.2.3. NuneitHble HepaBeHCTBA C OAHOM NepeMEHHON 1 CBOAALMEC K HUM

OcHOBHBIE CBOICTBA JUHEHHBIX HEPABEHCTB PACCMOTPEHBI B MPEILIAYIIIEM ITYHKTE.
PaccmoTpum 6osiee cioKHBIEe HEPABEHCTBA, 3a/laul Ha COCTABJIEHUE HEPABEHCTB U JIN-
HellHbIe HEepaBEHCTBA C ITapaMeTpaMMu.

JIluHeliHbIe HEPAaBEHCTBA MOTYT He UMETh PeIIeHnil NiIu UMeTh O0ecumrcaeHHOe MHO-
JKeCTBO peIIeHUH.

 nNpumep 1. Pemnrs HepaBeHCTBa:

a)

3x+6 x x+2 x—4 Tx -4
-=> ; 0) 2-— <26 -—-.
4 4 2 3 3
Pewenue:
a) JloMHOXMM BCce UJIeHbI HepaBeHCTBa Ha OOIWI 3HaAMeHATeJ b 3TUX Apodeir, T. e.

yucyo 4 > 0. 3HaK HepaBeHCTBA He U3MEHUTCH.

346 X Xt 36— x> 2+ 4:8x—x—20>4—6:0>-2.

4 4
ITonyunsim BepHOE UMCJIOBOE HEPABEHCTBO, 3HAUUT, MPU JIOOLIX 3HAUCHUAX X
HepaBeHCTBO BEPHO.
0) lomHOKXMM Bce UJeHBI HepaBeHCTBA Ha 3 > 0.
x—4 Tx—4

2-3- -3£2x-3—T-3;
6 —(x—4)<6x—(Tx—4);6 —x+4<6x— Tx + 4;
—x—06x+T7x<-6-4+4;0<-6.

ITonyunau HeBepHOE UMCJIOBOE HEPABEHCTBO, T. €. IIPHU JIOOLIX 3HAUCHUSX X

BEPHOI'0 UKMCJIOBOIO HEPABEHCTBA IIOJYUYUTL HE CMOYKEM.

Omeem: a) x — m000e umcyao; 0) perreHuii Her.
(D Npumep 2. Pemum 3amauy Ha COCTaBJIEHNE HEPABEHCTEA.

W3 gByxX IYHKTOB, HaXOAAMMXCs Ha paccroanum 30 KM, OTIPABIAITCA OIHO-
BPEMEHHO HaBCTpeuy Apyr' APyry BeJIOCHUIIEAVCT U IIeIIeXO0Md. CKOpOCTB ABUMEeHUA
Beaocunenucta 12 KM/4. C KaKO#i CKOPOCTBHIO MOJIYKEH MBUTATHCA MEIeXOHd, UTOOBI
ero BCTpeuYa C BEeJIOCHIEeAMCTOM IIPOM3OIIlIa He II03:Ke ueM uepes 2 U IIocJjie Havaja
IBUXKEeHUuA?
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Peutenue:
IIycTs CKOpPOCTH ABUIKEHUS IIeIIexoma X KM/Y, CKOPOCTb ABUKEHUSA BeJIOCHUIIeIU-
cra — 12 KM/4, TOorma CKOPOCTh UX conmkenusa oyaer (x + 12) km/4, 3HaUUT, BCTPeE-

TATCA OHU 4Uepes . Ilo YCJIOBUIO OHHM AOJIMKHBI BCTPETUTHCA HE IIO3OHEE UeM

x+12

yepes 2 u mocJje HauaJja ABUMKEHUA, T. €. BpeMdA OOJIXKHO ObBITH He OoJbIie 2 U,

<2
x+12

Bce umcia mo ycJIOBHIO HOJIOMKUTEJbHEI, IIO3TOMY YMHOMKeHHe 00erx dacTeii He-
paBeHcTBa Ha X + 12 mpuBemeT K paBHOCUJIbHOMY HepaBeHCTBY: 30 < 2(x + 12) miau
2(x+12)>30; x + 12 > 15; x > 3.
Omeem: CKOPOCTH HeIexoia AOJ:KHA OLITH He MeHbITe 3 KM/4.

ITonyunm HepaBeHCTBO:

3 —2x 3 —2x
6oJIbIIIe APOOU 5

(D Npumep 3. Ilpu KaKWX 3HAYEHUAX X 3HAUEHUE APOOU

Ha 1 — x?
Pewenue:
OueBUIHO, YTO OTBET HA BOIIPOC CBOAUTCHA K PEIIeHNI0 HEePAaBEHCTBA BHUIA:

3-2x 3-2x , . g 8-2r 3-2x o .
3 6 3 6

23 -2x) - (83—-2x)>6 —6x; 6 —4x — 3 + 2x > 6 — 6x;

6x—4x+2x>6—6+3;4x>3;x>%

3
Omeem: npu x > 1

 nNpumep 4. Hatitu o6nacTs onpenenenus GyHKIUANU:
2

\/(x—\/g)\/g—2x+1.

Pewenue:
a) dyHKIUA BUAa Y = +/f(x) ompemeneHa Ha MHOKecTBe, rae f(x) > 0, 9T0 MHOKECTBO
M Ha3bIBAIOT 00JIACTHIO OIpelesieHusa nJaHHOi (pyHKIuu. Takum obdpasom, Heo6XO-
IUMO PEIInuTh HEPAaBEHCTBO:

a) y=+/2Bx-1)-Tx+2; 6) y =

2Bx —1) - Tx+ 2> 0; e >
6x—2—-T7x+2>0; 0

-x > 0; Puc. 3.13

x <0.

0) ®yHKIIUA Y = ompeneaeHa Ha MHOKecTBe f(x) > 0. Pemnum HepaBeHCTBO:

1
V(%)
(x-+/3)V3-2x+1>0; xv3-3-2x+1>0; x(v/3-2)>2.

2 -2
= YHCJIIO \/§ -2<0).
J3-2 2-43 ( )
Omeem: a) pyHKIUA oIpeneseHa Iasd BcexX X € (—oo; 0]; 0) PYyHKIIUS oIpemeeHa
-2

2-43"
me 3 YpoHewwAuuepamewsa

X <

OJIdA BceX X <




-4
> 0; 0)
2x —1 3x—17
Pewenue:
a) JIpoOb mOJIOKUTENbHA, €CJIU €€ UNCIUTE b 1 3BHAMEHATeJ b OJHOTO 3HAKA, IIOCKOJIb-

 nNpumep 5. Pemurs HepaBeHCTBO: a) <0.

Icy3>0,'r02x—1>0;x>%.

6) IpoOb HEIOJIOXKUTeIbHA, €CJI ee UNCIUTe]Ih U 3HaMeHAaTe/lb UMeIOT pasHbIe 3Ha-
7 1
Ku, -4 <0, rorma 3x — 7> 0; 3x > 7; x>§; x>2§.
D Npumep 6. Haiitu Bce 3HAUeHUA a, IPU KOTOPBIX KBaZpaTHOe ypaBHeHme (2a — 1)x? +
+ 2x — 1 = 0 umeeT aBa AeHCTBUTEJbHBIX U PA3IMYHBIX KOPHSI.
Pewenue:
KBamparuoe ypaBHeHUe UMeeT OABa JeliCTBUTEIbHBIX PA3JIUYHBIX KOPHSA, €CJIU Iep-
BBIH KOA(hPUITHMEHT He PaBeH HYJIO U JUCKPUMUHAHT 3TOTO YPAaBHEHUS IIOJOMKUTEJICeH.

1)2a—1¢0;a¢%.

& >
2) CocTaBUM AUCKPUMUHAHT: 0
D=4-42a-1)-(-1)=4 + 4(2a — 1) =
=4+ 8a — 4 = 8a. Puc. 3.14
8a > 0 mpu a > 0 (puc. 3.14).

DO | = )\

. 1
Omeem: ypaBHeHHe HMeeT JBa Pa3JIWUYHBIX AeMCTBUTEJBHBIX KOpHA npu 0 <a < —
1
U a > —.
2

JInHeitHoe HepaBeHCTBO C NapamMeTpoMm
Paccmorpum cxemy pellieHus HepaBeHCTBa BUJa aX > b IpW pasjiMYHBIX 3HAUEHU-

ax a un b.
a>0 a<0 a=0,6>0 a=0,6<0
b .
x> — x < — pelieHuni HeT X — J1000€e Ymco
a a

» Npumep 7. Pemuts HepaBencTBo: a) (a — 3)x < 8; 6) 5x — a > ax — 3.

Peutenue:
a) PaccmoTpum ciyuamn:

1) a=3, torma 0 - x < 8, 0 < 8 — BepHOE ULCJIOBOE HEPABEHCTBO, X — JII000E UKCJIO.

2)a>3, x< 8 ;
a_

3)a<3, x>
a-3
0) bx —a>ax—-3;5x —ax>a - 3; x(b —a)>a — 3.
Paccmorpum cayuan:
1) a=5, rorqga x - 0> 5 — 3; 0 > 2, perieHuii Her;

2a>5,tormab—a<0u x<a_3;
-a
a-3
3)a<b,ror;tab—-—a>0wu x> .
-a
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Omeem: 1) a) x — n1060€e yucygo npu a = 3; 0) x < 83 mpu a > 3; B) x > aopu

. a-3 a-3
a<3;Z)a)pemeHI/mHe'ran/Ia:5;6)x<5 r1p1/1a>5;13)x>5

-a -a

mpu a < 5.
. Mpumep 8. B 3aBucumocTu OoT mapamerpa b pelInTh HEPABEHCTBO:
B2 +2b—-3)x<b%-1.
Pewenue:
Pasnoxxum Ha MHOMKUTEAN KO3(PPUIIMEHT MIPU X U MPaBYIO YacTh HEePABEHCTBA:
b-1)b+3)x<(b-1)b+1).
1)ecimb=1, 100 - x <0, x — a060€ UHUCJIIO;
2) eciu b = -3, T0 0 - x < 8, pelreHuii HeT;

3) ecom (b — 1)(b + 3) > 0, a 270 Gyzer mpu b & (=03 —3) U (1; 400, 1o x < L-DE+D.

b-1)b+3)°
b+1
x < 3 (cM. MeToO[ pellleHusA HepaBeHCTBA B 1. 3.2.5);
+
b+1
4)ecou (b—-1)b+3)<0,1.e.be (-3;1), T0o x> .

b+3

b+1

Omeem: a) x — mioboe umcio npu b = 1; 0) pemtenuii Het npu b = —3; B) x <

b+3

mpu b € (—oo; —3) U (1; 40); 1) x > Z+; mpu b € (—3; 1).
J’_

@D 3.2.4. (nctembl MuHeitHbIX HepaBeHCTB. (OBOKYMHOCTU HEPaBEHCTB

Ecau meobxomumo HaliTu o6Ilee pellleHHe ABYX UJIU 0oJiee JUHENHBIX Hepa-
BEHCTB C OJHOI ITepeMeHHOM, TOBOPSAT, UTO HYKHO PEeNIMTh CHCTEMY ABYX U 0oJee
HEPaBEHCTB.

Pemenuem cucteMbl HEPABEHCTB C OJHON IIePeMEHHOM HA3BIBAETCS UMCJIO, IIPU
MMOJICTAHOBKE KOTOPOTO BMECTO IEePEeMEHHOU B KasKIoe M3 HePaBEeHCTB CHUCTEMBI OHU
CTAHOBATCA BEPHBLIMU UHCJOBLIMU HepPaBEHCTBAMU.

Peumth cucreMy HepaBeHCTB — 3HAUUT HANUTU BCe ee PeIlleHusa WM JOKAas3aTb, UTO
uX HeT.

—2x < 4,
5x < 20.

Pewenue:
Pasgenum mepBoe HepaBeHCTBO Ha —2 (3HAK HepPaBEHCTBA M3MEHUTCS Ha IPOTUBO-

» Npumep 1. Pemurs cucreMy HepaBeHCTB: {

x> -2,
x <4,
Pemenuem 5TOI cucTeMbl SABJSIOTCS UYMCJIA, KOTO-
pble OmHOBPEMEeHHO 0oJibllle, ueM —2, W He IIPeBbIIIa-
ot 4 (puc. 3.15).
MuoKecTBO UMCes X, YIOBIETBOPAIOININX 9TOMY YCIOBUIO, MOXKHO 3alIlICATh B BUIE
IBOMHOrO HepaBeHCTBA —2 < x < 4, 1300pasUTh Ha YMCI0BOI mpamoii. Takoe MHOMKe-

ng 3 eewaukepasensa
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O~ «— >
-2 4
Puc. 3.15



CTBO HA3bIBAETCSA MOJYHMHTEPBAJ M 3amucbiBaercs (—2; 4], rae uucio —2 He IpUHAI-
JIEXKUT 5TOMY MHOXKECTBY, a YMUCJIO0 4 IPUHAIICKUT.

ABHaJIOTHYHO BBOJAUTCA IOHATHE HMHTEPBAaJ, T. e. 2/ 2/—>
MHOJKECTBO UYNCEeJ X, YDOBJIETBOPSAIONINX YCJIOBUIO Puc. 3.16
a < x < b, zanuceiBaerca (a; b), rae uucaa a u b He
ABJISIOTCS PEIIeHuSAMUN COOTBETCTBYIOIIEH CHCTEMBI &~ < >
HepaBeHCTB (puc. 3.16). a b

Eciu uncna a u b ABAAIOTCA PeIIeHUSIMU COOTBET- Puc. 8.17

CTBYIOIIEH CHCTEeMbl HEPABEHCTB, TO MHOMKECTBO TaKUX
YuyceJ X 3aIUCHIBAOT @ < x < b wu [a; b]. 9TO MHOKECTBO UMCeJl Ha3bIBAETCH YUCJIIO-
BBIM OoTpe3koM (puc. 3.17).

OTpeSKI/I, MHTEepPBaJIbI, IIOJIYMHTEPBAJIBI U JIYyUM Ha3bIBAIOTCA YHMCJOBBIMMUM IIPOME-
SKyTKaMu. YucI0BbIe TPOMEKYTKHU MOTYT O0OBEUHATHCA U IIEPEeCEeKaThC.

(D Npumep 2. Haiitn oGbesuHEHWE W IepeceYeHUE HPO- — g > s o>

Me:KYTKOB [a; b] u [c¢; d], eciu Ha YUMCIOBOM IPAMOIL a c b d
OHU M300pasKaioTcA cjaenyoinuM oopasom (puc. 3.18). Puc. 3.18
Pewenue:

OueBUIHO, UTO MEePECEUEHNEM UYKCJIOBLIX OTPE3KOB OyIeT oTpe3ok [c; b], T. e. aTO
MHOJKECTBO YMCeJI X, KOTOPbIe OJJHOBPEMEHHO BX0oAAT B [a; b] u [c; d].

3amnuceiBaioT: [c; b] = [a; b] N [c; d].

O0beguHEeHEM STHUX OTPE3KOB OyAeT MHOMKECTBO UMCeJI X, KOTOPbIe BXOIAT XOTs
OBl B OHO W3 MHOXKecCTB [a; b] unu [c¢; d]. OueBugHO, UTO 3TO OyAET OTPEBOK [a; d] =
=[a; b] v [c; d].

AHaJIOTUYHO MOJKHO IIepeceKaThb U 00beIUHATh APYrHUe YKCJIOBLIE IIPOMEKYTKU.

Eciu unciaoBble NPOMEKYTKH He HNMEIOT OOIuX . » P S
5JIEMEHTOB, UX IepecedyeHUueM SBJISIETCsS IIyCTOe MHO- a \l-)j ‘g d
skectBo I (puc. 3.19), Hampumep:

Puc. 3.19
[a; b) N (c; d) = Q.
Paccmorpum npuMephl pellleHus CHUCTeM JUHEeHHBbIX HepaBEeHCTB.
. Mpumep 3. PemuTh cucTeMy HepaBeHCTB:

x_T.8x 7
2) 3(x—-1)-2(2-3x) >5x -3, 5 2 4~ 2 8’
8x —3(2x +5) < 2(x - 3); 2x+1<5_1—2x.
4 3
Peuienue:

a) PaCRpOEM CKOOKHU B KaXJIOM HEepPpaBE€HCTBE, IIepeHeceM cJjiaraeMble C nepeMeHHoﬁ
B JIEBYIO YaCTh HEPABEHCTBa, YKCJjia — B IIPaBYyIO, IIPMBEAEM HO,I[O6HI:Ie cJJlaraeMble:

3x—-3-4+6x>5x-3, |[3x+6x—-Hx>3-3+4, |4x >4, |[x>1,
8x —-6x—-15 < 2x — 6; 8x —6x—2x <15 - 6; 0<9; 0<09.

BTopoe HepaBeHCTBO CHCTEMBbI BEPHO [OJId BCeX

3HAUEHUN X, II09TOMY OOIIUM pelreHueM OymeT 52 >
x > 1 (puc. 3.20). 1
x>1ux e (1; +x). Puc. 3.20

6) JloMHOXUM IIepBOe HEePABEHCTBO IIOUJIEHHO Ha 8, a Bropoe — Ha 12 (ob0iuii 3Ha-
MeHaTeJb Apobeit).
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7 5x 7

x
3 8-78>58-38 {4x—14>20x—7, {4x—14>20x—1
2x+1.12<5'12_1—2x_12; 3(2x+1)<60-4(1-2x); |6x+3 <60—-4+8x;

7
{%x—20x>14—7, {44x>7, x<_IZ’{x<—&5,

6x-8x<60-4-3; |-2x < 53; N >_§_ x > -26,5.
IMonyuum mepeceuenue ayuein (puc. 3.21): o feZeaL =
x<-0,5ux>-26,5, x € (—26,5; —0,5). -26,5 -0,5
 nNpumep 4. Haiitu Bce mesble uncia, ABIAONUECT Pe- Puc. 3.21
[IIEHUAMHU CUCTEMBI HEPABEHCTB:
1-< >0,
2
X+ < 1.
5
Pewenue:
1-%>0
9 = 2-x>0, [-x>-2, [x<2 3 4 S
x+5 x+5>5; |x>0; x> 0. 0 1 2
-———<-L Puc. 3.22

Ywuciyo HyJIb He ABJAETCA pelieHueM cucteMmbl. IlesbiMu umcaamMu, KOTOpPbIe Ha-
XOOATCA HA IepeceyeHun STUX Jyueii, 6yayT Toabko 1 u 2 (puc. 3.22).
Omeem: 1; 2.

. Mpumep 5. HaiiTu HamMeHbIIIee IeJIoe X, YIOBJIETBOPSIOIIee CUCTeMe HepaBeHCTB:
3-Tx x+17 7-8x"°
ety <1402

10 2 2

T%(3x - 5) + 4(17 - x)* > 18" _w_

13/ -

Pewenue:
{130—3+7x+5x+5<140—35+40x, {7x+5x—40x<140—35—130+3—5,

42x -T70+136 —8x > 36 —10x + 30; 42x —8x +10x > 36 + 30 + 70 — 136;

44x > 0; 0 27

—28x < 27, x>2—7, 4
28
x> 0. 28

27 Puc. 3.23

O6mM perreHueM OymeT Jyd (%, +oo), a mHau-

MEHBIIINM IIeJILIM UKCJIOM Ha 9TOM MHOKecTBe Oyaer umciyo 1 (puc. 3.23).
Omeem: 1.

(D Npumep 6. Halitu o6nacTs onpejenenus GyHKIUU: y = (\G/x +7 - 3)[ ! + 7).

V3 —x
Pewenue:

O0s1acThIO OmIpedesieHUus NAHHONU (ZPYHKIUK OyJeT MHOMKECTBO X, YIOBJIETBOPSIO-
IUX CHCTEME HePaBEHCTB:
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x+720, (x>-7, [x>-7, b (FLLL
3—x>0;

Ob11ee pertenne — Ha moayuHTepBaje [—7; 3) (puc. 3.24).
Omeem: [-7; 3).

-x>-3; |x<3.

3x + 2x2—1 > 2x—i,
(D Npumep 7. Pemuts cucreMy HEPaBEeHCTE:
3x—1 1
5x — <3x+—.
4 3
Pewenue:

HoMHOXKUM TepBoe ypaBHeHUe cucTeMbl Ha 4, a Bropoe — Ha 12. Ilomyunm:

{12x+4x—228x—1, {12x+4x—8x2—1+2,

60x —-9x+3<36x+4; |60x—-9x—-36x<4-3; & & >
1 1
le, 15 8
{Sx 21, 8 Puc. 3.25
15x <1; 1
T

MHuoKecTBO pellleHui MOJyYeHHON cucTeMbl mycTo (puc. 3.25).
Omeem: pelIeHU HET.

Paccmorpum mpocreiimnire cucTeMbl JUHEHHBIX HEPABEHCTB C ITapaMeTpPOM.

3-Tx<3x-1, .
(D Npumep 8. Ilpn KaKMX 3HAUEHUAX @ CUCTEMA He UMeeT pelleHui?
1+2x<a+x
Pewenue: ’
3-Tx<3x-7, [-10x<-10, [x>1, a-1 1
1+2x<a+x; x<a-1 x<a-1. Puc. 3.26

YrobbI cucTeMa He UMeJia pelleHunil, Heo0X0AuMO, YTOOBI Y1cio @ — 1 HaXoauiaoch
He mpaBee umcjia 1 Ha YMCJIOBOI mpamoit, T. e.a — 1 <1, a < 2 (puc. 3.26).
Omeem: nipu a < 2 cucTeMa He UMeeT PeIlleHn.

D Npumep 9. IIpu Karkwx 3HaAYEHUAX HapameTpa a ypaBHeHue x> — 6ax + 9a? — 16 = 0
UMeeT ABa OTPUIlaTeJIbHBIX KOPHA?
Pewenue:

Yrobbl KBagpaTHOe ypaBHEHNE MMEJIO ABa KOpHA, HEOOXOAWMMO, UTOOBI €ro IucC-

KPUMUHAHT OBLI IMOJOMKUTEJIEH, T. €.

D =b* — 4ac > 0; §=9a2—9a2+16=16; 16 > 0.

IManHoe ypaBHeHUe BCerga MMeeT ABa KOPHH.
YpaBHeHNe — KBaJpaTHoe mpusemeHHoe. I1o Teopeme Buera umeem:
ecain x> +px+q=0,T0 X, +x,=-p, x, - X,=¢, T. e. X, + x, = 6a, x, - x, = 9a* — 16;
ecmx, <0mx,<0,T0x, +x,<0mx, - > 0.
6a <0, a<0,
) UIn
92" -16 >0 (Ba—-4)3a+4)>0.

Cucrema pacrnamaeTrcda Ha OBeE:

S 2Memess

2
2

To ecThb {



a<0, a<0’
1) 8a—-4<0, 2) i3a—-4> 0,
3a+4 <0; 3a+4>0;
SEEEEESFFF5D 777 75— SR 777 755755
4 0 4 4 0 4
3 3 3 3
4
b<—— cucTeMa HecOBMECTHA

Omeem: nipu b < ~3 ypaBHEHUEe UMeeT ABa OTPUIATEJIbHBIX KOPHSI.

HepaBEH(TBa cmopaynem. Cucrembl u COBOKYMHOCTN CUCTEM HEPABEHCTB

Pemrenve mepaBeHCTB C MOIyJieM CBOAUTCA K PEIIEHUIO CHCTEMbl WJIN COBOKYII-
HOCTHM HEePABEHCTB.

Heckonbko HepaBeHCTB ¢ OAHOI IIepeMeHHOU 00pasyioT CHCTeMbI HEPABEHCTB, €C-
JIW CTaBUTCA 3agaua 00 OTBICKAHUY TAKUX 3HAUEHUI IIepeMeHHOIi, KOTOPEIe YAOBJe-
TBOPSAIOT OMHOBPEMEHHO KaKIOMY 13 dTUX HepaBeHCTB. PellleHueM cUCTEMBbI IBJISET-
cA mepeceuyeHne perieHnil HepaBeHCTB.

Hanpuwmep,
) x> -3, 5) x < -3,
a
x<b x > 5
- L§LLLLy o $LLLL g
-3 5 -3 5
x € [-3; H) crucTeMa PeIlleHuil He MMeeT

HeckosbKO HEpPaBEHCTB ¢ OLHOM ePeMEeHHOI 00pa3y0T COBOKYITHOCTh HEPABEHCTRB
B TOM cCJjiyduae, eCJHu CTaBHUTCA 3agavda 00 OTBICKAHUMN BCeX 3HAUEHU IIEpeMEeHHBbIX,
Ka'KJoe M3 KOTOPBHIX YAOBJIETBOPAET IO KpaliHeil Mepe OXHOMY M3 3TUX HEPaBEHCTB.
PenrenneM COBOKYIHOCTH HEDABEHCTB SBJIAETCA 00beJMHEHNE PEIIeHUI HepPaBEeHCTB.
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Hanpuwmep,
2) x >3, 5) x < -3,
x > 5; x > 5;
o4 e . §LLLLy
3 5 -3 5

x € (3; +)

x € (—oo; —3] U (5; +0)

Penrenue mpocreidiinx HePaBEHCTB C MOLYJIEM

F(0)| < a:
a) ecau a < 0, pelreHuii HeT;
6) ecau a = 0, f(x) = 0;
B) ecau a > 0, To HepaBeHCTBO PaBHO-
CUJIBHO cHMCTeMe HePABEHCTB:

f(x) < a,

() L
f(x) > —a; -a 0 a

nJIn ,Z[BOfIHOMy HEPaBEHCTBY BUIA

—-a<fx)<a

[f(x)| = a:
a) ecau a < 0, x — Jgr000€ YUCJIO;
6) ecau a = 0, f(x) = 0;
B) ecsiz a > 0, HepaBeHCTBO PABHOCUJIb-
HO COBOKYITHOCTH HEPaBEHCTB:

f(x) <a, ‘ o

f(x) > —a; —a a




[f(x)| < a: [f(x)| > a:
a) ecau a < 0, pelrenuii Her; a) ecau a > 0, x — Jr000€ UMCIIO;
6) ecniu a > 0, TO HepaBeHCTBO paBHO- | 0) ecau a > 0, TO HepaBEeHCTBO PaBHO-
CHUJIBHO CHCTeMe HepaBeHCTB: CHJIPHO COBOKYITHOCTH HEPAaBEHCTB:
f(x)<a f(x)>a
f(x) > —a; -a a f(x) < -a; -a a
WJIN JBOMHOMY HepaBeHCTBY —a < f(x) < a

(D Npumep 10. Pemurs HepaBeHCTBO:

a) |2 — 5| < 3; r) |12¢ - 1] - 2| > 3;

6)‘1 8% 1, mlx -1 < 2x — 4;

B) |2 — 4] > 6; e)lx — 4] > 2x — 1.
Pewenue:

a) JlaHHOe HepaBEeHCTBO PaBHOCUJIBLHO ABOMHOMY HEPABEHCTBY:
-3x<x-5<3[+5
2<3x<8 :2
l<x<4

0) HepaBeHCTBO pPaBHOCHJIBLHO ABOMHOMY HEPABEHCTRBY:
1-3x <1| -4

4

-4<1-3x<4| -1
-5<-3x <3 [:(-3)
i <x < —
-3 —3

-1<x< 5 .

3

B) HepaBeHCTBO paBHOCUJIBHO COBOKYIHOCTH HEPABEHCTB:

2x -4 >6, 2x > 10, > 5,
[ ¥ { ¥ {x = Ly x e (—oo; —1] U [5; +0).
5

-1<

OT

20 -4 <-6; |2x<-2; |x <1, -1
I‘) ,I[aHHoe HepaBeHCTBO PABHOCHUJIbPHO COBOKYIITHOCTH HEPaBEHCTB:
{|2x—1|—2 >3, {sz—ﬂ > 5,
20 —1-2<-3; |20 -1 < -1.
BTopoe HEPaBE€HCTBO COBOKYIIHOCTH H€ MMEET PEIIeHNrd, II0O3TOMY PacCCMOTPHUM
pelieHure IepBoro HepaBeHCTBa.

2x-1>5, 2x > 6, x >3,
2x -1 < -5; | 2x < —4;
) IlaHHOe HEepaBEeHCTBO PABHOCUJILHO CHCTeMe HEePaBEHCTB:

x-1<2x—-4, [-x<-3 |¥>3 3 $5555>
5 3 (3; +%0).
x—1>-2x+4; |3x>5; x>§.

S 2Memses 3

& §LLLLy (—o0y —2) U (35 +0).
x < —2. -2 3

| ot O



e) IlamHOe HEepaBEeHCTBO PABHOCUJIBHO COBOKYIITHOCTY HEPABEHCTB:
x < -3,

x-4>2x-1, [-x>3, 1! é—»( .5j
x-4<-2x+1; |8x<5; x<g. -3 5 ’

3

Omeem: a) (1; 4); 6) [—1; g}, B) X € (—o0; —1] U [5; +©); T) (—o0; —2) U (3; +0);

5
1) (35 +) e) (—00, gj-

. Mpumep 11. [J1a KaXIOTO 3HAUEHUA a4 PEIIUTh HEPABEHCTBO:
a)|lx — 3| <a; 06)3 - 2x| > a.
Pewenue:
a) Ecau a <0, pemtenuii Het; ecau a > 0, IoJyuYuM ABOMHOE HEPABEHCTBO —A <X — 3 < a
nwm3d—-—a<x<a-+3.
6) IIpu a < 0 x — xr060€ umcIIo.
Ecau a > 0, moryunM COBOKYIHOCTH HEPABEHCTB:

3-a
x < ,
3-2x>a, |-2x>a-3, 2 “
3-2x<-a; |-2x<-a-38; x>a+3 3-a a+3
-2 2 2

Omeem: a) pemteHuit Herpu a <0, 3 —a<x <a + 3 mipu a > 0;

0) [—oo; 3%; %; + oo) opu a > 0, x — m1060e uuciyo upu a < 0.

@D 3.2.5. KeappatHble HepaBeHcTBa. MeTos MHTepBanoB

Ecau sneBas yacTh HepaBeHCTBA — BRIpaXKeHUe Buza ax’ + bx + ¢, rme x — mepe-
MeHHasdA, a, b u ¢ — HeKoropsle unciaa (a # 0), a mpaBas 4acTb HepaBeHCTBA IIPe.-
CTaBJieHA HyJIeM, TO TaKOe HePaBEHCTBO HAa3bIBAETCS KBAAPATHBIM.

Hampumep, 5x2 < 0; 3x2+2x -1 >0; x2 — x > 0.

CyimecTByeT TpU MeTOda pellieHusI KBaJApPaTHBIX HEPABEHCTB:

1) MmeTon cBeleHUSA K PEIIeHUI0 CUCTeM JIMHENHBIX HePaBEHCTB;
2) rpapuueckuit MmeTos (¢ IOMOIIbIO rpaduKa KBaAPATUUHON (PYHKIINN);
3) MeTOoI MHTepPBAaJOB.

Metop cBeaeHmna K peLleHunto caucrem NINHENHBIX HepPaBEH(TB

MeTox CBOAUTCA K PA3JIOKEHUIO KBAJPATHOIO TPeXUYJeHa Ha MHOMXKUTeIN ax? + bx +
+c¢=a(x — x)(x — x,), rie X, ¥ X, — KOPDHU KBaJApaTHOro TpexuyueHa. [lamee paccma-
TPUBAETCA COBOKYIHOCTH COOTBETCTBYIOIIUX CHUCTEM JIMHEHHBIX HePaBEeHCTB.

» Npumep 1. Pemnrs KBafpaTHOE HEPABEHCTBO:
a)x2—-3x+2<0;6) 4x*+3x+1<0O.
Pewenue:
a) Pasnoxum Ha MHOMKUTENM KBaApaTHbIA Tpexunen. Kopuu x, = 1, x, = 2. IlosTomy
(x —1)(x - 2)=0.
IIpousBenmeHme ABYX MHOYKUTEJIEH HENOJIOMKUTEIbHO, 3HAUUT, MHOYKUTEIN
UMEeIOT pasHble 3HAKU:
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x-1<0, |x<1, &L L2 o
‘ 9Ta CuCTeMa pelleHur He MMeeT
x—-22>20; |x=>2. 1 2

Bropaa cucrema:
x—-1>20, (x=>1,
x—-2<0;

0) YMHOKUM 00e yacTu HepaBeHcTBa Ha (—1), moayuum: 4x2 — 3x — 1 > 0.

. 3£4V9+4-4-1 3+£5 1
Haitnem KOpHU TpexuieHa: X, = 3 = 3 s x, =15 x, =—-—.

= §LLL Sy ] < x <2

x < 2. 1 92

HepaBencTBo mpumer Bum: 4(x —1) (x + ij > 0.

IIpousBenenrie MHOMKUTEIEH IOJOMKUATEILHO, 3HAUNT, MHOMUTEJIN OJHOI'O 3HAKA:

x-1>0, |x>1, 5 s

x>1

x+l>0; x>—l; 1 1

4 4 4

7 %) 041

x-1<0, |x<1, >

1 1 >J1 1 X <——
x+—<0; |x<—-=; = 4

4 4 4

1
Pemenuamn JAHHOI'O HEPaBEeHCTBA ABJAIOTCA YMCJIa X > 1, a TaKXe yucjga X < _Z .

Omeem: a)[1l; 2]; 6) (—oo; - ij U (1; + o).

Pewwenue KBagpaTHOro HepaBeHCTBa C NOMOLLbIO rpaduka
KBafpaTUyHoi GyHKuMM (rpaduueckuii metop)

AnroputM pelieHHs KBaJIPaTHOTO HepaBeHCTBA rpadUYecCKUM METOIOM:

1. Haxogum Hyaum (YHKIIMU COOTBETCTBYIOINEH KBAaAPATHUYHON (PYHKIUU WUJIU JOKAa-
3bIBa€M, UTO UX HET.

2. OmpepnensieM HallpaBJieHUe BeTBell mapaboJb! (ecau a > 0, To BeTBU mapaboJibl Ha-
IpaBJIeHBI BBEPX, ecau a < 0, To BHU3).

3. Pucyem scKus rpauka KBagpaTUUYHOU (PYHKIUH.

4. ITo rpaduky onpenessieM pellieHre HePaBeHCTBA.

D Npumep 2. Pemnrs KBafpaTHOE HEPABEHCTBO:

a) x2—-3x —4>0; r) x>+ 5x +12 > 0;
0) 2x2+x+12=0; o) —x2—1<0.
B) x2 — 14x + 49 < 0;
PeweHue:
a) Kopau KBazpaTHoro tpexuiena x, = —1, x, = 4. A

BerBu mapa6osisl HampaBeHsl BBepx (a = 1 > 0).
Pucyem sckus rpadpuxa Gpyermuu y = x2 — 3x — 4
(puc. 3.27).

Omnpenensiem perieaus. Ilo rpapuKy BUIHO, UTO
HeoTpuIlaTeJbHbIE 3HAUEHUS (DYHKIIUSA IIPUHUMAET
npu x <-1umwx >4, 1.e. x € (—o; —1] U [4; +0).

ITo aTOMY 3Ke 9CKUBY TaKKe MOKHO DPEeIUTh Hepa-
BEHCTBA, OTJIMYAIOIINECS OT UCXOTHOTO TOJIbKO 3HAKOM: Puc. 3.27
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x2—-83x—4>0, x € (—oo; —1) U (4; +o0);
x2-3x—-4<0,x €[-1; 4];
x2-38x—-4<0, x € (-1; 4).
0) BerBu mapabosbl HalTpaBJIeHbI BHU3, MMOCKOJIBKY —2 < 0.

ITapa6osa mepecexkaer och Ox B TOUKaX:
1 _
x, =1, x,= ~5 (puc. 3.28). 1
Onpenenanm, rae PYHKIUA OIPUHUMAET HEOTPHU-
marteabHble 3HaueHus. OueBUIHO, 9TO OyIeT IIpu
1 1

—-—<x<1, T.e. {——;1]
2 2

-
>

N | =

Puc. 3.28
ITo sToMy Ke 9CKM3Yy MOKHO PEIUTh HepPaBEeHCTBA:
1
-2x2+x+1>0, xe(—g;lj;
) 1
2x2+x+1<0, xe _OO;_E U [1; + ©);
, 1
2x*+x+1<0, xe —oo;—§ U (1; + ).
B) BerBu mapa6osibl HanmpaBJieHbI BBepX. COOTBETCTBY- A
IO KBaApPaTHBIA TpPeXdJeH MMeeT OAUH KOpeHb
x="1.
ITo sckusy (puc. 3.29) BugHo, uTO JaHHOE HEepPaBeH-
CTBO MMEEeT pellleHre TOJbKO B TOUKe X = 7.
OmpenenuM II0 3TOMY 39CKU3Y pelleHusA AJA Hepa- ‘
BEHCTB: 7
x2 — 14x + 49 < 0, pemieuunii Her; Puc. 3.29

x2 — 14x + 49 > 0, pelreHusaAMu ABJIAIOTCA BCE Ieli-

CTBUTEJIbHBIE UNCJIA; 0
x%2—14x + 49 > 0, x — mr000€ UMCI0, KpoMe 7, T. €.
x € (—oo; T) U (7; +0).
r) IToctpoum asckus rpadura (puc. 3.30), BeTBU mmapa-
0oJIbl HamIpaBJeHbl BBEPX, B ypaBHeHuUu x2 + Bx +

+ 12 = 0 geficTBUTEIbLHBIX KOPHEH HET, II09TOMY IIa-
paboia He mepecexaetr och Ox.

W3 pucyHKa BUAHO, UYTO PEIIEHUSIMU HepaBeH-
crBa x% + bx + 12 > 0 (a Tarkxe x% + bx + 12 > 0)
SABJIAIOTCS BCe MeHCTBUTEJIbHBIE UCJIIA. T
Iist mepaBereTB X2 + 5x + 12 < 0 (wmm x2 + 5x + 12 < 0)
pelleHui Her.

n) BerBu mapabosbl HampaBJeHbl BHu3 (puc. 3.31),
ypaBueune —(x? + 1) = 0 meliCTBUTENBHBIX KOD-
Heil He umeer. Torga maa mepasencTBa —x2 — 1 <0
(m —x? — 1 < 0) pemreHUAMYU ABIAIOTCA BCE NENCTBU-
TeabHBIe uneaa; —x2 —1 >0 (m —x?2 — 1 > 0) — pe-
IIeHU HeT.

(D Npumep 3. IIpu Kakux sHaueHWSX Hapamerpa a HepaBeHCTBO (a? — 1)x? + 2(a — 1)x +

+ 1 > 0 BeIOJIHAETCA LA JI000ro x?

Y

Puc. 3.30

Puc. 3.31
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Peuienue:

s Toro uTobbl KBaApaTHBIN TpexuieH y = ax? + bx + ¢ (a # 0) ObLI MOJOMKUTE-
JeH IIPU BCeX X, HEOOXOAMMO UM JOCTATOUHO, UTOOBI BBINOJHAINCEH ycaoBus: d > 0
u D <0, rme d — KosdpPpument mpu x2.

Nmeem: d = a? -1 > 0.

OuCcKpUMUHAHT %z (a@a-12-(@-1)=a>-2a+1-a%2+1=2 - 2a.
ITosiyuum cucTeMy HEPaBEHCTB: >
a>-1>0, [(@a-1)a+1) >0, e 1
{2(1—a)<0; {a—1>0; ?/ >

9TU HepaBeHCTBa OJHOBPEMEHHO BBLIIOJHAIOTCA Opu a > 1.
OrMmeTuM, uTO Ipu a = 1 3aJaHHBIN TPeXUJeH TOXKAeCTBeHHO paBex 1, 1 > 0.
Omeem: nas a > 1 HepaBeHCTBO BBLIMOJHAETCS AJIS BCEX X.
() Npumep 4. Pemuts cucTeMy HEPaBEHCTE:

2 2
x°-920, x"+4x-5>0,
a) 6) ¢
x-5<0; x*-2x-8<0. -3 3
Pewenue: Puc. 3.32
a) Permm mepBoe HePaBeHCTBO CUCTEMBI: IOCTPOUM MMa- . _
paboJyy ¢ BeTBAMU, HAIIPpaBJIeHHLIMU BBepx. Hafimem 5
KOPHM KBaJIpaTHOTo ypaBHeHusa x° — 9 =0, x, = -3 Puc. 3.33
u x, = 3. Pemenue mepsoro HepaBeHCTBa: X < —3
u x < 3 (puc. 3.32). g
Pemrenue BToporo HepaBeHCTBa: x < 5 (puc. 3.33). -3 35
HaneceM sTH pellleHUSA HA OGHY YHCJIOBYIO IPAMYIO Puc. 3.34
(puc. 3.34) u s3amuieM OO0IMe PEITeHUsd: s NIIIIN
0) PelteHuem 1mepBOro HepaBeHCTBA ABJIAETCA MHOMKE- Puc. .35
CTBO X:
x?+4x - 5=0; x, =1, x, = -5 (puc. 3.35). — >
151 BTOPOTO HEpaBEeHCTBA: -2 4
x*—2x —8=0; x, = -2, x, = 4 (puc. 3.36). Puc. 3.36
Hanecem Ha OQHY YMCJIOBYIO IIPSAMYIO OOIIlee pelleHe
(puc. 3.37): x € [-2; 1). 7 /_‘2/ 2 ‘4 >
(D Npumep 5. Haiitu o6Gnacts ompeneseHuss QyHKIWN: Puc. 8.37
N S
y= 1 PA & LLLL Ly
-1 1
Pewenue:
Puc. 3.38
OueBUAHO, UTO HAXOKAEHUE 00JaCTU OIpemeIeHUs
JaHHOI (PYHKIIMU CBOAUTCS K BBIIOJIHEHUIO YCJIOBUI & S—>
x2-1>0wu4— x2>0, T. e. peIIeHUIO CUCTEMBI: -2 2
x2 _ 1 > 0, Puc. 3.39
4-x">0; 2 lad y L e
-2 -1 1 2
x>-120;x, =1, x, =—-1 c. 3.38);
! 2 (pn ) Puc. 3.40

4-x*>0;x*-4<0; x, =2, x, =2 (puc. 3.39);
Ob1mee pemrenue: x € (—2; —1] U [1; 2) (puc. 3.40).
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Metop untepBanos
ITOT MEeTOJ IIPpMMEHAETCA OJId PelleHnsdaA KBaAPaTHBIX HEPaBE€HCTB, HEPaBEHCTB
BBICIIINX CTeHeHeﬁ, IL[p06HO-paI_II/IOHaJII)H]:IX HEepPpaBEeHCTB, ypaBHeHI/Iﬁ 1 HEePaBEHCTB
C MOAyJIeM U T. [I.

JeiicTBUSA COTIACHO

IIpumep
MeTOxy UHTepPBaJIOB
f(x)>0 x2+7x+10>0
1. Haiitu xopuu ypaBHenus f(x) = 0: Haiizem xopuHu ypaBHeHuUs x2 + Tx +

X5 Xyy ey X, +10 =0:
x, =-2,x,=-5

2. HamecTu sTM KOpPHM Ha YHCJOBYI0 | HaHocuM KOpPHM Ha UYHNCJIOBYIO IIPSA-

IpAMYI0, pa3buBas ee Ha MHTEPBAJIBI: MYIO, TIOJIYyYUM TPU WHTEPBAJA:
*—© ———> O
x, x, X -5 2
n
3. Eciu xoshduiimeHT mpu crapiiei + -+
creneHu f(x) TOJOMKUTENEH, TO Ha 5 9 g

KpaliHeM HpaBOoM HMHTepBajie QyHKIIUAA
COXpaHAEeT 3HAK «+»; OCTAJbHBIE 3BHAKU
paccraBieHbl B IOPAAKEe YepPeIOBaAHU A

Kosppumuent npu x? pasex 1 > 0, mo-
9TOMY HA HHTepBaJie X > 2 (QYHKIUA
coxXpaHsAeT 3HAK «+», OCTAaJbHBLIE 3HA-
KM CTaBUM B TMOPSAAKE YepenoBaHUS

4. B oTBer samucaTh MHTEPBAJILI, cooT- | x2 + Tx + 10 > 0, mosToMy B OTBET
BETCTBYIOIINE 3HAKY HEpaBeHCTBA MMUIIIEM WHTEePBaJbI, TJle COXPaHAETCH
3HAK «+».

Omeem: (—w; —5) U (2; +x0).

. Mpumep 6. PemmuTts HepaBeHCTBa MEeTOLOM MHTEDPBAJIOB:
(x—-2)(x—-1) 5 x® - 27
a) ————=2>0;06) (x* - 9)(x + 3)(x — 2)>0; B) —/——<0.
(x+4)(x+5) x°+8
Pewenue:
a) OTMeTHM Ha YWCJIOBOHW NMPAMOU TOYKHU, OOpAIllaiolue YNCIUTETb M 3HAMEeHAaTeNlb
B HyJau: —5, -4, 1, 2 (puc. 3.41).

Kpysxku B Toukax 1 u 2 sakpacum, a —b u —4 i a i
OCTaBUM IYyCTBHIMH, T. K. APOOb paBHA HYJIIO IIPU -5 4 12
YCJIOBUM, UTO YUCJUTEJb PaBeH HYJIIO, a 3HaMeHa- Puc. 341
TeJIb HyJIIO He paBeH. IlosTomy Toukm —5 m —4 mc- 5 " -
KJIIOUEHBI U3 PeIlleHnA HepPaBeHCTBA. 3 5 3
Ha uaTepBame x > 2 apo0b MOJIOMKUTEJbHA, aajee Puc. 3.42

3HAKU YePeNyIOTCH.

ITonyunm pertenue: + + T
x € (—oo; —=5) U (—4; 1] U [2; +x). -3 2 3
0) 3anumremM HepaBeHCTBO B Buze: (x + 3)*(x — 2)(x — Puc. 3.43

—3) > 0. Tax xax (x + 3)2 > 0 mpu Bcex x # —3, TO IIPU IepPeXoje Yepe3 TOUKY —3

3HaK (QYHKIIUU He maMeHuUTcA (puc. 3.42)

3ameTum, uTO AJsA HepaBeHcTBa Buaa (x — 9)%(x + 3)(x — 2) > 0 orBer OymeT BbI-
rasanetb Tak (puc. 3.43): x € (—oo; 2] U [3; +0), MOCKOJIBKY umcaa —3, 2 U 3 BXOIAT
B pellleHre HepaBeHCTBA.
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Ina umepasenctsa (x2 — 9)(x + 3)(x — 2) < 0 orser: (2; 3);
mia mepaBercta (x2 — 9)(x + 3)(x — 2) < 0 orser: {—3} U [2; 3], T. K. uncaa —3, 2
1 3 HeoOXOAMMO BKJIIOUUTEL B PellleHue.
B) Pasio:xuM Ha MHOMKNUTEJN UNCINUTENb U 3HAMEHATEJIb APOON:
(x —3)(x* +3x +9) <0
(x+2)(x® —2x +4)
MucKkpruMuHAHTEI ypaBHeHni x2 + 3x + 9 =0 u x%2 — 2x + 4 = 0 oTpUIIATEIbHBEI,
CJIeJOBATEJILHO, YPABHEHUS PEIIeHU He MMEIOT.
OTcyTcTBUE peIlleHuil 03HAYAeT, YTO KBAaAPATHBIE TPEXUJIEHBI HA MHOMKUTEIN
He PacKJaJbIBAIOTCS, M HA BCEeM IIPOMEKYTKE U3MEHEHUs X MMEIOT IIOCTOAHHBIN
3HAK, COBIIQJAIOIINI CO 3HAKOM CTAPIIEro ujieHa (B JAHHOM CIydae «+»).
VYMHOMUM U pasfejnM HCXOLHOE HEePABEHCTBO HA IIOJIOMKUTEJIbHBIE BLIpAiKe-
Husa (x%2 — 2x + 4) u (x® + 3x + 9) COOTBETCTBEHHO.
ITonyurm paBHOCHJIBHOE HEPABEHCTBO:

X3 o, S
x+2 -2 3
PasobbeM uMCJIOBYI0O IPAMYIO HA MPOMEMKYTKU, B KOTOPBIX UUCJIUTEJb U 3HA-
MeHaTeJ b 00paIamTcAd B HYJIb, YVUUTHIBAA, YTO X = —2 He ABJIAETCSA DEIIeHUEM
HepaBEeHCTBA.
Omeem: a) x € (—o; —5) U (—4; 1] U [2; +0); 6) (—o0; —3) U (=3; 2) U (3; +x);
B) x € (—2; 3].

MeTonoM MHTEPBAJIOB MOYKHO PeIllaTh YyPABHEHHUS M HEPABEHCTBA C MOIYJIEM.

i nNpumep 7. Pemnrs ypaBHenue ¢ Mmopymem: |x — 3| + 2|x + 1| = 4.
Pewenue:
1) Haxogum KpuTHUeCKUe TOYKY, T. €. SHAUEHUA X, IPU KOTOPBIX BBIPAKEHUA, CTOA-
1Ive moJ 3HAKOM MOJYJIA, 00paIaloTcsa B HYJIb:
x, =3;x,=-1.
2) KpuTuuyecKue TOYKU Pas3bMBAIOT UYMCJIOBYIO OCh Ha MHTEPBAJbI, HA KaXKIOM U3 KO-
TOPBIX BBIPAYKEHUE II0]] MOAYJIEM COXPaHAET 3HAK:

_|_
_|_

>

x—3<0 -1 x—3<0 8 x—-3>0
x+1<0 x+1>0 x+1>0

Puc. 3.44
3) PackpbeiBaeM Bce MOy HA KaKIOM MHTeEpBaJie, pelraeM IOJyUYeHHOe ypaBHEHUe,

IIpoBepsAeM, IPUHAIJIEKUAT JU MOJYYeHHBIH KOPEeHb pacCMaTpPUBaeMOMY MHTEPBAJIY:
a) x < —1. IToryuum ypaBHEHUE:
“(x—-3)—-2(x+1)=4; x+3-2x—-2=4; -3x=3; x=-1.

KopeHbs mpuHanaexuT paccMaTpuBaeMOMY WHTEDPBATY.
0) 1<x<3.

YpaBuenue —(x — 3)+ 2(x +1)=4; —x+ 3+ 2x + 2 =4; x = —1.

ITOT KOPeHb He MPUHAAJIEKUAT pacCMaTpUBaeMOMY UHTEPBaJY.

>
B) £ 2 3. (x—8)+2x+1)=4;x -3+ 2x +2=4;
b
3x=5; x= 3 STOT KOPEHb He IIPUHAMJIEKUT UHTEePBaIy X > 3.

Omeem: —1.
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AHaJIOTUYHO peIIalTcsa HePaBEHCTBA C MOAYJIEM.

 nNpumep 8. Pemnrs HepaBeHCTBO: |x — 1] + |x + 1] < 4.

Pewenue:
Kpurnueckue Touku x, = 1 u x, = —1 pasbuBaOT YMCIOBYIO OCh Ha TPU MHTepBaJa:
x—1<0 x—1<0 x—1>0
x+1<0 x+1>0 x+1>0
L @ >
-1 1
Puc. 3.45

PaCCMOTpI/IM PellIeHrne HepaBeHCTBa Ha KaKJ0M HMHTepBaJie.

-1, -1,
a){"< {“ G SLllle 9 < < 1
1

—x+1-x-1<4; |x>-2 29

5) -1<x<1, -1<x<1,
—-x+1+x+1<4; |(2<4.

YucmoBoe HEPABEHCTBO 2 < 4 BePHO AJIA BCEX X, PEIIeHUEM ABJIAETCA BECh IIPO-
MexKyTOK —1 < x < 1.

> 1, >1,
B) {x {x & $pLLI e | < x < 2
2

x—-1l+x+1<4; |x<2 1

O6benuHAEM MOJIyUeHHbIE MHOMKECTBA PellleHuil, moayuum —2 < x < 2.
Omeem: x € (—2; 2).
» Npumep 9. Pemnrs HepaBeHCTBO:

x —a| < 2x — 1, rme a — mapamerp.
Pewenue:
Kpuruueckasa Touka X = a. [laHHOe HEPaBEHCTBO PaBHOCUJIBHHO COBOKYIHOCTH CH-
cTeM HepaBeHCTB:

x2a,
x>a, x>1-a,
x—a<2x-1, x>1,
2¢-1>0,
wi [ x <a,
x<a,
a+1
—-x+a<2x-1, x> 3
2x -1> 0; 1
x> —.
2

Paccmorpum KasKayio cucTeMy B OTAEJbHOCTH:
X2 a,

a) j[x>1-a, a=1— a upu azé.
x> =.
2

1 1 .
Eciu a < 5 TO PACIIOJIOMKEHNEe TOUeK a; 1 —a u 5 Ha YMCJIOBOM OCH CJIemyIollee:

O O O—>
a 1 1-a
2
Puc. 3.46
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Torma pelienne cucTeMbl — MHOMKecTBO X > 1 — a.

1
Ecau a > 5, moJiyuyaeM:

O O O—>
1-a 1 a
2
Puc. 347
Torma perteHue CUCTEMBI — MHOMKECTBO X > @;
x<a,
a+1 a+1 1 1 . 1
0) |x> , a= opu a = —, ecjau a < —, pelleHu HeT; ecJu a > —, TO pac-
3 3 2 2 2
X > —.
2
IOJIOXKEeHIe TOUEeK CcJenylolnee:
O O O—>
1 a+1 a
2 3
Puc. 348

a+1
ITonyuaem <x<a.

O0beIUHUM pPeIIeHns IBYX CHUCTEM HePaBEHCTB.
a+1

3

Omeem: a) (1 — a; +x), ecau a S%; 0) ( ;+Ooj’ ecan a >%.

00 3.3. TekctoBble 3agaum

@0 3.3.1. PelueHune TeKcTOBbIX 3a4ay apudMeTUYECKUM COCO6OM

3ajaun Ha macluTab

OrHoIlIeHVe IJIMHBI OTPe3Ka Ha KapTe K JJINHEe COOTBETCTBYIOIIIETO OTPe3Ka Ha
MECTHOCTH HA3bIBAIOT MAacCHITa00M KapThI.

Hanpumep, macmirad xaptel 1 : 100 000 osumauaer, uro 100 000 cm HaA MecTHOCTH
coorBeTcTBYyeT 1 cM Ha Kapre. MaciiTab reorpaduuecKoil KapTbl — 3TO YacCTHOE,
MeHbIlee efuHUIBI. CyITecTBYIOT MAacIITabbl 60JIbINIEe eIUHUILI, HATIPUMED, TeXHUUe-
CKUe YepTe)Ku, n300pakeHns, MOJIydYeHHbBIe ¢ IIOMOIIIBLI0 MUKPOCKOIa, u T. 1. Hanpu-
mep, macmiTab 9:1 osHauaer, UTO pasMep HpeaMeTa Ha UepTe:ke yBeaumdeH B 9 pas.

. 3apauva 1. TpyoOompoBox aauuoii 50 KM m3o0paskeH Ha KapTe orpe3dkom 2,5 cm. Hatitu
MacmiTad KapThl.
Peuienue:

ITepesegem maumy Tpyoomposona B cantuMerpbl: 50 kM = 50 000 m = 5 000 000 cm.
Haiimem oTHoIlleHMe IJIWHBI OTpPe3Ka Ha KapTe W IJIUHBI OTPe3Ka Ha MECTHOCTH:
2,5 : 5000 000 =25 : 50 000 000 =1 : 2 000 000.

Omeem: 1 : 200 000.
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. 3apava 2. /[simHA KeJie3HOMOPOKHOM MarucTpaau u3 MockBbel 1o Kypcka mpubimnixeH-
HO paBHa 540 kM. Kakoil namubl OygeT JUHNS, 1300pakalionias sTy MarucTpaib, Ha
Kapre, caenanuoi B macmirade 1 : 10 000 0007?

PeweHue:
1) 540 kM = 540 000 m = 54 000 000 (cm);
2) 54 000 000 : 10 000 000 = 5,4 (cm).
Omeem: 5,4 cm.

() 3apava 3. Ha miane uso0pakeH y4acTOK 3eMJIU B BUZEe IPSIMOYTOJbHIKA CO CTOPOHA-

mu 2 u 8 cm. UemMy paBHA ILIOIIAAL 3TOTO yYacTKa, ecau maciinTad miaada 1 : 15007
Pewenue:
HaitigeM cTOPOHBI IPAMOYTOJLHOTO YUACTKA HA MECTHOCTIH:
2cm - 1500 =3 000 cm =30 m; 8 e - 1500 =12 000 cm = 120 (m).
Torga maomans yuactea: 30 - 1200 = 36 000 m2 = 3,6 (ra).
Omesem: 3,6 ra.
. 3apava 4. [leranb Ha UepTelke, BBIMIOJHEHHOM B MaciiTabde 5 : 1, umeer gaunay 2,7 cM.
Kaxyro mimuy OymeT mMeTh AeTajib Ha depTe)ke, BBHIIMOJHEHHOM B macirrabe 9 : 1?
Pewenue:
Macitrtab 5 : 1 o3HauaeT, 4YTO UCTUHHBIE Pa3Mephl AEeTAJIN B HATH pa3 00JbIlle, YeM
Ha uepTexe, T. e. 2,7 cMm - 5. Maciurad 9 : 1 o3HauaeTr, uTo M300pasKeHe JeTAId HA
yepreke yMeHbIAT B 9 pas, T. e. JJIMHA JeTajll Ha 9TOM UepTeske Oymer:

2,7-5:9:M:O,3-5:1,5.

Omesem: 1,5 cm.

3afaun Ha HaxoXpeHue (penHero apI/I(I)METI/I‘-IECKOFO HeCKOJIbKUX yucen

CpeanM apml)MeanecmnM HECKOJBbKHUX UYMCeJI HAa3bIBAIOT YaCTHOE OT OeJIEeHUud
CYMMBI 9THUX YMCEJI Ha YHCJIO cjaraeMbIX:

CyMMa 4HCeJ
cpenHee apu(pPMeTHUYECKOe =

KOJIMYEeCTBO CjiaraeMbIX

. 3apava 1. Bo BpeMaA cOpeBHOBAHUN IO (DUI'YPHOMY KaTaHHUIO 32 IPOU3BOJBHYIO IIPO-
rpaMMy CIIOPTCMEHKa IIOJydinja cjJaenyiolue oleHku: 5,9; 5,8; 5,9; 5,7 u 6,0. Kaxos
cpemHUM 6aJly, MOJNYyUYeHHBIN (PUTYPUCTKON B 3TOM BHUIAE KaTaHUA?

Peutenue:
Haiinem cpennee apudmeTnueckoe 9TUX MATH YKCET:
5,9 +5,8+5,9+5,7+6,0):5=5,86.
Omeem: 5,86.
 3apauva 2. Ioesx mexn 4 4 co CKOPOCTBIO 72 KM/4 1 2 U co cKopocThio 84 km/4. Haiitu
CPEeIHIOI CKOPOCTH IOe3[a Ha 9TOM YYACTKE IIYTH.
Peuienue:
Becws nyTh coctaBuT: 72 - 4 + 84 - 2 = 456 (kM), BpemdA aBuiKeHudA: 4 + 2 = 6 (u),
TOTZa CPEeIHAsS CKOPOCTh paBHA: 456 : 6 = 76 (xm/u).
Omeem: 76 xM/4.

CpenHio0 CKOPOCTh MOYKHO HAWTU TaK:
BeCh IIPOMIEHHBIN IIYTh

CPenHASA CKOPOCTD =
BCE BpeMs IBUKEHUA

AHAJOTUYHO MOKHO HAWTHU CPEAHIO YPOYKAWHOCTH, CPEIHIOI IIPOU3BOAUTENh-
HOCTBb ¥ T. 1.
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Ecau usBecTHO cpegHee apudMeTHUECKOe, TO CYMMY YHCeJ MOKHO HAUTH TaK:
Cymma umces = (cpenHee apudmerrnueckoe) - (KOJIMUYECTBO UKCEIT).

 3apava 3. Cpenmwmii Bospact 11 dyr6onmcToB — 23 roga. Bo BpemMsi UIPBI OZHOTO
¢dyrboamucTa ymamiuian, U cpegHuil BospacT ¢GyrboauctoB craa 22 roma. CKOJIbKO JeT

ynajeHHoMy QyTooaucTy?
Pewenue:

Cpenuauit Bos3pact 11 ¢yrboamcroB — 23 roma, sHAUUT O0ITad cyMMa MX Bo3pac-
ToB: 23 - 11 = 253 (rozma). Ilocae ymaneHus oguHoro urpoka ¢pyrooauctos ocratochk 10,
ux cpenHuii Bogpact: 22 - 10 = 220 (;er). 3HauuT, ypaauau GyrboaIncTa, KOTOPOMY:
253 — 220 = 33 (roma).

Omeem: 33 roza.

3aaun Ha iBIKEHNe

IIycTh Bo Bcex 3ajayax aBTOMOOUJIb ABUIKETCSA CO CKOPOCTHI0 80 KM/U, & MOTOIMK-
JIUCT — CO CKOPOCThI0 50 KM /4.

9 3apava 1. U3 gBYX rOpoOJOB OJHOBPEMEHHO HABCTPEUY APYT APYTY BHIEXAJIH ABTOMO-
oMb 1 MOTOIUKJINCT. Kaxoe paccrosume OyaeT Me:xAy HuMHU depesd 1 4, 2 u, uepes
KaKoe BpeMs oHU BcTperATcaA? PaccrosaHue Mexxay ropomzamMu 325 KM.

Pewenue:
KoanuecTBO KMioMeTpoB, Ha KOTOPOE 34 €IMHUILY BPeMEeHU COJMMMKAIOTCS aBTOMO-
OMJIb ¥ MOTOIMKJ, HA3bIBAIOT CKOPOCTHIO cOMuskeHuA. B mamuaom cayuae: 80 + 50 =

=130 (xm/u).
3a onuH yac oHHU cOuusarca Ha 130 xM. 50 xm/u 80 M/
3a ABa 4aca oHu coausarca Ha: 130 - 2 = 260 (xkm). °
Berperarca gepes: 325 : 130 = 2,5 (u). Puc. 3.49

Omeem: 130 kMm; 260 xm; 2,5 4.
. 3apgava 2. Ilocie BcTpeuu aBTOMOOMIb I MOTOIIMKJI OTIPABUJINCEH B IIPOTUBOIIOJIOMKHEIE
cropoubl. Ha KaKoe paccTosgHNe OHUM YAAJIATCS APYT OT aApyra 3a 1 u, 3a 2 u?
PeweHue:

KoanuecTBo KMioMeTpoB, HA KOTOPOE 3a €AWHMUIY BPEMEHU YAAJIAIOTCSI aBTOMO-
OMJIb ¥ MOTOIIUKJI, Ha3bIBAE€TCA CKOPOCTHIO yAaJeHUus apyr ot apyra. Jdro: 80 + 50 =
=130 (xm).

3a uac oM ygaasarcsa Ha 130 K.

3a gBa waca — Ha: 130 - 2 = 260 (xm).
Omeem: 130 kMm; 260 xm.

IIpu ABUKeHUU HABCTPEUY APYT APYTY (B CTOPOHBI APYT OT APYra) CKOPOCTH COJIM-
skeHUud (yoajieHMsI) paBHA CyMMe CKOPOCTeii.

. 3apaya 3. ABTOMOOMJIb U MOTOIIMKJI BbIeXaJii OJHOBPEMEHHO B OJHY CTOPOHY U3 ABYX
IYHKTOB, paccTosHue Mmexay KoropeiMu 390 kM. Ha KaKoe paccTosHue OHU COJIM3AT-
csa uepes 1 u, 2 u, Korga aBTOMOOUJIb JOTOHUT MOTOIMKJI?

Pewenue:
Paccrosume mesxay aBTOMOOUJIEM M MOTOIIHMKJIOM
GyZeT COKpAIaThes Kask bt uac Ha: 80 — 50 = 30 (km). S0 KM/ 50 Km/u
3a 1 u oHu coamsarca ma 30 KM, 3a 2 ¥ — Ha: ° °
30 - 2 = 60 (km). ABTOMOOUIb JOIOHUT MOTOIIMKJI de- Puc. 3.50

pes: 390 : 30 = 13 (u).
Omeem: 30 kMm; 60 Km; 13 u.
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 3apava 4. ABTOMOOWMIIb U MOTOIUKJI OJHOBPEMEHHO BBIEXAJU U3 OJHOTO IMYHKTA B OfI-
HOM HampaBJieHuu. IIpu sToM aBTOMOOUJIB yAaJIseTcsa OT MOoToIuKJa. Ha Kakoe pac-
CTOAHWE OHU yIaJIATCA APYyT oT apyra 3a 1 u, 2 u?

Pewenue:
PaccTosiHIe MesAy aBTOMOGIIEM M MOTONMEKjoM S0 KM/I
KaxAblil 4yac Oyner ysenuuuBarTbea Ha: 80 — 50 = o °
= 30 (xm).
3a 1 u oru ypanarcsa Ha 30 kM, 3a 29y — Ha: 0 - 2 = 50 rn/a
090 (m). Puc. 3.51

Omesem: 30 xm; 60 KM.

IIpu aBM:kKeHHMM B OMHOM HAINPABJEHHH CKOPOCTH cOJMM:KeHus (yaajgeHuUs) paBHA
PaA3HOCTH CKOPOCTEH.

. 3apauva 5. Paccroanme mexxay cemom u ropomom 280 km. W3 cesa B ropoj BbIeXall
JIeTKOBO# aBTOMOOUIL. OJHOBPEMEHHO ¢ HMM 13 TOPOJAa B CeJI0 BhiexaJa Ipys3oBas
mamrHa. CKOJIBKO KUJIOMETPOB IIpoexajia Ipy30Bas MAIIIMHA [0 BCTPEUHU C JETKOBBIM
aBTOMOOMJIEM, €CJIM T'Py30Basd MaIllMHA ABUTAJACh CO CKOPOCTHIO 48 KM/U, UTO CO-
CTaBJANO 3/4 OT CKOPOCTHU JIETKOBOT'O aBTOMOOMIA?

Peuienue:
1) 48:3 481 g4
) - (KM/4) — CKOPOCTBH JIETKOBOTO Topox ? Cero
/—/\%
aBTOMOOMJISA; ® ® O
2) 48 + 64 = 112 (kM/4) — CKOPOCTb COJIMIKEHI; 280 KM
3) 280 : 112 = 2,5 (4) — BCTPETATCS JIETKOBOW U TPY- ['pys. marml. Jlerk. aBr.
30BOIi aBTOMOOMJIN; 48—> 64m
4) 48 - 2,5 = 120 (kM) — mpoiizeT Irpy30BOii aBTOMO- A Puc. 352

OMJIb O BCTPEUMH.
Omeem: 120 KM.

JiBMKEeHUe No TeYEeHMIo n NpoTUB TeYeHUA

CKOpPOCTh IBUIKEHUSA MO0 TEUYEHUIO = CKOPOCTh COOCTBEHHAA + CKOPOCTh TE€UEeHMH.
CropocTh BUKEHUS MMPOTUB TEUEHUA = CKOPOCTh COOCTBEHHAS — CKOPOCTh T€UEHUS.

() 3apava 6. KaTtep ABUIKeTCS [0 TEUEHUIO PEKU CO CKOPOCTHIO 15,2 KM/4, a IPOTUB Te-
yeHusa — 8,2 km/4. KakoBa CKOPOCTH TeueHUI?
Pewenue:
CKOPOCTD IBUMKEHUS 10 TEUSHUIO OTJINYAETCS OT CKOPOCTH ABUKEHUA IIPOTUB TeUe-
HUS Ha JBe CKOPOCTU TeUeHUs, T. €. CKOPOCTh Teuenus: (15,2 — 8,2) : 2 = 3,5 (km/u).
Omeem: 3,5 KM/4.
. 3apaya 7. Moropuasa jonaka mpormnia 207 KM o TeueHHo pexu 3a 13,5 u, moTpaTus

1
9 YacThb BpeMeHU Ha ocTaHoBKU. CKopocTh TeueHus pexu 1,75 KM/4. CKOJIBKO KHU-

JIOMETPOB MOJKEeT IIPOMTHU 9Ta JIOAKA 3a 2 U IPOTUB TeUeHUI?
Pewenue:

-

1) 13,5-13,5- 5 =13,5-1,5=12 (uac) — BpeMsa ABUIKEHUS JOIKU II0 TeUeHUIO 0e3

OCTAHOBOK;
2) 207 :12=17,25 (KM/4) — CKOPOCTH IO TEUEHUIO;
3) 17,25 — 1,75 = 15,5 (kM/4) — coOCTBeHHasA CKOPOCTH JIOTKU;
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4) 15,5 - 1,75 = 13,75 (KM/4) — CKOPOCTH IPOTUB TEUEHUS;
5) 13,75 - 2 = 27,5 (kM) — mpoiiger JoaKa 3a 2 U IIPOTUB TeUEHU.
Omesem: 27,5 kM.

3afiauu Ha COBMECTHYlo paboty

Ecau B 3amauax Ha coBMecTHYIO paboTy He yKasaH 00beM paboT, TO BCIO paboTy
OPUHUMAIOT 3a equHHNITY. KpoMe TOro, B 9THX 3aJauax paccMaTpUBaeTCs BpeMs, B Te-
YyeHIe KOTOPOI'0 IPOM3BOLUTCA padoTa, M IMIPOM3BOAUTEJILHOCTD, T. €. paboTa, IIPOUs-
BeoJeHHadA B €JUMHUITY BPEMEHH.

() 3apava 8. [[Ba TpakTopucTa Bemaxanu mose 3a 12 u. OpuH TpakTOpHCT, paboTas ca-
MOCTOATEJIbHO, MOJKET BcmaxaTh moJie 3a 30 u. 3a CKOJIBKO BcriaxaJ ObI IT0Jie BTOPO
TPaKTOPUCT, paboTasa cam?

Pewenue:
Eciu gBa TpakTopucTa Bcmaxasau moJie 3a 12 u, 3HAUUT, 3a 1 U OHM BCIIAIITYT 1z
. 1
yacThb moJsa. IlepBhIii TpaKTOPUCT BemalmeT Bce moJie 3a 30 4, a3a 1 v — 30 oJis.

. 1 1 5-2 3 1
Torza BTOPOII TPAKTOPUCT BCHAIIET: — — — = ——— = — = — YaCThb N0JA. SHAYUT,
12 30 60 60 20

BTOPOH TPAKTOPHUCT, paboras cam, Bcmarer moJe 3a 20 q.
Omeem: 20 4.

() 3apava 9. B Gacceiin nposejeHo Tpu TPyObI: Yepes mepByIo TPyOy GacceiiH MOKeT Ha-
TMOJTHUTHCS 3a 6 u, uepes APyryoo — 3a 4 4, a yepea TpeThio TPyOy BCS BOJA M3 Ha-
TOJTHeHHOTO OacceiiHa MOJKeT BhITeUb 3a 12 u. 3a KaKoe BpeMs MOJKEeT HAIlOJHUTHCSA
IoJIOBMHA Oacceiina, ecain OTKPBITHL BCe TPU TPYObI?

Pewenue:
1 1
3a 1 u mepBag Tpyba HAIIOJIHSIET P YacThb, BTOpas — N YacThb, UepPe3 TPeThIO BHI-
1 1 1 1 2+3-1 4
TeKaeT — d4YacThb. To ecTh 3a 1 U HamoaHUTCA: —+ —— — = ———— = — = — YACTh
12 6 4 12 12 12 3
b6acceiitna. Torma Bech 0OacceilH HAOOJIHHUTCA 3a 3 U, a IIOJOBMHAa OacceiiHa — 3a

1,5 u.
Omeem: 1,5 u.

3afaun Ha Apo6YU 1 OTHOLLEHNA

. 1 .
(» 3apava 10. 3a nepsBIll AeHb TYPUCT IPOIIET 3 YyacThb IIyTHU, 34 BTOPOU — 3 ocTaB-

IIIero myTH, a 3a TpeTuii — ocranbHbie 30 KM. Kakoe paccTosHme mpoIrea TYPUCT 3a
TpU OHA?
Pewenue:

1) 1- — YacTh IIYTHU IPOIIEJ TYPUCT 34 BTOPOI M TPETUIl NeHb BMECTe;

— IIPOIIIeJ TYPUCT 3a BTOPOU NEHbD;

©|W |
A~ o

2
2) 2.
)3
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3) 2. 1.8-8_5 MIPOIIeJI TYPUCT 3a TPETUil AeHb, UTO cocTaBuiio 30 KMm;
3 4 12 12 v ’ ’
4) 30 : 5 30112 4 (kM) — Tporien 3a 3 LHA.

12 5
Omesem: 72 KM.

. . 1
. 3apgava 11. B mepBoii mkose 840 yueHMKOB, BO BTOPOM — Ha e ATOr0 umcja 6oJIbIle,

, 5 . .
B TpeTben — g YucJjia YYeHHNKOB BTOPOHM IIIKOJIBI, & B YETBEPTOU — E qucJa yue-

HHUKOB IIEPBLIX TpPeX MIKO0J BMecTe. CKOJIbKO YUEHNKOB B UeThIpeX IIIKOJIaX BMecTe?
Pewenue:

1) 840 + 840 % =840+120 = 960 (yueHUKOB) — BO BTOPOM IIIKOJIE;

5 9605

2) 960 - il =800 (YyueHUKOB) — B TpPeTheil IITKOJe;
3) (840 + 960 + 800) - % = % =780 (y4eHUKOB) — B UETBEPTOU IITKOJE;

4) 840 + 960 + 800 + 780 = 3 380 (yueHUKOB).
Omeem: 3 380 yueHUKOB.

. 3apaya 12. B aByx camTkax cepedopa maccoit 300 r u 400 r pasjauuyHOe HPOIEHTHOE
comep:kaHue cepedpa. Kaskanlii M3 CIMTKOB cjemyeT pas3fejuTh HA IBe YacTU TakK,
YTOOBI M3 IOJYUYUBIINXCS YeThIPEX KYCKOB MOXXHO OBLIO M3rOTOBUTH ABa CJIMUTKA Mac-
coit 200 r 1 500 r ¢ paBHLIM HIPOIEHTHBIM cofep:;KaHueM cepebpa. Ha kaxkue uactu
caenyeT pasmesUTh KasKIbIA CIUTOK?

Peuwenue:

OueBUAHO, UTO B HOBBIX CJMUTKAaX, T. €. cauTkax maccor 200 r u 500 r, mporeHT-
HOe cojfep:KkaHne cepedpa MOJIKHO OLITh TAKMM JKe, KaK M B cauTKe maccoir 700 r,
MOJIyYUBIIIEMCsI ObI P CILJIABJIEHUU BMECTe MCXOMHBLIX CJIUTKOB.

CiiegoBaTeIbHO, OTHOIIEHNE, B KOTOPOM B Ka’KABLIM HOBBII CIMTOK BXOIAT YACTH
MCXOAHBIX, TOJKHO ObITh: 300 : 400 = 3 : 4. ITonyunau 3agauy: pasmgeanuTh 3aJaHHYIO
BeJINUNHY Ha YacTHU, IPOIOPIIMOHAJIBHBIE UYHCIaM 3 : 4.

200-rpaMMOBBIN CIUTOK AOJIKEH COAeP:KaTh:

3. 200 = 672 (r) — MCXOAHOTO MEPBOTO CJIUTKA;

7
%-200 = @ (r) — MCXOMHOTO BTOPOTO.
Ananoruuno aas 400-rpaMMOBOTO CIAUTKA:
3 500 — 1500
7 7
é-500 = 2000 .
7 7

. 600 1500
Omeem: cautok maccoii 300 r cienyer pasgelnTh HA YACTU — ru

r, a CJIU-

800 2000
ru 7 r.

Be 3 esewaukepsenia
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@D 3.3.2. PeweHue TeKCToBbIX 3afay anrebpanyeckum cnocobom

3aflaun Ha ABUKEHNe
IIpu pemrenuu 3agay Ha OBUKEHNE HMCIIOJIb3yeTcsa (hopMmyJia:

s=v-1

rfge v — CKOPOCTHL OBUKeHUs, | — BpeMd, S — paccTodHue, HpOfI,Z[EHHOG 3a BpeMmd ¢

CO CKOPOCTBIO V.
S

S
Orcrooga moayuyuM GOopMyJabl: ¢t =— U U = .
v
 3apauva 1. [laccaskup, exaBmuii B moe3e CoO CKOPOCTHIO 60 KM/4, 3aMETUJI, YTO BCTPEU-
HBIN IT0e3] IIPOIes] MUMO Hero 3a 2,5 c. OmpeennTsh CKOPOCTHL BCTPEYHOTrO moesza,
ecau ero giauua 100 M.
Peuwienue:
IIycTs cKOpPOCTL BCTPEUHOTO Ioe3ga X KM/Y, TOTAa ero CKOPOCTH OTHOCUTEILHO
. s
naccaxkupa — (x + 60) xm/u. 100 m = 0,1 xm. Bocmmonb3yemesa gopmyiioi ¢ =—,
v
0,1 1

x+60 3600

HOJIYyUUM ypaBHEHUE ; x + 60 =144; x = 84.

Omeem: 84 xm/4.

. 3apava 2. [lopory ot A 10 B BeJoCHUIIEIUCT IIPOE3KAET CO CKOPOCTBIO U, KM/4, a 00-
paTHYIO I0poTry OoT B 0 A — €O CKOPOCTBIO U, KM/4. OIpesesuTh CPeIHIO CKOPOCTh
BeJIocuIiiegmcra.

Peutenue:
ITycts s — paccrosanue ot A no B, t, u t, — BpeMs, 3aTpayeHHOE BEJOCUTIECTUCTOM

o o S S

COOTBETCTBEHHO Ha MPAMOU M OOpaTHBIN IyTh, TOTAA ¢, = — U t, = —.
v v

1 2

O6miee Bpemsa myTu: t = t, + t,. 3a 9TO BpeMsA BeJOCUIIEUCT IIPE0/[0IeBaeT PacCTosA-

2s
Hue 2s. Torga cpemHss CKOPOCTb: U = T uim v -t = 2s.

s s v, +0V 2v, - v
Ilonyuum ypaBHeHHMe: V| —+— [=28; v-+—2=2; p=""1 "2,
v, U, v, -V, v, + 0,
2-20-30
Hanpuwmep, ecmu v, = 20 km/4u u v, = 30 KM/4, TO: V= ———— =24 KM/4.
20 +30
2v, - v
Omeem: v =—1-2,
v, + U,

. 3apava 3. [Topora ot A mo B mnaunoii 11,5 KM uaeT cHavaja BBEPX, IIOTOM II0 POBHO-
My VYacTKy u 3aTeM BHuU3. Ilemrexon, una us A B B, mpoiren gopory 3a 2 u 54 MuH,
a Ha obOpaTHyI0 mAopory saTpatui 3 ¥4 6 muua. CKOPOCTh
mmeIiexona: BBEpX — 3 KM/U, II0 POBHOMY YYacCTKy — y

>
4 xMm/4, BHU3 — 5 KM/4. HaliTu OIpOTSAKEHHOCTh POB- | ‘fo\
HOTO yYacTKa HyTH. x/ A \
Pewenue: // \\ .
IlycTes pu aBu:keHuu oT A 10 B X — mJjuHaA J0poru <
BBEpX, y — JAJIMHA POBHOTO y4yacTKa, torma (11,5 -x—- A3 5 35B
— Y) — IJIMHA AOPOTU BHUS. Puc. 3.53
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IIpu gBusxkeruu ot B 1o A umeem: (11,5 — x — y) — IPOTAKEHHOCTh ITyTH BBEPX,
X — IIPOTAKEHHOCTDL IIYTU BHUS.

X
HpI/I ABUMKEHUN OT A a0 B: g — BpeMA OABUIXKEHUA BBEPX,; 2 — BpeMdA OBUKEHUA

1,5-x-y
II0 POBHOMY YYacCTKY; — BpeMs ABUKEHUS BHUS.
1,5-x—-y
AmnajlornyHO Hpu ABUIKEHUU OT B 1o A: —————~> — BpeMsA IBUKEHUA BBEPX;

3

x
5 BpeMsA IBUKEHUA BHUS; % — BpeMdA ABUMKEHUS II0 POBHOMY YUYaCTKY.

I .. |3 4 5 60
OJIyYUM CUCTEMY yPABHEHUI:
1,5-x-y y x 6
+Z+=-=3—
3 4 3 60
CJ0KMM IIOUJIEHHO YPaBHEHU: £+M+2+2+11,5—x—y f—6;
3 3 4 4 5 5
15 vy vy 1LS ¥ ¢y
3 3 2 5 5

Omeem: 4 kM.

CoctaBneHune HepPaBeH(TB B 3a[la4aX Ha iBIKeHNne

. 3apayva 4. Besocunenuct Beiexas u3 A B B. Paccroanue ot A 10 B paBHO 60 KM, CKO-
poCTh BejocumenucTa mocrosuua. He 3amep:kuBasich B B, OH efleT 00paTHO C TOU ke
CKOPOCTBhIO, HO Uepes yac mocje Bbiesna u3 B memnaer ocraHoBky Ha 20 muH. Ilocie
STOT0 OH ITPOJOJI}KAeT IyTh, YBEJIUUNUB CKOPOCTh Ha 4 KM/4. B KaKoM MHTepBaJie 3a-
KJIIOUeHA CKOPOCTh U BEJOCHUIIEANCTA, €CJIM M3BECTHO, UTO HA OOpATHLINA IIyTh OT B 10
A oH ToTpaTUJI BpeMeHU He Oojee, ueM oT A g0 B?

Pewenue:
IlycTh mepBoHauasibHAs CKOPOCTH BeJjocuilenucra — X Km/4. Torma Bpems ero
- 1
nBUKeHNd u3 A u B paBHa t,, = 60 4, a 00paTHO — tp, = 60 - x +1=— 4.
x x+4
ITo ycnoBuio toa < t,p» TOTHA:
60 K™
60—-x 4 60 60-x 60 4
+—<—; - —+=<0;
x+4 3 x x+4 x 3 (60 — x) k™ X KM
2 [ L L
x +16x—720$0. A C 14 B
x(x +4) Puc. 3.54

Pemmum HEePpaBE€HCTBO METOOLOM HMHTEPBAJIOB:
(x —20)(x + 36) <0
x(x +4)
¥ = — N
-36 -4 0 20

ITocKOMBKY CKOPOCTH HE MOJYKET OBITh OTPUIIATEJIBHOM, TO HaM IMOAXOIUT TOJBKO
npome:xkyTok (0; 20].
Omeem: 0 < v < 20 KM/4.
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3apaun Ha ABMXKEHKeE TeN No OKPYHOCTU

. 3apgava 5. Ilo okpyskHocTu mAauHoir 60 M paBHOMEPHO M B OJHOM HAIIPABJIEHUU IBU-
JKyTcsa nBe Touku. OnHa M3 HUX JejlaeT MMOJHBIA 000poT Ha 5 ¢ ObicTpee apyroi. Ilpu
STOM TOUKHU BCTPEUAIOTCS KaKAbIid pas uepes 1 mumu. OnpemesuTb CKOPOCTU TOUKMU.

Pewenue:
IIycth X ¢ — BpemsA, 3a KOTOPOe IepBas TOUKAa JejlaeT IOJHBIM 000poT, BTOpasd
TOuKa — 3a Y ¢. Tormga CKOpOCTM TOUYEK COOTBETCTBEHHO:
60 3 600 60 3 600
v, = — M/C = M/MUH U UV, = — M/C = —— M/MHUH.

x
Ilycts x < y, TOTZAA IIO YCJIOBUIO Y — X = 5.
ITOoCKOJBKY TOYKH BCTPEUAIOTCA KAKIYI0 MUHYTY uepes 1 MuH

¥ IepBas IBUIKETCS ObICTpee, OHa MOJKHA 3a 1 MuH
MPOUTU MOJHBIA KPyr 60 M u elle CTOJIBKO, CKOJBKO

. 3 600 f
ycIieeT mpouTu 3a 1 MUH BTOpas TOYKAa, T. €. (m). a
ITonyuum BTOpOE ypaBHEHHE: 5 cex
3 600 = 3 600 + 60 wiu @:@+1;
x y x y
60y — 60x = xy. Puc. 3.55

y—x=5,
60y —60x = xy.

Pemnm cucremy croco6oM mOACTaHOBKU: Y = X + 5.

60(x + 5) — 60x = x(x + 5); x* — 5x — 800 = 0; x, = 15; x, = —20 — He yn0OBJIeTBO-
pdAeT ycaoBuio 3amauu. x = 15, y = 20.

Torga v, = % =4 (m/c); v, :% =3 (m/c).

CocTaBUM CHUCTEMY: {

Omeem: 4 m/c; 3 Mm/c.

() 3apava 6. ITacca)kupckuil u TOBapHBIA IOe3/ja BbIeXaJU OZHOBPEMEHHO HABCTPEUY
IPpYyr OIpPYyTry U3 OBYX TOPOAOB, paccrosuue mMexxkay KoropeiMu 1080 kM. ITaccaskup-
ckuii moes3n mpoxoama 3a 1 u ma 10 kM OoJibille, ueM TOBapHBIA. HaliTu cKopocThb
KasKJoTo Ioe3na, ecjii uepes3 5 U IIocJie BBIX0/la PACCTOAHME MEXKAy HUMU COCTABUJIIO
630 xkMm.

Pewenue:
IlyeTs x KM/4 — CKOPOCTH TOBAPHOTO TO€e3]4a.
ITomecTuM maHHBIE B TAOJIUITY.

5x KM 630 kM 5(x + 10) x™m

Bun Tpancmopra v, kM/9 | , u S, KM | Pe ® :

ToBapubIil O3] x 5 5x .

1080 kM B
ITaccaskupcKuil moess x + 10 5 5(x + 10) Puc. 3.56

OO61uii IyTh COCTABUT:
5x + 5(x + 10) + 630 = 1080;
5x + bx + 50 + 630 = 1080;
x =40; x + 10 = 50.
Omeem: 40 xm/4, 50 K™M/4.
. 3apauva 7. C aspoapoMa BBLIETAIOT OAHOBPEMEHHO B HMYHKT, KOTOPBIN ygaJieH OT HETro
Ha 2 400 KM, aBa camosiera. CkopocTh ogHOTO M3 HUX Ha 120 KM/4 60JbIIIe CKOPOCTH
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IPYyroro, I09TOMY OH IPUJIETUT B IYHKT Has3HAUEeHUA Ha yac paHblme. HaiiTum cko-

POCTH KasKJOr'0 caMoJieTa.
Pewenue:

IIycts ckopocTh omHOTO camojieTa — X KM/4, Torma BToporo — (x + 120) xm/4.
ITomecTuM maHHBIE B TAOJIUILY.

Camourer v, KM/4 t,u S, KM
2400
IlepBeIil (¢ MEHBIIIEI CKOPOCTHIO) x . 2 400
B it (¢ 6 % 120 2400 2 400
TOpOii (¢ 60abIIeli CKOPOCTHIO) x + 1120
2400
ITockoabky BesuumHa Ha 1 yac OoJbllle, yeM ———, IMOJYYUM ypaB-
x x+120
HeHUe:
2400 2400 _
x x+120

2 400(x + 120) — 2 400x = x(x + 120); x* + 120x — 288 000 = 0; x, = —600, x, = 480.
X, — He yIOBJETBOPsAET ycloBuio 3agaun, x = 480, x + 120 = 600.
Omeem: 480 km/4u u 600 KM /4.

3aiaun Ha ABMKeHMe No peKe (Mo TeYeHNIo U NPOTUB TeYeH!s)

Ecnmu v, — cobcTBeHHaA CKOPOCTDb JOAKHU (Karepa u T. A.), U, — CKOPOCTb Tede-
HUS PEKH, TO CKOPOCTh IO TE€YEHMIO: U = U, + U, , CKOPOCTb IIPOTUB TEYEHUH: U =
=0, ~ U, .

q

() 3apava 8. Karep npomibir 9 KM 110 Te4eHUIO peKu 1 14 KM IPOTUB TeYeHUsl, 3aTPATUB
Ha Bech IIyTh CTOJBKO BPpeMeHH’, CKOJbKO eMy MOTpebyeTcs, YTOObI MPOMILITE 24 KM
B cTosueil Bome. HaiiTi cOOCTBEHHYIO CKOPOCTh KaTepa, €CJIi CKOPOCTh TeUEeHUSI PEeKU

2 KM/4.
Peutenue:
IlycTh ckopocTh KaTepa B cToddell Boje (T. €. COOCTBEHHAS CKOPOCThH KaTepa) —
X KM/4.
ITomecTuM gaHHBIE B TAOJIUILY.
Hanpasienue aBUKeHUS v, KM/4 t,u S, KM
9
IIo Teuyenuro x+ 2 9
x+2
14
IIpoTus TeyeHns x— 2 14
x—2
24
B crosaueii Bozme x — 24
x

Bpems gBuikeHHUsA IO TEUEHHIO UM IIPOTHUB TEUEHUS PABHO BPEMEHM IBUIKEHUS

B croAueir Bozae. Ilosyuum ypaBHeHUE:
9 14 24
I _ A%,

b

x+2 x-2 «x
9x(x — 2) + 14x(x + 2) = 24(x — 2)(x + 2);

Moo 3 eewukepaenia



x2—10x + 96 = 0;
x, =—-6; x,=16.
Yucyo —6 He yIOBJIETBOpPAET YCIOBUIO 3amauun, X = 16.
Omeem: 16 x™m/4.
 3apaua 9. MoropHO#i JoAKe, YTOOEI IPOWTH 12 KM IO TEUEHWIO DEKW W BO3BDATUTH-
csa Haszam, Heobxomumo 2,5 u. 3a 1 u 20 MuH oHa MPOXOAUT 4 KM II0 TEUEHUIO PEeKU
u 8 KM mpoTuB TeueHuA. HaliTu CKOPOCTH JIOAKHU B cTOAYel Bojie (COOCTBEHHYIO CKO-

POCTB) ¥ CKOPOCTH TEUEHUS PEKMU.
Pewenue:

HYCTL X — cobOcTBeHHAA CKOPOCTb JIOOAKH, J — CKOPOCTb T€UEeHUA PEeKMU.
ITomecTum AJaHHBIE B TaﬁJII/II_H)I.

Hanpasiaenue nBuskeHus v, KM/4 t,u S, KM
12
ITo Teuenuro xX+y 12 O011iee BpeMs IBU-
Xty JKeHua — 2,5 u
12
IIporus Teuenus xX—y 12
xX—-y
HamnpaBienue nBUKEHUSA v, KM/4 t, u S, KM
4 OG1ree BpeMs
ITo TeueHuUIO x + 4 _
Yy Xty OBUKEHUA )
8 1u20 MuE =1—1u
IIporus Teuenus x—y x—y 8 3

ITonyunm cucremMy ypaBHEHUII:

12 12 24 24
+ =2,5, + =5,
x+y x-y x+y x-y
niu
4 8 4 12 24
+ =— + =4.
x+y x-y 3 X+y x-y
12 24
Cnenaem 3ameHy: t, = ; 1y, = , IIOJIYUUM CHUCTEMY:
x+y x—-y

2t +t, =5, [t =1,
t,+t,=4; |t,=3.
Bosspamaemca K mepeMeHHBIM X U Y:

12 24 {x+y=12,
=3 uiu

X+y X—-Yy

x =10,y = 2.
x—-y=_8; Y

Omeem: 10 xm/9u u 2 KM/4.

3apaun Ha coBMeCTHyto paboty

B 3agzauax Ha paboTy comepikaTca CIELYIOIe BeJINUNHbI:

t — BpeMsi, B TeUeHMNEe KOTOPOro IPOM3BOAUTCS padbora;

N — mIpouM3BOAUTEJBHOCTD, T. €. paboTa, IPOU3BEeJeHHAA B €IUHUIY BPEMEHI;
A — pabora, IpousBeIeHHAasI 3a BpeMd t.

9TU TPU BEJMUYMHBI CBA3BIBAET YPAaBHEHUE:

A =Nt

B O




Ecau B samaue He ykasaHO, KaKOli KOHKPETHO 00beM PaOOTHI BBIMOJHSETCS, TO
paboTy MPUHUMAIOT 34 eqUHUILY.

B sagauax Ha mepexaumBaHue KUIKOCTH HAcOCaMH 32 €IUHUIY IPUHUMAIOT 00h-
eM IepeKavyaHHOUN KUIKOCTH.

() 3apava 10. IlycTs GacceillH HATONHsETCA IEPBO TPYOOH 3a t, 4, a BTOpO# — 3a i, 4.
Haiitu Bpemsa HamosHenus Oacceiina { Ipu OJHOBPEMEHHOM OTKPBLITUU KPAHOB.

Pewenue:
ITomecTuM maHHBIE B TAOGJUILY.
IIpousBomUTEIH- O6Bem
t, a4 .
HOCTh, N OacceiiHa

1

IlepBas Tpyba T t, 1
1
1

Bropas Tpyb6a T t, 1
2

1,1 _4+8
0O6e TpyOBI BMecTe b1 tt, t 1

. t, +1 t -t
Bpemsa ¢t HanonHeHus OacceiiHa obeumu Tpybamu t=1:N=1:212—2 =1 2
t, - t, t, +1t,

20-30

Hanpuwmep, ecnu ¢, = 20 muH, a ¢, = 30 MmuH, TO t = ———
20 + 30

=12 (MmuH).

Omeem: i
t, +t,

. 3agaya 11. Ilpu mcoblTaHMM HA SKOHOMHUYHOCTH OBYX ABUTATEJEH BHYTPEHHErO CIO-
paHus ONMHAKOBOM MOIIHOCTU OBLIO YCTAHOBJIEHO, UTO OAUMH m3pacxomosaa 600 r
OeH3mHa, a BTOPOI, paboTaBIinii Ha 2 U MeHbIe, udpacxomoBay 384 r. Ecau 6bI mep-
BBIM JBUTATEJbh PACXOJOBAJI B UAC CTOJIBKO Ke OeH3MHa, CKOJBKO BTOPOii, a BTOPOI
CTOJILKO, CKOJIBKO TIE€PBEIi, TO 3a TO Ke BpeMsa padoThl pacxol OeH3nuHA B 000X JBU-
rateasax ObLT Obl oguHAKOB. CKOJIBKO OEH3WHA B YaC PACXOAyeT KaKILIH ABUTATENb?

Pewenue:

IIycts x m x — 2 — Bpema paboThHI B Uac IEPBOTO ¥ BTOPOTO ABUTATEJIEH.
ITomecTuM maHHBIE B TAOJIUILY.

IIpousBomuTEIH- Oo6Bem
t, u
HOCTH, N OeH3uHa, I
600
IlepBbIil ABUTATED Y X 600
384
Bropoii gBurarennb _9 x— 2 384
ITonyuum ypaBHeHUe:
@-(x—Z)zﬁw; 9x? — 100x + 100 = 0; x, =10 u x, =E.
x x -2 9
ITo ycaoBuio x > 2. Torma x = 10; % =60; % = 48.

Omeem: 60 r u 48 r.
w23 Ypsuewnaumepaewcrsa



 3apauva 12. [Igoe pabounx 3aHATEI Ha OJHOW U TOH ke pabore. CHauasa oquH Tpopabo-
TaJl TPETh TOTO BPpeMeHU, KOTopoe TpebyeTcs BTOPOMY IJis BBIIOJHEHUS Bceil paboThI,
IIOTOM BTOpPOI IIpopadoTasl TPeTh TOTO BPeMeHU, KOTOPOe HOTpaTHJ Obl IMepPBLIN Ha

. 5 .
BbIIOJIHEeHNE Bcell paboThl. Ilociie 3TOro oKasajioch, YTO BBITIOJIHEHO E Bcell paboThI.

OmnpeneanTsb, CKOJIbKO BPpeMeHH! IIOTPe00BaIOCh OBl [IJIs1 BRIMOJHEHUS PAOOThI KaKI0-
My paboueMy, ecii BMeCTe OHU MOTYT BHITIOJHUTH ee 3a 1 u 20 MuH.
Pewenue:
IIycTth X M y — KOJMUYECTBO YaCOB, 3aTPAaueHHOE [IJI BBINIOJHEHUSA BCel paboThI
COOTBETCTBEHHO IIEPBLIM U BTOPBLIM pabouuM, 1 — oO0beM Bceir paboOThI.

ITIpousBogUTENBHOCTH IIEpBOTrO pabouero — N, =

1
IlepBoe ycnoBue maetr N, YN, Z- % nim — -
x

3 2

3
To ectb x +y = ny ITonyuum cucremy:

2

X +y’ :gxy, X +2xy +y :gxy+2xy,

X+ —§x' X+ —éx'
.’/4.% y4y,

9
(x+y) = Exy,

3
+y) =—xy.
(x+y) Y

xy =8,

Torza
x+y=6.

Pemrenuem sBiaserca mapa uucen (2; 4) uau (4; 2).

Omeem: 2 u; 4 u,

3afiaun Ha NnaHUpoBaHue

3amauyu Ha MJIAHHPOBAHHE — 9TO 3aJaUM HAa COBMECTHYIO PaboTy, B KOTOPBIX BBI-
MOJHAEMBIN 00beM PadoThl M3BECTEH HJIM er0o HYXKHO OIpene]UuTh. IIpu sToM cpas-
HUBaeTcsA paboTa, KOTOpasa MOJI;KHA OBITH BHITIOJIHEHA MO IJIaHY, W pabora, KoTopasd
BBIMTOJHAETCA (PAKTUUYECKH.

Kak u B 3amauax Ha COBMECTHYIO pabOTy, OCHOBHBIMU KOMIIOHEHTAMU SIBJISTIOTCS:
a) pabora (BbImOJIHeHHAA (haKTUUYECKU U 3aILIaHUPOBAHHAA);
0) BpeMsA BBITIOJIHEeHUA PaboThI ((paKTHUecKoe U 3allIaHHPOBAHHOE);
B) IPOUBBOIUTENBLHOCTEL TPyAa ((haKTUUecKass U 3allJIaHUPOBAHHAA).

() 3apava 13. YueHUK TOKaps BHITAYMBAET LIAXMATHBIE MEIIKU [JIs ONPELEIEHHOTO KO-
JIMYECTBA IIaXMATHBIX KOMILIEKTOB. Koy OH OyJeT M3roTOBJAThL HAa 2 MEeIIKKU 00JIb-
II1e, TO BBIMOJIHUT 3aganue Ha 10 mHeii ObicTpee. Ecam oH CMOXKeT M3TOTOBIATEL €XKe-
IHEBHO Ha 4 melku 00JIbIlle, TO CPOK HMCIOJHEH!S 3aJaHsd YMEeHbIIUTCI Ha 16 gHeli.
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CKOJIBKO IIIaXMATHBLIX KOMILIEKTOB O0ECIeUMBAET IEIIKAMM 3TOT TOKApPb, €CIH IJIS
KasKJI0ro KOMILJIeKTa HYKHO 16 mermex?
PeweHue:
IIycrs ¥ — KoJaMUYECTBO HEIeK AJIA OIPeNeIEHHOTO YMCJa KOMILIEKTOB IIaxMar,
a B JIeHb OH BHITAUMBAET J IEIIeK.
ITomecTuM maHHBIE B TAOJIHUILY.

IIpousBomguTesIBH-
HOCTH (IIeller Bpemsa, nueit Bcero nemex
3a 1 meHn)
x
B newns y memrex y ; x
B 2 2 a
IeHb J + 2 MeIIKu Y+ 2 x
B 4 4 ad
+ +
IeHb Y MeIIKN y 4 x
ITo ycioBuio 3amaun mmoJaydyaeM CUCTEMY YPABHEHMI:
XX _10,
y y+2 x(y +2)—xy =10y(y + 2),
x X _ 16: x(y +4)—xy =16y(y + 4);
y y+4 ’

5y% +10y —x = 0,
4y®> +16y —x = 0,
y? -6y =0; y(y—6)=0;

y = 0 — He yIOBIETBOPSAET YCJIOBUIO 3aaYN;

240
y =6, x = 240. KosmuecTBO KOMIIJIEKTOB PaBHO: E =15, T. e. Ha OOUH KOMILIEKT

ugetr 16 merex.
Omeem: 15 KOMIIJIEKTOB.

3agaumn Ha cmecu U CnnaBbl

 3apava 14. Cmemanu 30 %-it u 10 %-ii pacCTBODHI COJAHON KUCJIOTHI U IMOJYUHIA
600 r 15 % -ro pactBopa. CKOJIbKO IpaMMOB KaKI0T'0 PAcTBOpPa OBIJIO B3ATO?
Pewenue:
IlomecTuM maHHBIE B TAGJIHUILY.

30 % -it pacTBOp

10 % -it pacTBOp

15 % -it pacTBOp

B pacTBope

Macca pacTBopa XT yr 600 r
Macca KuCJIOTEI 0.3x r 0,1y O,Ii’) 93(3‘0 =

ITonyuum cucremMy ypaBHEHUII: {

x +y = 600, .
0,3x + 0,1y = 90

JIn




x+y =600, x=150, |[x =150,
{Sx +y =900;y =450; {y =450.
Omesem: 150 r 30 % -ro pacrsopa u 450 r 10 % -ro pacrsopa.
. 3apauva 15. OmpezenuTs mpo0y ciiiaBa cepedpa ¢ Meabio, 3Has, YTO CILJIABUB €T0 C 3 KI'

yucTOro cepedpa, moayuaioT cmiaas 900-ii mpobwl, a cuaBuB ero ¢ 2 Kr cmaasa 900-i
mpoObI, moayuaioT ciias 840-i mpoOHkI.

Peutenue:
IIycTh cIiaB COmEPIKUT X KI cepedpa u y Kr menu. CIIaBUB e€ro ¢ 3 KI' YKCTOIO
cepebpa, IMOJIYyUNM:
_X*3 0,900 mmx+ 3 =0,9x+ 0,9y + 2,7; 0,1x — 0,9y = ~0,3.
x+y+3
CnnaBuB ero ¢ 2 Kr cmiaaBa 900-ii mpoObl, MOJYUYUM UYUCTOTO cepedpa (x + 2 x
x 0,900), obmuii Bec Oyzmer (x + y + 2), 3HAUUT:
XH+L8 )840 mmmx + 1,8 = 0,84x + 0,84y + 1,68; 0,16x — 0,84y = —0,12.
x+y+2
Ilonryuum cucremy ypaBHEHUI:
0,1x - 0,9y = 0,3,
0,16x - 0,84y = -0,12;
Torga 0,16(9y — 3) — 0,84y = -0,12; y = 0,6; x = 2,4.

2,4
Temneps macca cmiasa: x + y = 2,4 + 0,6 = 3 Kr, npoba ero pasaa: — = 0, 8.

Omeem: 800-a mpoba. 3

x=9y=-3; x =9y — 3,

3apaun Ha KoM6UHaLUMI0 apuPMETUYECKON U TeOMETPUYECKOi Nporpeccmii

IIpu perteHun 9TUX 3aay UCIIOJb3YIOT (DOPMYJIBI A HAXOMKAEHUA OOIIEro UjieHa
Oporpeccuil m MX CBOMCTBA.

Apudmerunueckasn mporpeccus T'eomeTpuueckas mporpeccus
@, — 4JIeH MPOrpPecCUuu, CTOAIIMK Ha | b — UJIeH NPOrpeccuu, CTOALIUN Ha
n-mecre. n-mecre.
— _ — -1
a,=a, +dn-1), b =b -q"",
rjie a, — TepBLII YJeH IPOTPeccuu; rae b, — TepBBIN YJeH IPOrPEeCCun;
d — pasHOCTS. g — 3HaMeHaTeJb.
a _.+a 2 _ .
an — n-1 n+l , bn = bn—l bn+1’

2 rge b, m b, — YigeHBl Iporpeccuwu,
rgpe a, , u a,, — YI€HBbl IIPOIPECCUM, | cToAI[Me COOTBETCTBEHHO Iepe] U II0C-
CTOAIIIe COOTBETCTBEHHO IIepeJ U MOC- | je b
ne a, "

» 3apauva 16. Cymma tpex umcesn paBHa 27. ITH uyucia COCTABIAIT apupMETHUECKYIO
nporpeccuio. Eciay n3 KasKAOro Yumcja COOTBETCTBEHHO BbIUuecTh 1, 3 1 2, TO OHHU CO-
CTaBAT reOMeTPUUECKYI0 mporpeccuio. Haitu aTu umca.

Pewenue:
xX+2z

2

IlycTh uncia X, Yy U 2 COCTABJIAIOT apUPMETUUECKYIO IIPOTPECCUI0, TOTAA Y =

win 2y = X + 2, KpOMe TOro, CyMMa 9TUX uuces paBHa 27, T.e. x + y + z = 27.

L 3 Teassespw &



Ecau ot sTux uncesn otHATh 1, 3 1 2, MOJIYyYUM IreOMEeTPUUYECKYIO IIPOTPECCHI0, T. €.
ymeaa x — 1, y — 8 u z — 2 obmagator coiictBoM: (y — 3)2 = (x — 1)(z — 2). ITonyuum
CUCTEMY YPaBHEHUM:

x+y+z=217,

x+2z=2y,

(y-3) =(x-1D(z-2).

W3 BrOporo ypaBHEeHUA B IePBOE YPaBHEHME BMECTO X + 2 IIOJCTABUM 2y, MOJIyUNM:

2y +y=27; y=9. Torma:
{x+9+z=27, {x+z:18,
(9-3)° =(x-1)(2-2); [(x-1)(z-2)=36;
z2=18 — x; (x — 1)(18 — x — 2) = 36;
x*—1Tx + 52 =0; x, =13, x, = 4;
2,=18-13=5,2,=
=18 — 4 = 14.
Omeem: 13, 9, b uiu 4, 9, 14.

. 3apauva 17. YeTnIpe umcaa COCTABIAAIOT TeOMETPUUECKYIO IIporpeccuio. Ecam K Kammo-
My U3 HuX n00aBuTh coorBeTcTBeHHO 10, 11, 9 u 1, To HOBBIE UHMCJIa COCTABAT apud-
MEeTHUYECKYIO IIPOTPECCHIo.

PeweHue:

ITycTs nepBEIl UeH reoMeTpHUUYeCKOM IIporpeccuu — X, a 3HaMeHaTeJib — Y. Torga
YeThIpe YeHa reOMeTPUUEeCKOll mporpeccuu OYAYyT BBITVISAETH Tak: X, Xy, Xy’ u xyd.
Ecin x stum umeaam mpubasuts 10, 11, 9 u 1 cooTrBeTcTBeHHO, moayuum X + 10;
xy + 11; xy? + 9; xy3 + 1, aro yKe apudmeruueckasa nporpeccus. Vcmoab3yem CBOII-

a,,+a
CTBO @, =

n-1 n+l

wiua 2a, =a, _, +a . llonyunm cucremy ypaBHEHUI:

xy® - 2xy® + xy = 6;

2y +11) = x +10+ xy* + 9, |xy® —2xy +x =3,
2xy® +9) = xy + 11+ xy® +1;

@y’ -2y+1) =3, [xy(y-1)* =86,
xy(y®> -2y +1)=6; |x(y-1)* =3.

Paspesnmm mepBoe ypaBHEHVE NMOYJIEHHO HA BTOPOEe, YUUTHIBaA, uto x =0 my =1
He ABJIAITCA PEeIIeHUAMUN CUCTEeMBbI:

xy(y-1)* _6,
x(y-1)° 3’
3
y=2. x=—— =3
(y-17°

Torma umeem 4 ujieHa reoMeTPUYECKO Iporpeccun: 2; 2 - 3; 2- 3% 2- 3%, T. e. 2; 6; 12; 24.
Omesem: 2; 6; 12; 24.

3apgauu, B KOTOPbIX UCNOJIb3YyeTCA (l)opmyna ABY3HAYHOro 4ndia

() 3apava 18. Cymma kBajgparoB nudp ABysHauHOro uucia pasHa 13. Ecau or artoro
ypcjaa OTHATL 9, TO IMOJYyUYMM YMCJIO, 3allCaHHOEe TeMU Ke IudpamMii, HoO B 00paTHOM
nopanke. HaiiTu aTo uuco.

e 3 esewaukepasenia



Pewenue:
IIycTh uncIO UMEeT X MeCATKOB U I eIUHUIIL.
Torma nckomoe uunciyo nmeet Bux 10x + y.
W3 ycmoBus sagauu caenyer, uto x2 + y?=13u 10x +y — 9 =10y + x unu 9x — 9y =
=9, 1. e. x —y=1. Illoryunm cucremy:

x*+y® =18,
x—-y=1.

PemuB sty cuctemy cmocob6om MMOACTAaHOBKU, MOJydaeM X = 3, Yy = 2.
Omeem: 32.

3afaun, KOMNOHeHTamMm KOTOPbIX ABNATCA
reometpnyeckue BennYuHbl

» 3apaua 19. Cymma guaronaseii pom6a 34 cm, a ero cropora — 13 cm. Haiitu miromazns
pomoa.

Pewenue:
IIycTh mOIOBUHBI qUaroHajiei poMmdéa — X CM U Y CM.
Torma momycymma muaroHaseir x + y = 34 : 2; x + S
ty =17 A

AAOB — mpsaMoyronbHBIHA, 1o Teopeme Ilugaropa: A B
X+ y*=18% Puc. 3.57
ITonyunm cucremy:
x+y=17,
x* +y® =169.

PemuB cucremy croco6oM MOACTAaHOBKU, MOJYyUUM: X = 5, y = 12,
Huarounanau pomba 10 cm u 24 cm. ILnomans pomba paBHAa MOJIOBUHE IIPOU3BENCHUA

nuaroHaiei S = % -10-12 = 60 (cm?).

Omeem: 60 cm?2.
. 3apgava 20. /IBe cHJIBI IIPUJIOMKEHBI K OJHOM TOUKEe UM HAIIPaBJIEHBI IO IPAMBIM YTJIOM.
Bennuuna oxmoit n3 Hux Ha 4 H Oojblile Ipyroii, a BeIWUYWHA PABHOLEHCTBYIOIEH
cunbl Ha 8 H MeHbIe CyMMbI BeJIMUNH AAaHHBIX cuj. HalTu BeIWUYMHBI JaHHBIX CUJ
U UX PaABHOIEUCTBYIOIEI.
Peuienue:

IIycts mepBas cuma — x H, Bropas — (x + 4) H,
paBHOmelicTBymOImaa — (x + x + 4) — 8 =2x —4) H =
= 2(x — 2) H.

W3 nmpamoyronbHOTO TpeyroJbHUKA M0 Teopeme Ilu-
daropa x2 + (x + 4)? = 4(x — 2)%

X = 0 — He yOO0BJIETBOpPAET YCJOBHIO 3agadM, X =
= 12. Torpa nepBas cuaa — 12 H, Bropas — 16 H, pas-
HomeiicTRyomas — 2(2x — 2) =2 - (2 - 12 — 2) = 20 H. Puc. 3.58

Omeem: 12 H, 16 H, 20 H.

B A .



S TpeHupoBouHble TecToBble 3afiaHuaA K pasfeny 3

1. VYraKuTe KOJIMUeCTBO KOpHel ypaBHeHus (2x + 3) = —1.

1) onuu 2) nBa 3) HeT KopHen 4) Tpu
2x+17 <0,
2. Ha xakoM pHUCyYHKe BEPHO YKa3aHO pellleHue CUCTeMbl HepPaBEeHCTB:
x+3>17?
-8,9 -2 x -8,5 -2 x
2) e L S 4) d S
-8,5 -2 x -8,5 -2 x
3. Permure ypaBHEHUE: XX 14 .
5 9 15
1) -3 2)1 3) 3 4) 7

4. Ha xoopaumHATHON HpPAMON mM300pakeHbl uncjga a u ¢. Kakoe m3 yKasaHHBIX Hepa-
BEHCTB HeBepHO?

L o*—>
c a X
1)a+16 >c+ 15 3) 2a+3<-2c+3
Na-11>c-11 g lza 1-c¢
3 3
5. VYEKaxwure HanbOOJILIIIEE I[eJI0€ YKCJIO, ABJIAIOINeeCA PellleHrneM HepaBeHcTBa —4x2 + 4x +
+ 17 > (x — 5)%
1) 2 2)1 3)0 4) -1
6. Haiigute cymMMy KOpHeH ypaBHEHUS + 4 =2
x—-4 x-10
1) 21 2) 14 3) 7 4) 4
7. YraXuTe HaNMeHbIIlee HATYpPaJIbHOE UNCJI0, ABJISIOIIEecs pellleHreM HepaBeHCTBa
12x — 71 < 5.
1)6 2)5 3) 2 41
8. 3Banwumure HauboJIbIIIee 13 ABYX UMCEJI, PA3HOCTh KOTOPHIX paBHAa 3, a CyMMa KBaapa-
TOB — 25.
1) -1 2) -4 3) -5 4) -2

9. Ecuu cTOpoHY KBaapaTa YBEJIUUYUTH HA 2 CM, TO ILJIOIAAb MMOJYYEHHOI'0 MPSIMOYT0JIb-
HuKa Oyzer OoJiblle IIomanu keagpara Ha 20 cm?. Haligure mepuMeTp IPAMOYIOJIb-
HUKA.

1) 22 2) 40 3) 44 4) 48

10. Haiizure Bce 3HaueHuUA IapaMeTpa @, I@IPU KOTOPBIX CHCTEMA YypPaBHEHUH
(a+Dx+y=3,
{2x—(a—2)y =6
1o 2)1 3)0; 1 4)-1;1

x* -4

x+2

He MMeeT PeIlleHuH.

11. CKoJIBKO KOpHEH MMeeT ypaBHEHUE =07?

OrBer:
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Pemure ypaBuenue: 7 — 2x = 15 — 3(x — 3).
OrBer:

VrakuTe HambOJIbIIIEe IEJIOe YKCJIO, ABJAIOIIeeC PEIIeHrneM ABOMHOI0 HepaBeHCTBa
-1<3-2x<2.

OrserT:
L |l—x+y="1,

Pemute cucteMy ypaBHEHUI: y )

x*+y° =25.
OrBer:

-bx > b,
Pemiure cucremMy HepaBeHCTB:

4x > 2.

OTserT:

HaiinuTe cTOPOHBI IPAMOYTOJIbHUKA, IepUMeTP KoToporo paseH 30 cMm, a miaomnagb —
56 cm?.
Orser:

Pemure HepaBercTBo: 9x2 — 19x + 37 < 10x2 — 26x + 49.
OrBer:

Haiigure HauMeHBIINH KOpeHb ypaBHeHna (x? + 2x)? — 2(x? + 2x) — 3 = 0.
OrsBer:

Karep 3a 1 u mpormten 12 KM mo TeueHUio peKu u 9 KM mpoTuB TeueHus. Hatigure
CKOPOCTH TEUYeHUs PEKM, eCIU CKOPOCTh KaTepa B croddel Boxe 21 KM/4.
Orser:

2

2

Haiinure obnacth onpenenenus GyHKIIUN, 3aJaHHON (DOPMYJION: i = /3 — lx -1 -

OTrserT:

© Toewmposowne recroswie sagaweA kpasgeny3 49



0 4. Yucnosble nocnenoBaTenbHOCTH

3HaTb: - MOHATME YXCIIOBOW MOC/efOBaTeNIbHOCTY, 3aflaHNe peKyppeHTHoN dpopmynon 1 Gopmynon
n-ro uneHa;
+ OCHOBHble bopMy”nbl ANna apndGMeTNUECKON U FeOMETPUYECKON NPOrpeccuii;
¢ TMOHATUE CNOXHbIX MPOLEHTOB.

YmeTb: « BblUMCIATb UYNEHbl NOC/eOBaTENLHOCTEN, 3afjaHHbIX PeKYPPEHTHON dopmMynon u dbopmyso

n-ro uneHa;

+ pacno3HaBaTb apnGMETUYECKYIO U FeOMETPUYECKYIO MPOrpeccum nNpu pasHbix cnocobax 3afa-
HWA;

+ pewaTb 334aun C UCNosb30BaHKEM 3TUX popmyn;

+ paccmaTpuBaTb NPUMEPbI U3 PeanbHOM XN3HK, UIIOCTPUPYIOLLME N3MEHEHNME B apudMeTUye-
CKOW 1 TeOMEeTPUYECKON NPOorpeccuu;

+ pellaTb 33afaun Ha CJIOXKHbIE MPOLEHTbI, B TOM YMCIe N3 peasibHOM NPaKTUKM.

@0 4.1.1. MoHATUe nocneaoBaTeNbHOCTH

Yucaosas MOCIEZ0BATEIbHOCTh — 5TO 3aHYMEPOBAHHOE MHOMKECTBO 4YMCes, Pac-
MOJIOYKEHHBIX B MOPALKE BO3PACTAHUA HOMEPOB:
a,, Gy Agy wey A5 oo
T‘II/ICJIO al HAa3bIBAIOT II€PBBIM YJI€HOM IIOCJIeJO0BATEJIbHOCTH, 0,2 — BTOPBIM YJIEHOM
II0CJIe;OoBaTeJIbHOCTH M T. 1., HATYPAJIBbHOE YMCJIO 711 — €0 HOMEepPOM.
I/IS ABYX COCeIHUX YJIEHOB IIOCJI€eJOBATE€JIBHOCTU ak n ak+1 YgunucJio (lk+1 Ha3bIBAIOT IIO-
CJIEYIOIIMM II0 OTHOIIEHUIO K a,, YHCJIO 4, , — MPeIBIAYIUM 10 OTHOIIEHHUIO K a,.

ITocnenosarensHOCTS A, Ay o5 @, ... CIUTAETCA 32JAHHOM, €CJIU M3BECTHO IIpAa-
BHJIO, TI0 KOTOPOMY MOJXHO OIIPEJeJIUTh JI000M ee uieH a , n €N (n — HaTypaJbHOe
YKCJIIO0).

ITocnemoBaresbHOCTH Uallie BCETO 3aJal0T ABYMS CIIOCO0AMMU:

1) ¢ momorIbio (hopPMYJIBI -TO UJIeHA, T. €. GOPMYJILI, KOTOPAsA IIO3BOJUT OMPENeJIUTD

JI000M UJIeH MOCJIeL0BaTeIbLHOCTH II0 €r0 HOMEDPY.

Hampumep, ecIu Imocjie0oBaTeIbHOCTD 3afaHa opmyoi x = x* + 1, To mATHII

YJIeH IMIO0CJIeZI0BATENbHOCTH X, = 524+ 1 = 26;

2) ¢ IOMOIIbIO PeKyPPEeHTHOH (hopMYyasl, T. €. (GOPMYJIbI, KOTOPAs BhIpakaeT JI000it

YJIeH II0CJIeN0BATEeILHOCTU Uepes IMPeabIIyIIIii.

Hampuwmep, a , =a, — 1,5, Torga, eciu a, = 17, ro a, = 17 - 1,5 = 15,5; a, =

=15,56-1,56=14;a,=14 - 1,6 =12,5u 1. 1.

PexyppeHTHO MOKHO 3a1aTh, HAIPUMeEP, IOCJIeq0BaTEeIbHOCT, PrbOHAYUTM:

(@) a=a,=1,a ,=a, +a,T.e.
(a)l 1; 2335 13,...

ITocnemoBaTenpHOCTU 6LIBan'r KOHEYHbIe I 0eCKOHEeYHbIe.

ITocinemoBaTeIbHOCTh Ha3bIBAETCSI KOHEUHOM, €CJaV OHAa MMeeT KOHEUHOe UICJIO
YJIeHOB, Hampumep 3, 6, 9, 12. KoHeuHOU ABIAETCS IIOCJIEeLOBATEIHHOCTh OSHO3HAU-
HBIX HaTypaJbHBIX umuces: 1, 2, 3, 4, 5, 6, 7, 8, 9.

ITociemoBaTebHOCTE BCeX HATYPAJbHBIX UMCEJ 0ECKOHEUHA.

ITocnemoBaTebHOCTL Ha3LIBAETCSA BO3pacTaIONIeil, eciv Ka'KIbIM ee UJIeH, HaUU-
Has CO BTOPOTO, OOJIbIIIE IIPEeIbIAYIIero:

X > x.

n+l n

10 4 s nocnegosarenioce



Hampuwmep, mocienosarenbHocts 3, 6, 9, 12, ... 3n, ... — Bo3pacramiIias.
ITocnemoBaTeIbHOCTL HA3BIBAETCA yOBIBAIOIIEH, €CIU KAKIBbIN ee UjieH, HauuHasg
CO BTOPOI'0, MEHBIIIEe IIPeAbIAYIIero:
x, , <x.

1 1
; =3 —3 .. — yOBI-
5 y

Hanpuwmep, mociemoparensaoctu —3; —4; —5; —6; ... u 1; T

BaloIIye,.

D Npumep 1. HocrexoBaTeasHOCTS 3a5aHa GOPMYJIIOH N-TO YIeHA c, = —4n® + 7. Haiirnu:
a) ceabMOI UJIeH II0CJIEIOBATEIHLHOCTHU;
0) yKasaTh, HOMep UJjeHa IIocJieloBaTeJIbHOCTH —393.
Pewenue:
a)c,=—4-7+7=-189;
6) c, = —393, 1. e. —4n* + 7 = —893; —400n*> = —400; n = £10, Ho n = —10 He MoOKeT
OBITH HOMEPOM, HOMEP — TOJIbKO HaTypaJibHOe uucyio; n = 10.
Omeem: a) —189; 6) 10.

1 ;
i Npumep 2. ITocrenoBareabHOCTD 3afaHa ycaosueM b, = 5, b, =-3- b Haiitu b,.

n

Pewenue:
1 -3
b,=-3-—=—=0,6.
b, -5
Omeem: 0,6.
. 19
. NMpumep 3. IlocrenoBaTenbHOCTh 3afaHa (popmyJsoit a, = . CKOJIBKO YJIEHOB IIO-
CJIeI0BATEIHFHOCTH 00JIbIe 2? n+4
Pewenue:
Pemtum mepaBeHCTBO >2; 19>2n+8;2n +8<19; 2n<11; n < 5,5, T. e.
n=5 n+
Omeem: 5.
. Mpumep 4. [loKaszaTs, YTO MOCIENOBATEIbHOCTD, 3ajaBaemMasa (hOPMYJIOH 00IIero uieHa
_3n-1 BO3pacTaloiasa
" Bn+2’ '

Pewenue:
Paccmorpum pasHOCTB:
_3m+1)-1 3n-1 _ Bn+2)6n+2)-Bn-1)5n+7)

X ., —x = =

w1 T 1)+ 2 Bn+2 Gn+7)5n +2)

_15n°+6n+10n+4-15n* -21n+5n+7 11 .
Gn +7)(6n + 2) GninGn+2)

IIOCKOJIBKY 71 — HaTypajJabHOEe YHCJIO.
ITocnenoBaTeIbHOCTE BO3paCTAIOIAA.
D Npumep 5. YwmcnoBas TOCIEZOBATENBHOCTh 3aJaHA DPEKYPPEHTHOH (HOpPMYJIOi
a,.,=4a’—a,, uycIoBuaMu a, = 1, a, = 3. BEIUMCIANTD YeTBEPTHIA WIEH MOCJIe/0Ba-
TeJIbHOCTH.

n+1

Pewenue:
a;,=a’-a,=1"-2=-1; a, =a. —a, =3*-(-1) =10.
Omeem: 10.
D Npumep 6. ITocrenoBaTensHOCTs 3afana GopMyJIoi n-ro uieHa. 3anucars (n — 1)-i,

n+2
(n + 1)-i1, (n + 5)-i1 4neHsl, ecau a, = 4(%) .
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Pewenue:

1 n-1+2 1 n+l 22 1
an1=4'(§) =4'(§) = ol T gt
n+1+2 n+3 2
1 2 1
j (2) 2n+3 2n+1

1 n+5+2 1 n+7 22 1
an+5=4'(§j =4'(§) = gt g

O 4.2. ApudmeTnueckas n reomeTpuyeckas nporpeccum

S
S
kot
I
S
A/
DN | =

@D 4.2.1. ApnudmeTnueckas nporpeccus.
Oopmyna obwiero uneHa apuPMeTUYECKOii NPOrpeccum

Apudmernueckoii mporpeccueii (AIl) HasbIBaeTca IIOCIEN0BATEILHOCTD, KaKIbIH
YJjIeH KOTOPO#, HauWHasd CO BTOPOTO, PaBeH MPEIbIAYIIEeMY, K KOTOPOMY A00aBJIAIOT
OZTHO ¥ TO K€ YMCJO0. ITO UUCJO IJIA TaHHOU IIOCJIeJOBATEIHLHOCTY HA3BIBAIOT Pa3HO-
CTBIO U 0003HAUAIOT d.

IlepBoIil YleH U Pa3HOCTH HPOTPECCUU MOTYT OBITH JIIOOBIMU UKCJIAMIU.
Apupmernueckas mporpeccus ObIBaeT:

+ BO3pacTawlleii, eciu pasHocTb d > 0;
- yObIBaIoIIei, ecau pasHocTb d < 0.

Hampuwmep, mporpeccus 1, 3, 5, 7, ... — Boaspacratmias, d = 2 > 0; a nmporpeccus
-4, -7, —-10, ... — yonIBatomiasa, d = -3 < 0.

ITocnenosarensHOCTH (a,) — apudMeTHUECKas IPOTPECCUs, €CJIM €€ MOYKHO 3a/aTh
PEeKYPPEHTHOH (hOPMYJIO:

a  =a +d,neN,r.e.d=a,  —a,neN.

Yro0bI 3amaTh apudmernueckyio nporpeccuio (AIl), mocTaTouHo 3amaTh ee IePBLIH
UjieH U Pa3HOCTb.

OcnorHoe cootHomenue aasa All
®dopmyia n-ro 4jeHa:

a =a,+(n—-1d,neN

Hampuwmep, a,, = a, + 9d, a,, = a, + 20d, a ,, = a, + 122d.
XapakTtepuctuueckoe cBoiictBo All
JI10001 yiIeH IIporpeccuu, HAaYNHas CO BTOPOT0, paBeH cpegHeMy apudpMeTu4ecKo-
MY IPEeIBIAYIIEero M mocJaeayIoIero YJIeHoB:

a = an—l + a‘n+1
2
IIpusnax AII
Ecsim B mocjie[0BaTeJILHOCTH BBIIOJIHSAETCA 3aJaHHOe CBOMCTBO, UYTO JIIOOOI WileH
a . +a
[I0CJIeJOBATEIBHOCTH @, = %, TO 3Ta IOCJIEL0BATEeIbHOCTh — apudmMeTHye-

CKad IIporpeccud.
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CeoiicTBo aByx uiaeHos AIl

a,+a,=a +a ,ecmmk+l=n+m
n m

Hanpuwmep, a, + a,,=a, + a,=a, + a, nockonbKy 1 + 10 =2 +9 =5+ 7.

. Mpumep 1. YKazaTs mepBbIii wieH u pasHocts All: 1, -5, —11, 17, ...
Pewenue:
a,=1;d=a,-a,=-5-1=-6.
Omeem: a, =1; d=—6.
» Npumep 2. Banucars nepsbie naTs wienos All, ecin a, = —\/E; d=22.
Pewenue:

a, =— 2+ 242 = /2; a3=\/§+2\/§=3\/§;
a, =32 + 22 = 5V2; a, =52 +2J2 = 742.
Omeem: —\/5; \/5; 3\/5; 5\/5; 7\/5.

) Npumep 3. Haittu pasuocrs All, eciu a, = —4, a, = 0.

Pewenue:

a,=a, +8d,T.e.a +8d=0;-4+8d=0; 8d=4; d:%'

Omeem: 1 .
2

» Npumep 4. Haiitu dopmyiy n-ro uiena All, eciu a, = =7, a, = 18.

Pewenue:
Haiigem a, u d:
a, +6d =18,
a, =a, +d, -
T. €. a, +d=-17, a,=-T-d=-7-5=-12.
a, = a, +6d;
5d =25;d =5;

@®opmya obmiero unena: a, = a, +d(n —1)=-12 + 5(n — 1); a, = -12 + 5n — 5.
Omeem: a =5n — 17.
. Mpumep 5. IIpum Kaxux n uiaeHB apudMeTnyecKoil mporpeccuu 13, 11, 9, ... orpuma-
TeJIbHBI?
Peuienue:
3anuiiem opmyay obirero unena All:
a,=a, +dn-1),
riea, =13,d=11-13=-2, rornaa, =13 - 2(n — 1) =13 - 2n + 2 = —2n + 15.
Omnpegeaum HOMEP, HAYUHASA C KOTOPOTO WIEHBI IPOTrPECCUU OYAYT OTPUIlATEbHBI:
—2n+15<0; 2n < -15; n > 7,5,
T. €. HAUMHAA C N = 8 WIEHBI STOI MPOrpeccuu OYAYT OTPUILATEJIbHBI.
 nNpumep 6. Hatitu nepssiit wien u pasaocts All, ecin X, —x,=24, x, - x, = 64.
Pewenue:
x,=x, +6d; x,=x +2d; x, = x, + 4d. lmeem cucremy ypaBHEHWIi:

x, +6d — (x, +2d) = 24,
(x, + 2d)(x, + 4d) = 64;

ITopcraBum BO BTOpOe ypasBHeHume: (x, + 12)(x, + 24) = 64; xf +36x, +224 = 0;

x, = —28; x, = —8. Oba KOpPHA yAOBJIETBOPAIOT YCJIOBUIO 3aJayH.
Omeem: x, =-28;d =06 umu x, =—-8; d =6.
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» Npumep 7. Haittu a, u d B All, eciu a, = -2,3; a, = —2,8.

Pewenue:
ITo xapakTepucTUUeCKOMY CBOMCTBY:
a. +a -2,3-2,8
a, =—"—"=2=2; a, =———"—=-2,55;
2 2

d=a,—-a,=-2,556 -(-2,3) = -0,25.
Omeem: a,6 = —2,55; d =—-0,25.
(D Npumep 8. Mexxay uncnamu 0,2 u 2,6 BCTaBUTH NATH YUCEN] TAK, YTOOBI HTH UYUCJIA
obpasoBayiu All.
Pewenue:
a, = 0,2. Eciu BCTaBUM ellle NATH YuCeN, TO a4, = 2,6.
a,=a, +6d; 0,2 +6d=2,6; 6d=2,4; d=0,4.
Torma moaydyaeM IpPOTrpPeccuio:
0,2; 0,6; 1; 1,4; 1,8; 2,2 u 2,6.

. Mpumep 9. B mepBoM pany xumorearpa 30 mMecT, a B KaKJI0M cjaenymoolineM Ha 2 00Jb-

mie, ueM B mpenbigyineM. CKOJIBKO MeCT B 7-M pALY, B PSAAY IIoa HOMepom n?
Peutenue:

OueBUIHO, UTO KOJUUECTBO MECT B KaXKIOM PAAY o0pasyiT apudMeTHUYeCKYIO
nporpeccuio ¢ a, = 30, d = 2. Torga B 7-m pany Oyxer: a, =a, + 6d =30 +6 - 7 =
= 72 (mecra).

B pany ¢ momepom n: a, =a, +d(n — 1) =30 + 6(n — 1) = 6n + 24 (mecra).
Omeem: 72 mecra; (6n + 24) mecra.

D Npumep 10. CroGoxHO magamIIee TEJIO IPOXOAUT 3a IEPBYIO CEKYHAY 4,8 M, a B KasK-
IyIO IIOCJEeNVIONIYI0 CeKYHIYy — Ha 9,8 M OoJbllle, ueM 3a mpedbIayInyoo. Kaxoe pac-
CTOSTHUE IIPOMIeT TeJo 3a CeIbMYI0 CeKYHIY?

Pewenue:

Nwmeem apupmernueckyto nporpeccuto: a, =4,8; d =9,8; n="7. Tormaa, =a, + 6d =
=4,8+6-9,8=063,6 (m).

Omeem: 63,6 M.

 nNpumep 11. [eBymKa B cONApUU 3aropaja NepBbIi eHb 3 MUH, a KA Al IIOCIE/Ly-
IOIMUH NeHb YBeJINUYUBajia cCBoe IpebbiBanme B conapun Ha 2 MuH. CKOJIBKO IIPOIERYyD
OHa TPOIILJIA, eCJIX B IIOCJeTHUN OeHb 3aropaaa 11 muu?

Peutenue:
Bpemsa npebbiBanus B conapuu cocrasusaer All, rme a, = 3; d =25 a, = 11.
Tornaa,=a, +d(n—-1), r.e. 3+ 2(n—-1)=11; n=5.
Omeem: 5 mporenyp.

YeHBI IIOCJENOBATENIBLHOCTY MOYKHO MH300pakaTh an A
TOYKaMU Ha KOOPAMHATHOM MHJIOCKOCTU. [ 5TOro Ha 6+ °
TOPUBOHTAJBHON OCH OTKJIAIBIBAIOT HOMEP UJeHa II0- 5 o
CJIeIOBATEJIBHOCTH, a II0 BEPTUKAJBLHOM — COOTBET- 4
CTBYIOIIUI YJIeH ITOCJIEIOBATEILHOCTH. 3T b
» nNpumep 12. Ha puc. 4.1 nsobpakeHbl TOUKAMH [EPBEIE % 1 °
ceMb 4JIeHOB apumerndeckoii nporpeccuu. Haiitu a,, “+——+eo—++++—>
d,a,ua,. _1--1%34567 n
Pewenue: -2 71
OuesuzHo, 4ro a, = -3, a, = —1,5, Torga: 3T e
d=a,-a,=-3-(-1,5)=-1,5;a,=1,5; a,=6. Puc. 4.1
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@D 4.2.2. Gopmyna cymmbl NepBbIX HECKONbKUX YNEHOB apuMETUYECKOl nporpeccun

CymMa 4JIeHOB KOHEUYHOW apudMeTHUeCKO#l IIpOrpeccuy paBHA IIOJyCyMMe ee
KpaWHUX YJIEHOB, YMHOKE€HHOH HA YNCJIO YJICEHOB:

Sn:(a1+an).n _— Sn:2a1+(n—1)d.n
2 2
Hanpuwmep, S, = @ ta) 7 i S, = w-l
D Npumep 1. Haiitu cymmy nepssix oguHHaguatu wieHnos All, ecin a, =0,5d=-2.
Pewenue:
S, = (20, +10d) - 11 =(a, +d)-11=(0,5-2)-11 =-16,5.

2
Omesem: —16,5.

 Npumep 2. CKONBKO HY’KHO B3ATH IOCIEAOBATENbHBIX HATYDATbHBIX YUCE, HATMHAS
¢ 1, uTobOnI ux cymma paBuAmachk 2107

Pewenue:
1+2+3+..+n=210.a,=1,d=1,a, =n.
s =210; 5, =% ;“n) - & +2”)” =210; n*+n — 420 = 0; n, = ~21 — He yzOB-

JIETBOPSAET yCJIOBUIO 3agadm; n, = 20.
Omeem: 20.

D Npumep 3. Haiitu cymmy HaTypaiabHbIX uuces He Gosnbiie 100, KOTOPbIe IPU AeJeHun
Ha 5 maroT ocTaToK 1.

Pewenue:
HarypanbHble umcia, KoTophkle IpU AeJeHUN Ha 5 maror ocraTox 1, — srTo 1, 6,
11, .., r.e.a,=1,d=5.a,=1+5(n - 1); a, = 5n — 4. Haiizem KOIu4eCTBO 4JI€HOB

nporpeccuu, He mpeBbimiatomiux 100:

5n — 4 <100; 5n < 104; nS%zZO,S.

To ecTh Hy:KHO UcKaTh cymMmmy mepBbix 20 umeno AIl:

2 19d
S, =L-20 =(2a, +19d)-10 = (2+19-5)-10 = 970.
Omeem: 970.
 nNpumep 4. Haiitu x us ypasHenusa 1 + 5 + 9 + ... + x = 435.
Pewenue:
OuesBupnno, uro cymma urenos All, rae a, =1, d = 5 — 1 = 4, pasna 435. Hysxno
HaWTU MOCTeIHUN YJIeH 3TOM KOHEYHOW Iporpeccuu. X =a, = a, + d(n — 1).
Torma S, = 24, +c;(n_1)~n; 2+4(2n—1) -n = 435;
n(2n — 1) = 435; 2n®> — n — 435 = 0; n, = —14,5 — He yI0OBJIETBOPAET yCIOBUIO 3a-
naum, n € Nyn=15.x=a,,=a,+14d =1 + 14 - 4 = 57.
Omeem: 57.
(D Npumep 5. B apudmernueckoii nporpeccun (x): x, +x,— x,=4; x, + x, = 20. HaiiTu
CYMMY J€BATU IEPBBLIX UJIEHOB IIPOTPECCUU.
Pewenue:
X, =x, +3d; x,=x, +d; x,=x, +2d; x, = x, +4d.
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ITonyuum cucremMy ypaBHEHUII:

x, +3d =10,
x, +3d+x,+d-x,-2d=4, |x, +2d=4, -
X, +2d=4; x +12=4;x =-8.
x, +4d + x, + 2d = 20; x, +3d =10;
d = 6;
Torza S, =@-9 —(x,+4d)-9 = (-8 +4-6)-9 = 144.
Omeem: 144.
 nNpumep 6. B apudmeTnueckoii mporpeccun a, +a,, =12. Haiitu S, .
Pewenue:
-1
S, = W. ITo cBoiicTBy nByX umenos All a, + a,, = a, + a,,, TOCKOJIBKY
1+13=3+11. S, =H:6-13=78.

Omeem: T8.
 nNpumep 7. Haiitn a, u d apupmernyecKoii nporpeccuu, eciu S, = 65 u S = 230.
Pewenue:

S, - (2a, +24d)-5; S, = (2a, +S2)d)-10 _ 9230,

Ilonryunm cucremy ypaBHEHU:
{(a1 +2d)-5 =65, {al +2d =13,

(2a, +9d) -5 = 230; |2a, +9d = 46;
{m1 +9d = 46,
2a, + 4d = 26,
5d = 20; d = 4.

a, +2d=13;a, +8=13; a, = 5.
Omeem: a, = 5; d = 4.

» Npumep 8. [usa achanpTupoBaHus ydacTKa AIWHON 99 M HCIOIB3YIOTCS JBa KaTKA.
IlepBhIii KaTOK OBLT yCTAHOBJIEH B OJHOM KOHIIE YYaCTKa, BTOPOl — B IIPOTUBOIIO-
JoxkHOM. PaboTaTh OHM HavaIu OJHOBPEMEHHO. 3a IEepPBYI0 MUHYTY BTOPOM KaTOK
oporrea 1,5 M, a 3a Kakayio mocJenyiomiyio — Ha 0,5 M Oosabllle, ueM 3a IpenIie-
CTBYIOIYIO. IIepBhIii KAaTOK KasKAYI0 MUHYTY IIPOXOAUTI 5 M. Uepes CKOIBKO MHUHYT
o0a KaTKa BcTpeTATca?

Peutenue:
IIycts nBa KaTKa BCTPETUINCH Uepes X MUHYT.

IBuKeHMe MEepPBOTO KaTKa MPOXOIUT MO 3aKOHaAM i
apudmerudeckoil mporpeccun, rae a, = 1,5; d = 0,5. ! 1 !
Hy:xHo HaliTu cyMMy X YJI€HOB 5TOH IIPOTPECCUHU, IIO- 99 M
CKOJIBKY IBUTAJICA KATOK X MUH: Puc. 4.2

a =a +dn—-1)=1,5+0,5x - 1) =0,5x + 1.
IlepBrBIiii KaTOK IIPOHAET PacCTOAHUE:
S - (a, +a,) x _ 1,5+0,5x+1) - x _ (2,5+0,5x)-x.
* 2 2 2
Bropoit KaToOK [0 BCTpeuwW IPOMIEeT PacCTOAHUE HX, MOCKOJNBKY ABUIKETCA X MUH
CO CKOPOCTBHIO O M/MUH.
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Bce paccroarame — 99 M, moayumM ypaBHeEHUeE:
2,5+0,5x)-x N
2

x, = —86 — He yJ0BJeTBOPAET yCJIOBUIO 3aKaun; x, = 11.
Omeem: uepes3 11 MUHYT.

5x =99; 0,5x% + 2,5x + 10x = 198; x? + 25x — 396 = 0;

@D 4.2.3. Teometpuyeckas nporpeccus. Gopmyna o6uiero uneHa reoMeTpUYeckoi nporpeccun

I'eomerpuueckoii mporpeccueii (I'Il) HaspIiBaeTca ymcaoBas II0CTIEeN0BATEIbLHOCTD,
MePBBII YJIeH KOTOPOI OTJIMYEH OT HYJA, KayKIbIA YleH, HaunHas CO BTOPOro, paBeH
OpenbIayIleMy YJeHYy, YMHOXKEHHOMY Ha OJHO M TO »Ke YHCJO, He PaBHOE HYJIO.

ITO MOCTOSHHOE IJIs JAHHOM I0CJIeN0BaTeIbHOCTY YKCJIO HAa3bIBAETCS 3HAMEHATe-
JIeM TI0CJIeIOBaTeJLHOCTU U 0603HAUaeTCHd (.

T'eomerpuueckue Iporpeccuy OBIBAIOT BO3pacTarollne, yObIBAIOIIHME, KOHEUYHBIE
1 0eCKOHEeUHbIe.

Hampuwmep,

1, 3,9, 27, ... — 6eckoneunas Bospacratoiiaa 'l (¢ = 3 > 1);
1 1 1 1

1, —, —, —, ... — OecrkoHeuHo yOnIBaromias I'TI ==—<1];
3’ 1 8 HEeUYHO yOBLIBaoIas q 2 j

3, 12, 48 — xoHeuHad mporpeccusd, q = 4.
®dopmyaa n-ro uiaena I'll

b =b, -q"

_ 4. _ 6
Hanpuwmep, b, = b, - ¢*; b, =b, - ¢°.
Xapaxkrepuctuueckoe cBoiictso I'TI
KBagpar m1000r0 uieHa reoMeTpUYECKON IIPOrpeccuy, HAYMHAA CO BTOPOTO, pa-
BeH MPOM3BEeACHHI0 MPEIbIAYIIero U MOCIAEAYIONero YJIeHOB.
2 _ . 2 _ . B2
Hampumep, by =b, -b;; by, =byg b5 b, =b,,-b,,,.

IIpusHak reoMmeTpuuYeCKOH IMPOrpeccuu

b2=b,, b

n-1 n+l

Ecau uieHbl HEKOTOPOH MOCIEI0BATEIBHOCTY, HAUMHAA CO BTOPOTO, YAOBJIETBOPAIOT
o 2

cBoiictBy b, =b, ,-b ,, TO 3Ta mOCJIENOBAaTEIbHOCTE — reOMeTPpHYeCKas IIPOTPecCHsd.
XapaKTepucTuUeCcKoe CBOMCTBO MOYKHO O0OOIIUTE:

2— .
a,=a, , -a ke N,neN

k+n?

CRoiicTBO ABYX UJIEHOB reOMEeTPHUECKOI mporpeccuu

a,-a,=a -a,ecmmk+l=n+m
n m
p T 10+2=5+T7.

. Mpumep 1. HaiiTu nmepBwIit uieH u 3uamenaresas I'I1: a) 3, 12, 36, ...; 6) 3, —3\/5, 6, ..
Pewenue:

a) b, = 3; q=%=%=4;6)b1:3; q=Z—2:—_3?:/§=—\/§.

1

1
Omeem: a)b, =3,q=4;0)b, =3, b, = 2.
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() Npumep 2. Haiitu nepssie nsaTs wienos I'Tl, ecau: a) b,=2,q=-2;0) b = \/g, q= J2.
Pewenue:
a)b,=2-(-2)=-4;b,=-4-(-2)=8;b,=8-(-2)=-16; b, = -16 - (-2) = 32;

6) b, =3 -2 =46; b, =+6-42=112=2J3; b, =23 V2 =26;
b, = 246 -2 = 212 = 43.

Omeem: a) 2, -4, 8, —16, 32; 6) /3; V6; 23; 26; 44/3.

 Npumep 3. Haittu b,, ecin b, = 2; ¢ = i
Peuienue:
3
1 2 1
b, =b,q?® :2.[_) == =,
s =0 4 64 32
Omeem: i
32
 nNpumep 4. Banucars popmyuay n-ro wiena I'Tl: 3; —4; E;
Pewenue:
4 . AL N
b1:3;q:_§; qn:blq 1:3(_5) == 3n—1 :_Sn—2'

. Mpumep 5. IIporpeccusa 3agana uucaamu: —1, 2, —4, ... Haiitu momep unena I'Tl, ecau
OH paBeH 128.
Pewenue:
b,=-1;9q=-2;b =128.b =0b, - ¢"'; -1 - (-2)""' = 128;
-2yt =-128; (-2)"1=(-2)s n—-1=T7; n=8.
Omeem: 8.
 nNpumep 6. Haiitn b, reomeTpuyYeCKoOii mporpeccuu, ecau b, = =5, b, = —125.
Pewenue:
ITo cBoiicTBy I'Il: b72 = b, - by, Torzma b72 =(-5)-(-125) = 625; b, = 25 unu b, = -25.
Omeem: 25 uau —25.
. Npumep 7. Haiitu b, u ¢ reomerpuyeckoii nmporpeccuu, ecnu b, = 96, by = 768.

Pewenue:
. |bqg® =768,
by =1b, - q° b, = b, - ¢°. Ilonyuum cucreMy ypaBHeHHIi: .
b,q° = 96.
Pasnenum cooTBeTCTBEHHBIE YACTH YPABHEHUM:
8
Zlq5 :768; ¢®=8;q=2. b1=9_?29_§:%:3
1q 96 q 2 32

Omeem: b, = 3; q = 2.
(D Npumep 8. Haiitu uerbipe mocsenoBaTeabHbIX wieHa I'1l, U3 KOTOPBHIX BTOPOW UJIE€H
MeHbIIIe IIePBOTro Ha 35, a TpeTuit 6osabIre yeTBepToro Ha 560.
Pewenue:
Ilycrs b,, b,, b,, b, — dersipe mocnenoBarenbubix unena I'll. VcioBue samaum

b, —35=0b,,
b, —560 =1b,.
Wcnoonb3ys popmysry o0Ilero ujieHa, 9Ty CHUCTEMY II€PEIUIIeM B BHUIE:
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b, —bqg =35, b.q*(1 - q) = 560,
! , 19 , I 7 (1= q) g=1,b =0.
bq* - bg" = 560; b,(1-q) = 35;

2 —
b Q)=560; ¢*=16; ¢ =4 wm q = —4.
b(l-q) 35
35 35

Ecou q = 4, To b, =£=£=—§; eciui ¢ =—4,10 by =——-=——=7
1-¢g 1-4 3 1-¢ 1+4
Torga mepsble YeThbIpe YJI€HA IIOCJIEJ0BATEIbHOCTI:

—ﬁ; —35'4; /3616 85-64 7; —28; 112; — 448.
3 3 3
140560, —2 240 unu 7; —28; 112; — 448.

Omeem: —3—; - ; ;
3 3 3

G0 4.2.4. Gopmyna cymmbl NepBbIX YNEHOB FEOMETPUUYECKOI NPOrpeccuu.
beckoHeuHo y6blBaloWas reomeTpuyeckas nporpeccus

CyMMy n 4JIeHOB TeOMEeTPUYECKOM ITPOTPECCUU BBIUMCIAIOT 0 (DOpMyJiaM:

S = bnq_bl _ bl(qn _1)
"og-1 q-1

YnobHo mciosb30BaTh mpu q > 1.
S — b1 _bnq — bl(]-_qn)
" 1-¢q 1-¢q

Y 1o6HO Mcnonbp30BaTh Ipu g < 1.
Ecmu g = 1, To Bce unens I'll pagabt u S, =n - b,.

 nNpumep 1. Haiitu cymmy nepsbix mectu wieHos I'Tl, ecan:

1
a) b, =2; q=—§;
6) I'll zagana mocaemoBaTeIbHOCTBHIO UKCE: —5; %; —@
Pewenue:
1Y 1
S _bl(l—qﬁ)_z'(l‘(‘z)J_z'(l‘m)_w-%_m.
6 - - - - T
1-¢ 1_(_1) 1.1 3-64 16
2 2
10 10 2
) b, ¢=7 (B ==
2Y 64
5. 1-]-= _5.11_-2%
g -9 _ ° [ ( 3)}_ ° (1 729)_—5-3-665_ 665
6 — = = = =— .
1-¢ 1_(_2) 142 5729 243
3
21 665
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» Npumep 2. Haittu cymmy unenos I'Il, eciu b, = 18, b, = 484, n = 7.

Pewenue:
b, - q% b, = b, - ¢°. [lonyuum cucreMy ypaBHeHHUIA:
= 486
& blqz 486 97, 4=3 (b, %0, ¢%0). Torga b, =018 _3,
q =18; by 18 q 9
T _ T
g -@ =D _26 D _, g4
q-1 3-1
Omeem: 2 186.
» Npumep 3. Haittu cymmy unenos I'Il, eciu b, = 384, ¢ =2, n = 8.
Pewenue:
bgzbl'q7a Torma bl'q7:384 b _3874 384 3; Sszbsq_bl :3842—32765.
2 128 q-1 2-1
Omeem: 765.

 nNpumep 4. Ilepssiit wren Il (x,) paBen 2, tpetuii — 18. CKOJIBKO IEPBBLIX YJIEHOB
Heo0XOOMMO B3sATh, UTOOLI cyMMa paBHAJIACh 2427

Pewenue:
. . o 2 X3 18
Nwmeem x, = 18; x, = 2; x, = x, - ¢% ¢ =x—=?=9,q=31ﬂmq=—3.
2
g =D g _ gy
qg-—1

2(3" - 1)

Ecin g = 3, To =242; 3" =243; n = 5;

ecan ¢ = —3, TO % =242; (-3)" = —487.

He cymiecTByeT HaTYypasbHOTO 11, YAOBJIETBOPAIOIIETO STOMY PaBEHCTBY.
Omeem: 5.
(D Npumep 5. Cymma nepsoro u tperbero uienos I'Il pasra 15, a cymmMa BTOPOro U 4eT-
Beproro — 30. HaiiTu cymMMy IepBBIX JAECATHU €€ UJIEHOB.
Pewenue:

b1+b3 =15, b1+b1q2 =15, b1(1+q2):15’
b, +b, =30; |bq+bq® =30; |bg(l+q?) =30.

Paspesnum mouseHHO BTOpPOE YpaBHEHUE Ha IepBoe, q = 2.
ITopcraBum ¢ = 2 B mepBoe ypaBHEHUe:

0 10
=12 _g g - "D _ 3@ "1 g4
1+¢° qg-—1 2-1
Omeem: 3 069.
 Npumep 6. Torazars ToskaecTBO: (x — 1)(x" '+ x" 2+ ...+ 1)=x"-1, e n € N, n > 1.
Hoxaszameavcmao:

PaccmoTpum BTOPOI MHOMKUTENb X" + x" 2 + ... + 1. OueBUHO, UTO CyMMa UJIE€HOB
reoMeTPUUECKOM Mporpeccuu, KOTOPYIO MOYKHO 3amucaTh B Buje 1 + x + x2 + ... x"2 +
+ x™!, rme mepBLI YJIeH b, = 1; ¢ = x, KOIUYIECTBO YICHOB PABHO I:

S, _b(@"-1) 1-(x"-1) x"-1
q-1 x-1 x—-1"
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ITomcTaBuM 5TO BHIpasKeHUE B JIEBYIO UAaCTh PAaBEHCTBA:

x" -1

-DE" T +x" 2+ +1D)=(x-1)- 1 =x" -1 (upu x # 1),

uyTO U TPebOBAJIOCh JOKAa3aTh.
Ecau x = 1, To paBeHCTBO mpeBpalifaerca B ToxkaecTBo suga 0 = 0.

beckoHeuHo y6bIBaIOI.I.|,aﬂ reometpunyeckas nporpeccnsa

BeckoHeuHas reoMeTpHuecKas IIPOrpeccusi, 3HaAMeHATeJb KOTOPOH IO MOIYJIIO
meHbIe equHUNE! (|g| < 1), HaspiBaeTcss 0ECKOHEYHO yOBIBAIOIIENl reoMeTPUYeCcKOi

mporpeccuei.
1 1 1 1
Haopumep, 1; —; —; —; .. ¢ =—;
PUMED, &5 95 97 97 = 173
1 1 1 1

1; \/5, 3’ 2\/5,...,q \/5
Cymmoii 6ecKOHEUHO yOBIBAIOIlell TeOMeTPUUYECKOM IIPOrpecCuu Has3bIBAETCS UHC-
JI0O, K KOTOPOMY IPUOJUIKAETCA CyMMa 71 HePBBIX YJIEHOB IIPOTDECCUU, ecsiu n Oec-
KOHEYHO YBEeJINUYMBAETCA.
Cymma 6ecKOHEUYHO yObIBAIOUIEH
reoMeTPHYECKOI IMporpeccuu

S = b » lgl <1

1-¢
D Npumep 7. Haiitu cymmy Geckoreuno y6wiBaromeit I'II —4; —2; —1; ...
Peuienue:
-4 2 1-¢q

[\Db—*‘

Omeem: 8.
» nNpumep 8. Haiitu BrOpOIl unen GeckoHeuno yGrpiBaromeii ['Il, 3HaMeHATENb KOTOPO

1
paBeH —, a cyMMa mporpeccum — 72.
3 Pewenue:

b,

S=——; b1=S(1—q)=72-(1—%)=48; b2=48-%=16.

Omeem: 16.
l+y+y°>+y°+...

(D Npumep 9. Yupocturs BhIpaskeHue: —
1+y°+y’ +y +...

, Ttme 0 <y < 1.

Pewenue:
Yucnurens npobdu mpejacTaBiaseT coboit GeckoHeuno yoOwiBaromnyio I'Tl, rme b, = 1,
b, 1
q=yYy, torma S = = ——. AHaJloTMYHO 3HAMEHATEeJIb ITPEICTaBUM B BUE
1-¢g 1-y 1-y
1 A-ypty+yd)
l-y 1-y¢° 1-y)

3;

TOTa UCXOAHASA APOOb paBHA =y’ +y+1.

Omeem: y* +y +1.
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13
@ Npumep 10. Pemuts ypasrenue: 2x +1+x* —x® + x* +x° +... = 5 TAe lx| < 1.

Pewenue:
Cymma x? — x3 + x* — x° + ..., ;e |x| < 1 — 370 cymMMa GecKOHEUHO yObIBaloOIeit
reoMeTpUYeCKO# mporpeccuu, rae b, = x2, g = —x, |q| < 1. Torma srta cymma paBHa:
b, x

1—q:1+x'
2
ITonyuum ypaBHenme: 2x + 1+ ad :E, x = —1.
1+x 3

6(2x + 1)(x + 1) + 6x2 =13(x + 1); 18x*> + bx — 7=0; x, = —%; x, = %
Oba KOpHA yIOBJIETBOPAIOT YCJOBUIO |x| < 1.

Omeem: —z u l
8 2

ITonwbsyscek opmysioii cyMMbl OECKOHEUHO yOBIBAIOIEl reoMeTpuUYecKoil mporpec-
CUM, MOXKHO 3allMChIBATH 0ECKOHEUHYIO IIePUOINUYECKYI0 NeCATUUYHYI0 APOObL B BHUE
IeCATUYHOM.

» Npumep 11. Banucars uuciuo 0,(6) B Buse 0OGBIKHOBEHHON APOGH.

Pewenue:
0,(6) = 0,666... = 0,6 + 0,06 + 0,006 + ...
Caaraemsie 0,6; 0,06; 0,006 — umennl OeckoHeuHo yoObiBatormieil I'Il ¢ mepBbIM
unenom 0,6 u s3mamenaresem g = 0,1 (|g| < 1).
CymMma S = 0,6 = 0,6 = 6 = g 3uauur, 0,(6) = E
1-0,1 0,9 9 3 3
Omeem: 0,(6) = g
(D Npumep 12. Banucars 6ECKOHEUHYIO JeCATUYIHYIO APOOH 5,4(23) B Bue OGBIKHOBEHHON
ApoGH. Pewenue:
5,4(23) = 5,4 + 0,023 + 0,00023 + ...
Caaraemsie 0,023; 0,00023; ... — ujgeHbl 6eCKOHEUHO YyOBIBaIOIell reoMeTpuUUe-

ckoii mporpeccuu ¢ b, = 0,023 m ¢ = 0,01 (|g| < 1).
CymMMa 9TOoi IIPOTPECCUM:

0,023 0,023 23 4 23 396 + 23 419
= = = ; IO9TOMY: H+—+—— =5+ =5 .
1-0,01 0,99 990 10 990 990 990
Omeem: 5,4(23) = 5ﬁ.
990

@D 4.2.5. (noxHble NpoLEHTbI

ITousaTHe CIIOKHOTO IPOIEHTA BCTpeUaeTcs MpPU yBeauueHuu (YMEHBIIIeHUM) YKC-
Ja Ha p % HECKOJBbKO pas (e:KerogHo, eKeMecAuHO, eKeIHEeBHO) 0e3 M3bATUS IIPU-
pocra, T. e. KaKIBIA TOJ HAYUCJIAETCA IPOIEHT C YUETOM HapallleHHOU BeJIWYMWHBI.

DopMyIbI CIOMKHBIX IPOIEHTOB IIPUXOAUTCS MCIIOJIb30BAThL OyXrajTepaM 1 pabor-
HUKaM 0aHKOB. Kpome TOro, hopmMysTy MCIOJB3YIOT AJA ONPENEeJeHUA YNCICHHOCTHU
HaceJIeHUS CTPAHbl UJIU I'OPOJA, POCTA IIOTOJIOBbS CKOTA U T. .
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Pemrenue 3agau Ha C/I0KHBIE TPOIIEHTHI OCHOBAHO HA MCIIOJH30BAHUM CJIEAYIOIITUX
OOHATUUA U HOPMY.JI.

IIycts HeKoTOpasa mepeMeHHas BelWUYMHA A, 3aBUCAINASI OT BpeMeHU ¢, B HaUaJb-
HbIi MOMeHT ¢ = (0 umeer 3HaueHue A, a B HEKOTOPbIA MOMEHT BPEMEHU !, MMeeT
sHaueHue A .

AGCOMIOTHBIM MPUPOCTOM BeJIMYMHBI A 3a BpeMd ¢, HasblBaeTCA PasHOCTb A — A,.
OTHOCHTEFHBIM IPUPOCTOM BeJIUYNHBI A 3a BpeMsA ¢, Ha3bIBAeTCS OTHOIIECHUE:

A1_A0
A .

IIpoueHTHHIM IPUPOCTOM BeIMYWHBL A 32 BpeMs {, HA3bIBAETCA:
p % = u .100 %.
AO
Taxkum 00paszoM, BJIOKEHHBIW HAYaJIbHBIA Kamutaia A, mon p % TromoBBIX uepes

n JIeT IPeBPATUTCA B HapallleHHbIA KamuTan A @ A = A (1 + %) .

Bbruncaars caoxHEbIe IPOIEHTHI YA00HO ¢ ITOMOIIIbIO TaOJIUITLI, €CJIM BBECTH KO3(-
dunueHT yseaudeHus k.

E:xeromnoe yBeaumuenue Ha p % (k =1+ %j
1-it rog 2-1 rox 3-i roj n-i rox
Brruro a ka k’a
Bospocio p P ra P2,
3a Tof 100 100 100
P p 2
1+—=— |a=Fka 1+—=—|ka=Fka 3 n
CraJjo [ IOOJ ( 100) ka k"a
E:xerognoe ymensbuenue Ha p % (k =1- %]
1-it rox 2-1 rox 3-i roj n-i rox
Br1io a ka k’a
YMmeHnbIIH- p a p ka P Ba
JIOCH 3a TOJ 100 100 100
P p 2
1-—— |a=Fka 1-—— |ka=Fa 3 n
CraJjo ( 100) ( 100) ka k"a

D Npumep 1. Hauanpusiii BRaas B 6ank cocrasun 3 000 pyGueii. 3a roj HAUYUCIAIOCH
12 % romoBeix. HaliTu cymMMy BKJIaza uepes 5 JeT.

Pewenue:
Beruncaum cymmy BKaaga no gopmyne: A =3 000; p =12; n = 5.
n 5
A = A0(1+Lj . A =3 000(1+£) =3000-1,12° ~ 5 287, 03.
100 100

Omeem: 5 287 pybaeii 03 Komeek.
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. Mpumep 2. Ilpegupusarue padorano Tpu roza. IIpoum3BoACTBO IPOAYKIINK 3a BTOPOU
rox paboThI TPEeAUPUATHUA BO3POCTO HA p %, a Ha CIEAYIOIIWIl TOX OHO CTAJO Ha
10 % 6oubIitie, yem B mpeabiayinuii. OnpeneanTb, HA CKOJbKO IPOIEHTOB YBEJIUY-
JIOCh TIPOM3BOJICTBO 3a BTOPOM I'OJZl, €CJIU U3BECTHO, UTO 34 [Ba I'ojla OHO YBEJINUYUJIOCH
B o0rmeit caoxxuOoCcTH HaA 48,59 %.

Pewenue:
0603HaYNM KOJMYECTBO IIPOAYKIINN, ITPOU3BEAeHHON 3a IIePBhIiA, BTOPOU U TPEeTui
rofibl paGoThI NPEANPUATHUA, COOTBETCTBEHHO uepe3 A, A, u A,. Ilo ycioBuio sagauu
3a BTOPOII I'ofi IPOLEHTHBIA IIPUPOCT COCTABUI P % , a 3a Tpetuii — (p + 10) % . B co-
OTBETCTBUU C OIpeHeeHreM ITPOIEHTHOTO IIPUPOCTa 9TU YCJIOBUSA HAIOT IBa ypaBHE-
HUSA:

u-100%=p%;

1

- A
L-IOO % =(p+10) %.
A2
ITo ycioBuio 3agaun IpPOM3BOACTBO 34 ABa roga Bospocso Ha 48,59 %, T. e. B Tpe-
TUH TOJ IMpeAnpusaTue nIpouspoquio Ha 48,59 % mnpoaykimuu 6oJbllle, YeM B II€PBBIi

roz. 9TO yCJIOBHE MOYKHO 3aIllICATh B BHUJE: M -100 % = 48,59 %.
1

3anuiiem IIOJIYYE€HHBbI€ YPaBHEHUA B BUE cne,z:ylomeﬁ CUCTEeMBI:

A2=A1(1+—p j;
100
p+10]
A, = 1+ ;
? A2( 100
48,59
A, = 1+— ;
? Ai( 100)

YMHOXUM IIepBOe YpaBHeHNEe Ha BTOPOe:
p p+ 10)
= 1+ 1+ .
4 =4 ( 100 )( 100

s IIOJIYUYEHHOI'O YpaBHEHHUA N TPEThEro ypaBHEHMNA CHUCTEMBI IIOJIydaeM YypPaBHE-
HUEe OJIAd HaXOXKAEeHUA HEM3BEeCTHO! BeJIUYMHBI p:

(1+Lj(1+p+10j1+4&59; p? + 210p — 3 859 = 0.
100 100 100

Kopuu ypaBuenus p, = 17 u p, = —227 (He MOAXOJUT IO CMBICTY 3ala4dH).
Omeem: 17 %.

» Npumep 3. Teneusop B Hauare roxa crout 15 200 py6ueii. Ilo ycaoBuAM aknum, ecan
OH He IIPOJAeTcs, ero IeHa uepes rog ymeHbinaercd Ha 5 % . CKOIbKO OyaeT CTOUTH
TeJIEBU30P uepes 3 roja, ecju OH He OygeT mpomam?

Peuienue:
A,=15200;p=5 %; n=38.
Hcnoonbsyem GopMyTy €KerogHoro yMeHbIeHuss Ha p % .

n 3
A = AO(I—L] = 15200-(1—i) =15200-0,95° =13 032,1.
100 100

Omeem: 13 032 py6aeit 10 Komeex.
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U TpenupoBouHble TecToBble 3afaHuA K paspeny 4

1. IlocrmemoBaTelbHOCTD 3ajaHa Gopmysoit ¢, = —4n® + 3. Kakoe u3 yKasaHHBIX YHCel
SABJISIETCA YJIEHOM 9TOI ITOCJIeJOBATEJTbHOCTU?
1) -2 2) —-15 3) -33 4) -99

2. Tpu mocaenoBaTeJabHOCTH, CPEAN KOTOPBIX €CTh apudMeTHUecKas U reoMeTprudecKas
nporpeccus, 3aJaHbl HECKOJbKUMU MEPBBIMU UJeHAMHU. Y KAKUTe OJIS KasKIOU IIo-
cJemoBaTeIbHOCTH COOTBETCTBYIOIEe el yTBEep:KIeHNeE.

A) 11 0 1 1) IlocimemoBaTelbHOCTL HE SBJIAETCS HU
274> 77 47" apudMeTnUeCcKoil, HU TreoMeTpUuUecKoi
B) 1; —4; 16; —64; ... 0 I;IPOFP"CCHGH-
B) —0,5; 1; 2; —4; ... ) OCJIeI(OBaTeJII:HOCTB ﬂ]iJIE[GTCH apud-
MEeTHUYECKO! IIporpeccuei.
3) IlocemoBaTeIbHOCTh ABJSETCS T'eOMe-
TPUYECKON ITporpeccueii.
OrBer: A b B

3. Apudwmeruuyeckue nporpeccuu (a,), (b)) u (c,) sagansl popmysnramMu n-ro 4ieHa: a, =
=4n + 7; b =4n; ¢, =3n — 1. YKaKuTe Te U3 HUX, y KOTOPBIX Pa3HOCTh d paBHA 4.
1) (@) n(c) 2) (c,) 3) (a,) u (b)) 4) (b)) u (c,)

4. CKOJBKO HEOO0XOAUMO B3STh IOCJIeAOBATENbHBIX HATYPAJbHBIX UHMCeJI, HauuHasd c 1,
uyT00BI MX cymMMa Oblia pasHa 2107
1) 20 2) 21 3) 24 4) 105

5. Broiumcaure cyMMy BCeX UJIEHOB OECKOHEUYHO yOBIBAIOIIeli reoMeTPUUYEcKOil mporpec-
cuu, y KoTopo b =95 - 37"

1) g 2) 2,5 3) 10,5 4) 15,5

6. Teomerpmueckas Iporpeccus sajgaHa ycaosuamu: b = 7 - 3"'. Kakoe 13 TaHHBIX Yu-
ceJl He ABJISIETCS YJIEHOM 3TOI IIporpeccuu?
17 2) 14 3) 21 4) 63

7. Yxaxure oOLIKHOBEHHYIO JP00b, PABHYIO OECKOHEUHOM IIePUOSUUECKON AeCATUUHON
npodu 3,8(3).
1) 3§ 2) 3§ 3) 31 4) 3§

8 100 6 6

8. B momHemenbHNK HEKOTOPBIM TOBap MOCTYIMI B mpomaKy 1o mexne 800 pyoOieii. B co-
OTBETCTBUM C IPUHATBIMKA B MarasuHe IIPaBUJIAMM, IleHA TOBApa B TeUeHNe HeIesn
ocTaeTcs HeM3MEHHOM, a B IMEePBLIN JeHb KaXKIOU CJeNyIoInell HeleJau CHUMKAeTCS Ha
20 % ot mpenpigyieii 1meubl. CKOJIBKO PybJieit 6yaeT CTOUTHL TOBAP HA CEMHAAIIATHIN
IeHb II0CJI€ MOCTYILIEHUS B IIPOSAXKY?
1) 512 pyo. 2) 480 py6. 3) 760 pyo. 4) 584 py0.

9. CrpourensHasa ¢pupma moaoxuiaa B 0auxk 300 Teicau pydOseii. 3a rog HAUYKUCISAETCS
10 % rogoseix. CymMMa BKJIaJa uepes ISAThb JEeT COCTABIUT:
1) 350 TwIC. PYoO. 2) 483 TrwIC. PYO. 3) 315 TreIC. PYO. 4) 375 TwIC. PYO.
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10. YeTBepToliil 4jieH TeOMEeTPUUYECKOM Iporpeccuu cocTasisier 25 % OT IIecToro ujaeHa
STOU MMPOTPECCUU, & CyMMa BTOPOTO U MATOTO UJIeHOB mporpeccuu paBua 216. Haiigu-
Te CyMMY IIEPBBIX UeThIPEX YJIEHOB IIporpeccuu, ecjau q > 0.
1) 144 2) 180 3) 192 4) 216

11. Hafigure OATHUAECATHIA UJeH apu(pMeTHUeCKON IIPOrPEecCHll, e€CJIU ee IIEePBBLIN UJIeH
paBeH 1,1, a pasHocTh 2.
OrBer: .

12. Hatigute cegbMoii UJleH TeOMEeTPUYECKON IIPOTPECCU, eCJIN ee MePBLIil UjeH paBeH 6,
1
a 3HaMeHAaTeJb rh

Orser: .

13

. . . 4
Haiigure cymmy OecKoHeuHO yOBIBalOIleil reoMeTpHUECKOM IIporpeccuu: —4; §;

4

9
OTserT: .

14. B apudmernueckoi nmporpeccuu (a,) a, = 13,2; a,, = —24,6. Halinure pasaocTs apud-
METHUYeCKOH HIPOTrPEeCcCUm.
OrBer: .

.. 1 .
15. B reomerpuueckoii nporpeccuu (x,) X, = 5; X, = 3. Halizure 3HaMeHaTeJb IIPOrpec-
cum.
OrBer: .

16. Apudmernueckasa mporpeccus safgaHa yciaosuem a = 10 — 2,9n. Haiinure cymmy
IIEPBBIX JECATU UJIEHOB IIPOrPECCUU.
OrBer: .

3
17. l'eomerpuueckasa mporpeccus (b)) samana ycmosuem b, =§-(2)". Haiinure cymmy

IIEPBBIX IIATH YJIEHOB IIPOT'PECCHUM.
Orser: .

18. B reomeTpuyecKoii IPOTPECCUU C MOJOKUTETbHbIMY uneHamu S, = 4, S, = 13. Haii-
nure S,.
OrBer: .

Pemure ypaBuenue: 2 + 5+ 8 + 11 + ... + x = 155.
Orger: .

19

20. Tpu uwmcia, U3 KOTOPBLIX TpeThe paBHO 12, ABIAAIOTCA TpeMs IIOCJIEIOBATEIbHLIMU
yjieHaMIU TeoMeTpuuecKou mporpeccuu. Eciau Bmecto 12 B3ATH 9, TO 5TH Tpu umcia
OyayT TpeMs IIOCJeSOBATEJbHBIMU WIeHAMHN apu(pMeTHUUecKOol mporpeccuu. Hatigure
9TU YHUCJIA.

OrBer: .
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s, OyHKLMM

3HaTb: « noHATUE QYHKLMNK;
+ 06nacTb onpefeneHuns, MHOXeCTBO 3HaUYeHNI;
+  Cnocobbl 3apaaHnA QyHKLUMK;
+ MoHATMe O rpadurike NMHENHON PYyHKLUUN, QYHKUMAX Y =X y=X3, y = Jx, y= Yx, y=Ix|;
+ MPOMEXYTKM BO3pacTaHus, yobiBaHNA GYHKLMN, HyN GYHKLIMK, IPOMEXKYTKIN COXPAHEHNA 3HaKa.
YmeTb: « BbIYMCAATb 3HaYeHMe GyHKL MM No dopmynam;
+ CTpOUTb rpaduKmM NO TOUKaM, ONUCbIBaTb UX CBONCTBA MO rpaduky;
+ VHTEpnpeTnpoBaTb rpadurky peanbHbIX 3aBUCUMOCTEN;
+ MOKa3blBaTb CXeMaTMyeCcKoe PacrnosioXkKeHre Ha KOOPANHATHOW NIOCKOCTN rpadrKoB GyHKLMIA:
k .
y=kx+b,y :E; y=ax%y=ax*+cy=ax*+ bx+ c B 3aBUCUMOCTUN OT 3HaUeHUN Koabdurum-
€HTOB;
« CTpouUTb rpadurKkm nsyyaembix GyHKLUUINA.

5.1. Yucnoble dpyHKLuM

5.1.1. ToHatne ¢yHkuun. 06nactb onpepenena Gynkumn. Cnocodbbl 3anaHna GyHKLMM

3aBHUCUMOCTHU OTHOU IIepeMeHHOI OT APYroi HasHAuaoTCsa (DYHKIIMOHAJILHBIMHU 3a-
BHCHUMOCTSIMH.

Eciu raxmomy 3HaueHWIO HE3aBUCUMOW IIepPEeMEHHOM COOTBETCTBYET eIUHCTBEH-
HOe 3HAUeHUe 3aBUCUMOIi TIepeMeHHOIl, TO TaKas 3aBUCUMOCTD Ha3bIBaeTcs (DyHKI[HO-
HAJbHOW 3aBHCHMOCTHIO, MU (DyHKI[HEH.

HesaBucumyio mepeMeHHYI0 HA3bIBAIOT TaK:Ke apryMeHTOM. APryMeHT IIPUHSITO
00o3HauaThL OYKBOM X.

3aBUCUMYIO TTePEeMEHHY0 HAa3hbIBAIOT (DYHKIHEH, ee 0003HAUAIOT y niau f. 3amUCHI-
atotT: y(x) uau f(x).

Hanpuwmep, f(x) =3 — x uiu y(x) = x2 + 3x — 1 — QyHKIIHUU.

O6macTs ompenmeneHus (PyHKIIMH — Bce 3HAUEHUSA, KOTOpPble IPUHUMAET apry-
meuT. O0aacTh ompenesneHnss GYHKIITUN IPUHATO ob6o3HauaTh D(f).

Hampumep, paccMoTpuM (QYHKIIMIO — 3aBUCHUMOCTDL ILIOMIALUA KBajapaTa OT €ro
cropoubl: S(a) = a®. O0jacTh OmpeneeHNs 9TOM (PYHKIMMN — MHOMKECTBO BCEX IIO-
JIOJKUTEJIbHBIX YKCeI.

O6macTs 3HAYeHUSd (PYHKIIMM — MHOYKECTBO TeX 3HaUeHUI, KOTOPbIe MOKET IIPHU-
HUMATh caMa (DYHKIIUS IIPU BCeX 3HAUEHUSIX apryMeHTa M3 00JIAaCTU OIIpeeJIeHUsd.
MuoKecTBO 3HAUeHNI (PYHKIIUK IPUHATO 0o003HaUYaTh E(f).

. Mpumep 1. Iloesn aBuIKeTCs co cKopocThio 70 KM/4. 3a ¢ U OH IPOXOIUT PaCCTOAHUE
s KM. 3agaTh (opMyJa0¥ 3aBHMCUMOCTE S OT t. HaliTu 3Hauenme GyHKIIMU IIPU 3HAUE-
HUU apryMeHTa, PaBHOM 3 4, D U.

Peutenue:
OueBUAHO, UTO JAaHHAS 3aBUCUMOCTH MMeeT Bun: s = 70¢t.
Ecmmt =834, T0s=70 -3 =210 KMm.
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Ecmmt =74, T0s=70-7=490 Km.
Omeem: s = 70t; 210 Km; 490 kM.

O61acTi ompeeIeHNnsI OCHOBHBIX 3JI€MEHTAPHBIX (DYHKIIMI:
1. O6yacTh ompezesneHus JIIO0OOT0 MHOroujgeHa — R (MHOXKECTBO BCeX elCTBUTEJIb-
HBIX YUCeJ).

2. ObJsacTh ompeaeIeHn s D(lj = (—o0; 0) U (0; + ).
x

3. D(%x) =[0; + ); D(**¥x) = R.
O6siacTu 3HAYEeHUH OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIIHI
Ob6JiacThi0 3HAUYEHUH BCSAKOTO MHOTOUJIEHA YETHOH CTEIIeHU SIBJIAETCA TPOMEKYTOK
[m; + ), rne m — HamMeHbIllee 3HAUEHNE JTOT'0O MHOTOYJIEHA, JINOO IIPOMEKYTOK
(—0; n], rome n — HamboJIbllIee 3HAUEHNE 9TOTO MHOTOUJIEHA.

Cnoco6bl 3apanHnA GyHKUMM

Yro06sI 3a1aTh GYHKIIUIO, HY;KHO YKa3aTh CIIOCO0, C IOMOIIbI0 KOTOPOTO AJA KaiK-
JIOTO 3HAUYEHUA apryMeHTa MOYKHO OBLIO ObI HAWITH COOTBETCTBYIOIIEe 3HAUEHNE (PYHK-
nuu. CyIecTBYIOT YeThIPpe OCHOBHBIX cIOC00a 3ajaHUA (DYHKITMN:

1) aHAIUTUYUECKUIA; 3) TabJIUYHBIN;
2) rpaduyuecKkuii; 4) cioBecHOe OIHICAHUE.

1. AnamuTnueckuii cmoco6 3amanusa pyHxkmuu. [Ipu amanuTuyeckoM cmocobe PyHK-
nudA 3aJaeTcsa ¢ IOMOIIbio GhopMyabl y = f(x), rae f(x) — HEKOTOpPOe BHIpasKeHUE
C IIepeMeHHO.

x, x <0,

Nx+1,x>0.

2. ITpu rpaduueckomM cmocode 3amanHma (GPYyHKIHUN m300pakaioT rpad@ux QyHKIIUN
y = f(x) B cucreme xOy.

3. TabmuuHbIi cmoco0 3amaHuA (PYHKINU 3aKJ0YaeTcsd B TOM, UTO COOTBETCTBUE
Mexay snemenTamu MHo:KecTB D(f) u E(f) 3amaeTca B Buie TaOIUIIHI.
IIpu Taxom cmocobe 3amaHusa GYHKIINYU B TabJIUIle YKA3BIBAIOT 3HAUCHUA (DYHKIIUU

Hampumep: y = x + 3; y = —3x2; y = %; y=

yl’ yz, ceey yn AJIA IMEIOIUXCA 3HaUYeHUH apryMeHTa xl, x2, veey xn:
X xl xz ces xn71 xn
y yl y2 b yn— 1 yn

IIpumepamMu TabmuuHOTrO crocoba 3amaHusA (PYHKIUU SBJISIOTCS, HAIIPpUMeEp,
TabJIUIBI KBAAPATOB, KYOOB, KBaJApAaTHLEIX KOPHEI 1 T. 1.
Hampumep:

x -2 | -1 0 1 2 3
y 4 1 0 1 4 9

4. IIpu ciaoBecHOM cmoco0e 3amaHusa (PYHKIIUU 3aKOH, COTJIACHO KOTOPOMY 3HAUEHUS
(GYHKIIMY COOTBETCTBYIOT 3HAUEHUAM aprymMeHTa, (hOpMyJIUPYeTCs CJIAOBECHO.
Hampumep, pasmep IMOJOXOAHOTO Hajora sABJAsgeTcA (PYHKIMENH 3apabOTHOMN MJIaThl
HAJIOTOILJIATeIbIIKA.

(D Npumep 2. dyurnusa sagana popmysnoit y = 2x? + 1. Haiitu sHaueHne QyHKUUU IpU
x=-1; 2; 10.
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Pewenue:
Eciu x =-1, o y(-1)=2 - (-1)2+ 1 = 3;
ecim x =2, o y(2)=2-22+1=09;
ecau x = 10, to y(10) = 2 - 102 + 1 = 201.
Omeem: 3; 9; 201.
(D Npumep 3. Haiitu sHaueHwe aprymeHnra X, Opu KoTopoM 3Hadenwe y = 207, ecan
dbyuKUIUA 3amana Gopmysoii: y = 2x + 1.

Pewenue:
Ecimy=2x+1uy=207, To 2x + 1 = 207; 2x = 206; x = 103.
Omeem: 103.
. Mpumep 4. HaiiTu o6sacTh onpeneeHUs (PYHKITUN:
1 x—1 5
a :x2+£;6 =&;B =—— T =
)Y PR A L At Mo LI ety

Pewenue:
a) y=x2+§; D(f) = R;

6) y =L D) = (o0 2) U (2 1o0);
x—2

D) y = S el 42 03 # 4 [ # 545 D() = (05 —4) U (45 4) U (43 +0)
x J—
B 5
x(x —1)(x +3)
 Npumep 5. B rabunne noxkasana ciaeAyoIas 3aBUCEMOCTb aTMOC(HEPHOTO AaBJICHUS D
OT BBICOTBI i HAJ YPOBHEM MOPS:

r) y 5 D(f) = (—o0; =3) U (=35 0) U (05 1) U (1; +o0).

h, KM 0 1 2 3 4 5 6 7 10 12
< < - « = o RCA e X e

p, MM PT. CT. S (AN 10 0 e} o0 — S (] (=]
— D~ [} [9\] (=] =] =] 0

D~ D~ © 0 0 <H Al ~H (2] ™

1) Ykasarh maBieHue Ha BhicoTe: a) 2 KM; 0) 4 KM; B) b KM; T) 12 KMm;
2) Ha Kakoii BbICOTE HaJ YPOBHEM MOPSA JaBJeHNE PABHO:
a) 675,1; 6) 525,7; B) 400,9; r) 390,87
Omeem: 1) a) 675,1 mm prt. cT.; 6) 525,7 MM pT. cT.; B) 428,9 MM pT. CT.;
r) 350,5 MM pr. cT.; 2) a) 2 KM; 6) 4 KM; B) 7 KM; 1) 10 KM.
. Mpumep 6. Jauna pyurnus y = x2 + x + 1. BelAcHUTD, IPUHALIEIKUT U IPaPUKy TOMH
dyurIuu Touka ¢ koopauuaramu: a) (0; 1); 06) (—1; 2); B) (1; 3); r) (—4; 3).
Pewenue:
Eciu Touka mpuHAmIeKUT rpauKy, TO ee KOOPAWHATHI YAOBJIETBOPAIOT ypaBHE-
HUO §y = x2 + x + 1.
a)(0;1), r.e.x=0,y=1;1=02+0+1,1.e. 1 =1.
Touka TpPUHALIECKUT IPAPUKY;
6) (-1;2), T.e.x=-1,y=2;2=(-1)2+(-1)+1, r.e. 2#3.
Touka He MPUHAMJIEKUT TPaPUKY;
B)(1;3), T.e.x=1,y=3;3=12+1+1, 1. e. 3=3.
Touka TPUHALICKUT IPaAPUKY;
r) (—4;3), T.e.x=-4,y=3;3=(-4)2+(-4)+1, 1. e. 3=15.
Touka He TPUHAMJIEIKUT IPpapuKy.

S sl Meemegwaw 169



G0 5.1.2. Tpaduk GyHKumun, Bo3pacTaHue u y6biBaHue GyHKUMN, HabonbLuee

170

N HaUMeHbLLEee 3HaueHUs GYHKLUN, HYAN GYHKLMU, NPOMEXYTKM
3HAKONOCTOAHCTBA. YTeHue rpaduKoB GyHKLUM

I'pacpukom (pyHKIUHU Ha3bIBAETCA MHOKECTBO BCEX TOUEK KOOPAMHATHON IIJIOCKO-
cTU, abCICcChl KOTOPBIX PaBHBI 3HAUEHUAM apryMeHTa, a OPAUHATBI — COOTBETCTBY-
IOIUM 3HAUEHUAM (DYHKIIUU.

Mpumep 1. Paccmorpum pyHKIWIO Y = ig’ rae —2 < x < 3. CocTaBuM Ta0JIUITy 3HA-
X+

YeHU (PYyHKIUU IJId IeJbIX 3HAYeHUN apryMeHTa.

x 2 | -1 0 1 2 3 g
3 1,5 1 3 3 1 {2
y ’ 4 5 2 -

1 ] n
2-1] 123 «
Hanecem Ha KOOPAWHATHYIO IJIOCKOCTh TOYKY U3 Ta0d-
auipl. CoemmHUM WX MIaBHON Jmumelr (puc. 5.1). Ilpe- Puc. 5.1
UMYIIIeCTBOM I'padmKa SBJIAETCS ero HarJasaIHOCTh, a He-
IOCTaTKOM — TO, UTO II0 rpadWKy MOKHO HAWUTH TOJBKO IPUOJMIKEHHBbIE 3HAUEHUA.
IIo uszobpakeHHOMY rpaduKy OJid JIIOOOT0 aprymMeHTa MOYKHO HAWTH 3HAUYEHUE

GyHKIIMU 1 HAaoOOPOT.

Mpumep 2. PaccmorpuM rpaduk HEKOTOPOH (QYHKIIUN yr ¥ =1x)

y = f(x) (puc. 5.2). Hatinem sHaueHme QYHKIIUU IIPU X = 41----- P A

= 2. Yepes 9Ty TOUYKY IIPOBEAEM IIPAMYIO, HIEPIEHIANKY- 3 5

JIAPHYIO OCHU X IO TiepeceueHus ¢ rpadurkom. OHa mepece- 2 :

uer rpaduK B Touke A(2; 4). 3HauuT, ecnu x = 2, To y = 4. -1l :
Haiinem smauenue aprymeHnTa, mpu KOTopom y = —2. -9 23 X

IIpoBemem uepes 3Ty TOUKY IPAMYIO, IePIEHANKYIAP- Bf.l o

Hy!0 ocu y. OHa mepeceuer rpaduk B Touke B(—1; —2). Puc. 5.2

3Hauur, ecan y = —2, 1o x = —1. T
3amMeTHM, UTO He BCAKOE MHOYKECTBO TOUEK KOOp- y "

N

OUHATHOHN ILJIOCKOCTU SBJAETCS rpad)KOM HEKOTOPO
dyurnuu. Hanpumep, Ha KpUBOI, M300pasKeHHOI Ha
puc. 5.3, 3HAUEHUIO X = X, COOTBETCTBYIOT TPU 3HaAUe-
Husa y (Y,, Y, U y,), U, CIE€AOBATENIHHO, TAKOE COOTBET-
cTBUE He ABJsAeTcS QYHKIUEH.

g Toro 4To0bl MHOXKECTBO TOUYEK KOOPAWHATHOM
IJIOCKOCTH SABJIAJIOCH TPadUKOM HEKOTOPOIl (hyHKIIUH,
HeoO0XOAUMO U JOCTATOUYHO, UTOOLI JII00asd mpaMas, Ia-
pannenbHas ocu Oy, mepecekajach ¢ YyKa3aHHBIM I'pa-
¢uxoM He 0oJiee YeM B OJHOI TOUYKe.

MoHoTOHHOCTb GYHKLMN

dyuknua y = f(x) HaspIBaeTcs BoO3pacTarouieii Ha
ITaHHOM YKCJIOBOM IIPOMEIKYTKE X, €CJU 00JIbIIIeMYy 3Ha-
YEeHUIO0 apryMeHTa COOTBETCTBYeT OoJibIllee 3HAUEHUE
Gysrnuy (puc. 5.4), T. e. JJd JOObIX X, U X, U3 X: €CJIH

x, > x,, 7o f(x,) > f(x,).




dyurnua y = f(x) HasbIiBaeTcAd yObIBAIOIIEH HAa TaHHOM YHCJIOBOM IIPOMEKYTKE X,
ecinu OOJIbIIIEMY 3HAUEHHUIO apryMeHTa COOTBETCTBYET MeHbIllee 3HaueHue (PpyHKIUUN
(puc. 5.5), T. e. pua MOOBIX X, U X, U3 X: €CIH X, > X, TO f(x,) < f(x,) (puc. 5.5).

Ecin @yHKIIUS TONBKO BO3pacTaeT WM TOJbKO yObIBAeT Ha MaHHOM YHCJIOBOM
IPOMEXKYTKe, TO OHA Ha3bIBaeTCA MOHOTOHHOMW Ha 5TOM IIPOMEIKYTKeE.

Hanpuwmep, pyarmua y = 2x — 3 aBiadeTca MOHOTOHHO BO3pacTalollleil Ha Bceil 00-
nactu omnpenenenus (puc. 5.6). A pyurnusa y = x> + 1 He ABIsAeTCA MOHOTOHHOU Ha
Bceli 00J1acTu oIIpemesieHns, TOCKOJbKY ITpu X € (—wo; 0] oHa ABagerca yOnIBaloIeit,
a mpu x €[0; +o) — BoapacTamIeit (puc. 5.7).

y y
y = f(x) 2

f i °

(xlg\ %, 1 2345% )
X : x -2

f(x,) 1\.\ 3 123 >

y=2x -3 y
y=x2+1

Puc. 5.5 Puc. 5.6 Puc. 5.7
» Npumep 3. @yuruusa y = f(x) sagaHa Ha IPOMEKYTKe y
[-4; 6]. YKasaTh IPOMEXXYTKHU BO3PACTAHUA M yOBLIBA- 1|y = f(x)

HuA QpyHKIuU (puc. 5.8). g -1 3456
Omeem: @GyuKua Bogpacraer npu x € [—2; 0] u [5; 6]; _' pre
dyrknua yosiBaer npu x € [—4; —2] u [0; 5]. 4 \/_11 12 \/

Puc. 5.8
Han6onbLume n HaumeHbLLME 3HAUEHNA GYHKLUN

dyurnua y = f(x), oupenesieHHas Ha HEKOTOPOM ITPOMEKYTKe, HOCTUTAET CBOETO
HauOOJIBIIEer0 3HAYEeHMSI, €CJIM CYIIeCTBYeT TaKasd TOUKa /M U3 9TOT0 HMPOMEXKYTKa,
YTO JJIA BCEX X ITPOMEKYTKA BBITIOJHAETCA HEPABEHCTBO:
f(x) < f(m) (puc. 5.9).
dyurknusa y = f(x), onpeneseHHas Ha HEKOTOPOM IMPOMEKYTKE, JOCTUTAET CBOETO
HAMMEHbIIIero 3HAUEHUS, €CJIU CYIIeCTBYyeT TaKas TOUKa M U3 9TOr0 IIPOMEKYTKa,
YTO JJIA BCEX X IMMPOMEKYTKA BBIMIOJHIETCA HEPABEHCTBO:

f(x) > f(m) (puc. 5.10).

y = f(x) y = y y = f(x)
N N AL o
P e e S I B N B e

Puc. 5.9 Puc. 5.10

Hampumep, dyurmus y = x? (puc. 5.11) He umeer y
HambOJIbIIIEr0 3HAUeHNA, & HaNMeHbIllee 3HaUeHue IPu
x = 0 paBHO HYJI0, ToCcKOJBKY f(0) < f(x) mia Bcex x y=x2
obJacTy ompeneseHusA.

dyurnua y = —x (puc. 5.11) He nuMeeT HAUOOJIBITIETO
U HaUMEHBIIIeT0 3HAUEHUWA Ha BCEU 00JIacTy oIpejelie-
HUA. y=—x

Puc. 5.11

B



 Npumep 4. @ynrnus y = f(x) onpeseneHa HA TPOMe-
KyTKe [—2; 3]. HaifitTu mHaumbosbIlllee U HauMMeHbBbIIIee
3HaUeHUd (PYyHKIIMU HA 9TOM IIpOoMeKyTKe (puc. 5.12).
Omeem: QYHKIUA IpUHUMaeT HamOOJIbIllee 3HAaUEe-
HUe, paBHOe 3 IIpu X = —2, HaHWMeHbIIIee

sHauenue —2 npu x = 1.

Hynu GpyHKLMM, NpOMEXYTKM 3HAKOMOCTOAHCTBA
Hynu ¢pynkunumm — 3HaYeHUA apryMeHTa, IIPU KO-

TOPOM 3HaueHMHe (PYHKIIUU PaBHO HYJI0. TOo ecTh 9TO y
KopHu ypasHenus f(x) = 0 (puc. 5.13). y = 1f(x)
Ha puc. 5.18 x, u x, — Hysm QyHKIUH, T. €. ITO a n

TOYKHM IIepeceueHUdA rpadura ¢ ocbo Ox. , :
YucoBble TPOMEKYTKY, HA KOTOPBIX (PYHKIIUA CO- 5_/ ! T\
XpaHdeT CBOl 3HAK (T. €. OcTaeTcsA MOJIOKUTETbHOUN i .
WJIN OTPUIATEJILHOI), Ha3BhIBAIOTCSA MPOMEKYTKAMU Puc. 5.13
3HAKOIIOCTOSHCTBA.
Tax, Ha puc. 5.13 QyHKIIMA MONOKUTETbHA, T. €. f(x) > 0 mpu x € (x; x,), QyHK-
nuA OTPULIATENbHA, T. e. f(x) < 0 mpu x € [a; x)) U (x,; b].
I HaxXOoXKIeHUS HyJell U NIPOMEXYTKOB 3HAKOIOCTOSHCTBA He 00s3aTelIbHO

uMeTh rpaduk (PYHKINH, JOCTATOUHO PemInTh ypaBHeHue f(x) = 0 m HepaBeHCTBa
f(x) >0 u f(x) <O.

. Mpumep 5. [Ina pyurnum y = x2 — 4 HaWTU HYJU U IPOMEKYTKU 3HAKOIOCTOSHCTBA.
Pewenue:

Haligem Hyan QyHKINN, OIS 5TOT'O PeIIM ypaBHeHue x> — 4 = 0; x, =-2; x,=2.

Haiimem npomesxyTKu, rae PYHKINA IPUHNMAET IIOJOMKUTEJIbHBIE U OTPUIlATEIb-

HbIe 3HAUeHUs. PelluM HepaBeHCTBO: T <
x2—4>0; (x - 2)(x +2)>0. %%Q’

Perium HepaBeHCTBO METOIOM HMHTEPBAJIOB.

Omeem: uynu: —2 u 2; f(x) > 0 upu x € (—o0; —2) U (2; +0); f(x) < 0 mpu x € (—2; 2).
. Mpumep 6. He BrImoNHAA mOCcTpoeHU:A rpaduKa, HAUTH TOUKU IepeceueHUs rpaduka
y = x2 — 10 ¢ ocaAMU KOOpAUHAT.
Pewenue:
I'papur mepecekaer ock Ox, eciim y = 0, 1. e. x* — 10 = 0; x* = 10; x, = \/ﬁ;

x, = —J/10. Touku nepecedeHus ¢ ocbio Ox: (\/10; O) u (—\/10; O). I'padpux mepece-
KaeTr ochb Yy, ecau x = 0. T. e. y= —10. I'padpur mepeceraeTr ocs Oy B Touke (0; —10).

Omeem: (\/ﬁ, O); (—\/ﬁ; O); (0; —10).

YeTHOCTb M HEYETHOCTb GYHKLMIA

dyurnua y = f(x) HasbIBaeTCad YETHOW, €CJaU s
Ka'KJ0T0 3HAUEHUA X U3 ee 00JIacTy OIpeneeHUs 3HA-
YyeHUe —X TaK:Ke MPUHAAJIEKUT 00JIaCTU OIpeaesIeHusd
¥ BBINIOJHSETCSA paBeHCTBO f(—x) = f(x).

T'padpur dveTHON (YHKIUN CHMMETPHUYEH OTHOCH-
tesbHO ocu Oy (puc. 5.14).

Hampuwmep, rpadpuru dyurnumit y = x%; y = 2x% — 2;
Y = |x| — 4derHBIe.
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Dyurua y = f(x) HasbIBaeTCd HEUYETHOM, eCIu s

KasKJJOT0 3HAUEHUSA X U3 ee 00JIaCTH OIpeae/IeHns 3Ha- g H(x)
YeHUe —X TOXKe MPUHAIJIEKUT 00JIACTH OIpeneseHUs 5
¥ BBITIOJHSETCS paBeHCTBO f(—x) = —f(x). P
I'padpur ueTHON GYHKIUN CHMMETPHUYEH OTHOCH- X X
TeJbHO HaYaJa KoopauHaT (puc. 5.15).
Hampumep, dysxmum y = x3; y = 3x; yz—z; f=x)§----
— aD A3
Yy = x° — x® HeueTHBIE. Puc. 5.15

Mpumep 7. YeTHOM MM HEUETHOH ABJSIETCA (PYHKIIUIA?
2
a) f(x) = X7 + 2x% 6) y=3x4—%+1; B) y = 2%° + 2 — 1.

Pewenue:
a) f(—x) = (—x)" + 2(~x)® = —x7 — 2x% = —(x7 + 2x%) = —f(x);
f(—x) = —f(x), pyHKIINA HeueTHAS;

6) f(-x)=3(-x)" - % +1=38x"- %2 +1 = f(x);

f(=x) = f(x), yHKIIUSI YeTHAT;
B) f(—x) = 2(—x)* + (—x)* - 1 =-2x"+ x* = 1 = —(2x® — x* + 1);

f(—x) # —f(x) # f(x). PyHKIUSA ABIACTCS HU YETHOH, HA HEUYETHOU. ITO QYHKIUAA

of01iero Buza.

YteHue rpa¢ukoB GyHKuMIA

Yrenne rpadura (pyHKIMH — 5TO OIMCAHNE CBOMCTB (PYHKIUU IO ee Trpadukry.

IInan onucanus (PyHKIUU:

1. O6nacts ompenenenusa ¢pyurmuu D(f) (MHOXKeCTBO TOIMYCTUMBIX 3HAUEHUI Iiepe-
MEHHOM X) OIIpemesigeTca IO OCH X.

2. MHuo:xecTBo 3Hauenuit pyaknuu E(f) ompenensercs o ocH Y.

3. UeTHOCTh, HEUETHOCTb (PYHKIIUU.

4. HauboJsblllee 1 HauMeHbIIlee 3HaUeHne QYHKIIUN.

5. Hyau ¢yurnuu. OnpenenasioTcesa B TOUKAX IIepeceueHUs rpaduKa ¢ 0Chbio X.

6. ITpoMe:KyTKM 3HAKOIIOCTOAHCTBA (PYHKIIMU (9TO MHOYKECTBO 3HAUEHUU X, IPU KO-
TopeixX ¥y > 0 mam y < 0). Onpexensiorca mo vyactu rpaduka, JesKareil BbIIle J0o
HIKEe OCU X.

7. IIpoMesXyTKHU BO3pacTaHUs 1 YOBIBAHUA (PYHKI[UH.

Mpumep 8. IIpouurars rpadur pyurmuu y = f(x) (puc. 5.16).

Peuienue:

1. D(f) = [-4; 4].

2. MHuo:kecTBO 3HaueHu# pysrnun E(f) = [-2; 4]. y

3. ®YHKIINA ABJAETCS HU YEeTHOI, HU HEUEeTHOI.

4. Haubosbliliee 3HaueHue GpyHKIUU Yy = 4 npu x = 2; 4
HauMeHbIllee 3HaUueHre QyHKIuu y = —2,5 1pu x = y =1(x) 2
=-2,5.

5. Hyma: x, = —0,5; x, = 3,5. -4 -2 Y 4

6. f(x) > 0 mpu x € (-0,5; 3,5); f(x) < 0 mpu x € [—4; 12 3\ X
0,5) U (3,5; 4]. \/2

7. f(x) Bospacraer mpu x € [—2,5; 2]; f(x) yObiBaer -3
Ipu X € [—4; —2,5] n [2; 4]. Puc. 5.16
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@D 5.1.3. Npumepbl rpaduyeckux 3aBUCUMOCTENA, OTPAXKAIOWMX PeasibHble NpoLecchl

TOTOBHOCTH K pabore, %
HABOPOHOK

T'paduky MCTIOIB3YIOTCS B CAMBIX PasHO-
o0pasHbIX chepax AesTeJTbHOCTH UYeOBeKa,

100
MOCKOJIbKY HATJIAJHO IIOKA3bIBAIOT M3MEHEe-
HUe OJHMX BEJWYUH B 3aBUCHMOCTH OT Ka- 5
Kux-1ubo ApYyrux BeJdwuuH. I'paduKu mpo- 28 12 16 20

IeCCOB, PeaIbHO MPOUCXOAAIINX B IPUPOIE,
WCIOJB3YIOT (PUSUKU, OMOJOTH, SKOHOMU-
CTBHI, METEOPOJIOTH, MEIUKU U T. H.
Hanpumep, opreHTHPOBaHME OMOJOTMYECKUX PUTMOB JIIOAE 3aJI0/KE€HO IIPU POIK-
neann. Kak s(p@PeKTUBHO MCIOJIL30BATL CBOM OmOJOTMUecKue ocobeHHoctu? HWc-
HOJIb3ys IrpadUK, COCTABJICHHBINA OMOIOTaMU
u Memuxamum (puc. 5.17), MOKHO TWJIaHU-
poBaTh caMble BajKHBIE JOejla Ha TO BpeMmd,
KOrZa Bbl HAXOAHUTECh Ha IIMKe pPaboTOCIO-
cobroctn. C TOMOIIBIO TPAPUKOB MOKHO
n300PasUTh POCT UHCJIEHHOCTH HAaCeJeHUs
Ha 3eMHOM Illape, YPOBEHb POKIAEeMOCTH,
rpaduK yIjaThl HAJOTOB HACEJEeHUeM U T. H.
PaccmoTpum rpaduuecKyr 3aBUCHUMOCTD
CUJIBI TOKA OT Hanps:KeHUs (3axoum Oma):
Cuia Toka I B 1emnu mpsiMo IPOIOPIMOHAJbHA HAIPAKeHn0 U 1 00paTHO IPOIIOP-
MUoHaJbHA SJIEKTPUYECKOMY CONPOTHUBJIEHUIO yuacTKa 1menu R (puc. 5.18, a):

U = IR; Izg.
R

6 10 14 18 242 4 6 t, uac
Puc. 5.17

v=3r !

=N W~

0o 1 U U

Puc. 5.18

Hanpuwmep, eciu I =3 A, o U = 3R, 9T0O IPAMO IPOIOPIIMOHATIbHAS 3aBUCUMOCTb.
C mpyroii cTOpoHBI, IPU (PUKCUPOBAHHOM HaOps:KeHUH, Hanpumep U = 12 B, momy-

12
YUM 3aBUCUMOCTDL [ = R 910 06paTHO HNPOMOPIMOHATbFHAA 3aBUCUMOCTD, IPaUKOM

KOTOpoIi sBasercsa rumnepboJa (puc. 5.18, 6).
I'paduk oO6paTHOI IPOTOPIUOHAILHOCTHY (TUIepPOOJIY) UCIOAB3YIOT U (PUSUKU I
OTPa'KeHU:A ABJECHUA KANUJIAPHOCTH, IIOCKOJBbKY B KaHaJle KUIKOCTh IMOJHUMAETCA

TeM BBIIIIEe, UeM MEHBIIIe ero pasMep. T, °C
PaccmoTpuM mnpuMephl pellleHus 3amad 24

Ha QYHKIMOHAJbHBIE 3aBUCUMOCTU, OTpAa- 29

JKAIoIe peajbHbIe MPOIECChI.

. Mpumep 1. Ha rpacpuke moxkasaHo naMeHeHUE 18

TeMIIepaTyphbl BO3AyXa Ha IMPOTAKEHUU CY- 14

TOK 3, 4 u 5 ceursopsa (puc. 5.19).
Ha ocu abGcmucc oTmMeueHO BpeMs CYTOK 10

B Yacax, Ha OCH OpAWHAT — 3HAUEHUS TEM-

mepaTypbl B rpajgycax. 6
OnpenenuTsb M0 TPapuKy:

a) HaubOJIBIITYI0 TEMIIEPATyPy Bo3ayxa 4 ceH- 216 18 6 18 6 18
TAOPH; 12 24 12 24 12 24 t,u

0) B KaKoe BpeMdA CYTOK 3 CeHTAOpPA TeMIie- 3 cen. 4 cen. 5 cem.
parypa coctrasuya 10 °C; Puc. 5.19
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B) YKasaTh IepuoJ BpeMeHU 5 CeHTSI0psA, B TeUeHHe KOTOPOro TeMIlepaTypa MOHMKAa-
Jach.
Omeem: a) 22 °C;6)0uwu 18 u; B) ¢ 15 u g0 24 u.
. Mpumep 2. Boay HekoTOpoe BpeMsdA HarpeBaiu. 3aBUCHUMOCThb Temmeparypbl T° °C oT
BpeMenu t (B muH) (puc. 5.20) sagana Tak:

10t + 20, ecaiz 0 < ¢ <8,
T°(t) =100, ecoim 8 < ¢ <10,
-2t +120, ecsin 10 < ¢ <15.

ITocTpouTs rpahmk sTOM 3aBUCUMOCTH.
Onpenenurs T(5), T(9), T(12), HauanbHYIO U KOHEYHYIO TEMIIEPATyPy BOABL: I, t .
Pewenue:
T(5) = 10t + 20, mockoabKy 0 <5< 8, 1. e. T(5) =10 - 5 + 20 = 70 °C;
T(9) = 100, mockoabKy 8 < 9 < 10;
T(12)=-2t+120=-2-12 + 120 = 96 °C, mockoabky 10 < 12 < 15.
Hauanbnasa remmeparypa t, = T(0) = 10t + 20 = 10 - 0 + 20 = 20 °C, KoHeuHasA —
t, =T15)=-2t +120=-2-15+ 120 = 90 °C.
T, °C

100
80
60

40

30 P

10

1 3 5 7 9 11 138 15 t, muH
Puc. 5.20
D Npumep 3. Umerores nBa rpaduka (puc. 5.21): Ha 0fHOM U3 HMX M300PAsKEH MIPOILECC
HaTloJHeHUusA 0aKa BOIOM, Ha APYrOM — IIPOIleCC BbITEKAHUs BOABI 13 O0ara. Ilo Kam-
IoMy rpaduKy OTBETHUTH Ha BOIIPOCHI:
a) CKOJBKO JUTPOB BOJLI OBIIO B OaKe B HAUAJBHBIN MOMEHT BpeMeH! ?
0) CKOJILKO JINTPOB BOALI ObLIO B Oake uepe3 1 muH, 6 MuH, 8 Mua?
B) Uepes CKOJILKO MUHYT B 0ake ctajo 25 J1 BoabI?
I') KaKOl MMEeHHO IIpollecc n300parkeH Ha rpaduke (HaIOJHEeHUS WU BBITEKAHUA)?
II) CKOJIBKO JIUTPOB BOILI HaJIMBaeTcs (BBITEKAET) eXKeMUHYTHO?
e) 3amaTh (hopMyJIOl 3aBUCUMOCTL 00'beMa BOILI V' B GaKe OT BpeMeHU f.

V(t) = 50 — 5t V(t) = 15 + 2,5t
V,n V, n
50 50
10 10
1 3 5 7 9 10 t, MuH 1 3 5 7 9 10 ¢, Mmu=n
Puc. 5.21
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Pewenue:

a) 50 ; a) 15 x;
6) uepe3 1 muu — 45 ; 6) ueped 1 mua — 17,5 m;
yepes 6 mua — 20 i; yepes 6 mua — 30 i;
yepes 8 muHa — 10 i3 yepes 8 MmuH — 35 JI;
B) uepes 5 MUH; B) uepes 4 MUH;
T') IIpollecc BBITEKAHUA BOABI U3 0aKa; T') IIpoliecc HAIIOJHeHUuA 0aKra;
) eXKeMUHYTHO BBITEKAaeT 5 JI BOILI; ) eXKeMUHYTHO nobaBiserca 2,5 JI BOIbI;
e) mepBoHauaJabHO ObLIO 50 JI BOABI, 3HA-  €) IMepBOHAUYAJIBHO OBLLIO 15 J1 BOAbI, exKe-
YUT, UMeeM 3aBHCHUMOCTD: MUHYTHO nobaBiserca 2,5 JI, 3HAUUT,
V(t) = 50 — 5¢ nMeeM 3aBUCUMOCTb:

V(t) = 15 + 2,5t
@D 5.1.4. OyHKumA, onuCbIBaIOWAA NPAMYIO NPONOPLUNOHANBHYI0 3aBUCUMOCTD, ee rpaduK

. Mpumep 1. ABTOMOOUIL IBUKETCA cO cKOopocThio 80 KM/4u. [TocTpoum rpaduk 3aBUCH-
MOCTHU PACCTOSAHUA, IPONIEHHOTO aBTOMOOMJIEM 3a IePBLIe b U ABMIKeHUs. [lomecTum

CBeJIeHUS O ABUKEHUUN aBTOMOOUJISA B TAOJIHUILY:
S

t 1 2 3 4 5 500 y=5S(2)

s 80 | 160 | 240 | 320 | 400 | gog ke

IToctporm mo aTo#t Tabnune rpadpuyk QYHKIUU Y = 100 1T : !
= s(t) (puc. 5.22). Touku, onucaHHble B Tabauie, jge-  _ | — . : '
sKaT Ha omHOU mpamoii y = 80t (km). B manHOo# 3amaue 1 2 3

OJlHA BeJIMUMHA U3MEHAETCA IIPOIIOPIIMOHATIBLHO IPYTOii. Puc. 5.22

Nmeem ¢yaKIUIO §y = kX, KOTOpasA HA3bIBAETCA NMPAMON HPOIOPIUOHAJIHHOCTHIO.
T'padurom aT0i GYHKIIUU ABJIAETCA MPAMA, MPOXOAANIAA Yepe3 HauaJa0 KOOPIUHAT.
IIpumepamMu IPAMO TPOIOPIIMOHAJIBHON 3aBUCUMOCTHU ABJISIOTCS:
¢ IJIMHA OKPYXKHOCTH, IPOIOPIIMOHATBHAA PASUYCY:
l(R) = 2ntR;
+ MOyTh IIPU PABHOMEPHOM ABUIKEHUU, IIPOIOPIIMOHAILHBIN BPeMEeHM:
s(t)y=v - t;
« MIepuMeTp KBajJpaTa, IIPOHOPIINOHAIBLHLIN CTOPOHE:
P(a) = 4a.
ITockoabKy rpadUMKOM IIPAMOI IPOIOPIMOHAJBLHOCTY ABJIAETCS IPAMAasi, IPOXO-
IAIad Jepes Hayajio KOOPAWHAT, AJS ee IOCTPOeHWSA HeoOXOAMMO HANTU TOJBKO
OIHY TOUKY.

Hampumep:
y=2x y y=—2x y
y =2x
x 1 L. x 1
I ? A I f I
y 2 E y | -2 1 3
-3 _ x -3 — !
3 1 1 3 3 1 LIV
III -9 IV IIT —91- y=-2x
-3 -3

B saBucumocTu y = kx umcsio k Ha3bpIBAIOT YIJIOBBIM K03(h(UIEeHTOM, NI K03(]-
(pUIEEeHTOM ITPOIOPIIMOHAIHHOCTH.
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Ecau k£ > 0, To rpadpux npoxomut uepesd I u III KoopauHATHBIE YeTBEPTH, a €CJIU

k <0, To uepes II u IV.

3amerum, uto rpaduK QYHKIUU Yy = X aBjasgerca ouccexkrpucoii I u III uerBepreii,
a y = —x — oOuccexrpucoii Il u IV uerBepreii.

w N =

Yy Yy
y=x
I II
45° 45°
x 0 x
III vV
y=-x
Puc. 5.23
(BoiicTBa GyHKUMM ¥ = kx
Y
o k>0 \a k<0
X 0 x
Puc. 5.24
. O6bnacts oupenenenusa: D(f) = R.
Muo:xectBo snauennii: E(f) = R.
. IIpome:kyTKY BO3pacTaHUSA U YOLIBAHUA:
k>0 k<0

CTHU OTpPeesIeHNs;
f(x) > 0 mpu x € (0; +x);
f(x) < 0 mpu x € (—oo; 0)

dyHKIIMA BO3pacTaeT Ha Bceil obJia-

oIIpeesIeHns;

f(x) > 0 mpu x € (—o; 0);
f(x) < 0 mpu x € (0; +00)

dyHkua yObIBaeT Ha Bcell 00JacTu

T'padury npunange:xuT Touka ¢ koopauuaramu (0; 0).
Hawubosbmrero m HaMeHBIIETO 3HAYEHUA QYHKIIUA I = BX He MMeeT.

4. OyuKIIUSa HeUeTHAA.

 nNpumep 2. ocrpouTs rpadurn GyHKIUIL:

a) y = 3x; 0) yzéx; B) y = —4x; 1) yz—ix.

yKaBaTB, B KAKNX KOOPDAMHATHBIX YETBEPTAX OHUM PaCIIOJIOKEHBI.

Pewenue:
1
a) y = 3x; 6)y=§x; y .
x 1 y = 3x II y = gx]:
1I I x S N e
x y 1 0 3 X
111 1A% 111 I\

I'paduru pacnonosxens! B I u III uerBepTax.
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B) y = —4x;
x 1

y —4

TI'padhuru pacnososxens! Bo II u IV ueTBeprax.
D nNpumep 3. Kakume us touex A(1; 1), B(2; —4), C(-5; 2,5) u D(2; —1) npunagiexar

rpaduKy QyHKIIUU y = —%x ?

Pewenue:

a)A(l; 1);x=1,y=1; y= —%x; 1+ —%-1; He NPUHAMLJIEKUT rpaduKy;

0) B(2; 4); x=2,y=-4;, y= —%x; —4 = —% -2; —4 # —1; He IPUHALJIEKNUT;

B) C(—5; 2,8); x =-5,y=2,5; y = —%x; 2,5 = —% -(=5); 2,5 = 2,5; mpuHaAJIeKNT;
1 1

r)D2;-1); x=2,y=-1; y= —Ex; -1= —5-2; -1 = —1; upuHAIJIEIKHUT.

» Npumep 4. Toura A(0,7; 70) npuHagIEKUT rPadUKy IPAMON IPOMOPIUOHAILHOCTH.
3amnucarsb 9Ty QYHKIIUO (OPMYJIOI.
Pewenue:
y = kx. Ecim Touka A mpumHAILJIEKUT rpaduKy, ee KOOPAUHATHI YAOBJIETBOPAIOT
ypaBHEHUIO Yy = Rx.

A0,7; 70); x=0,7,y=T70; 70 =x - 0,7; k= 70

b

=100.

Omeem: y = 100x.
 nNpumep 5. Io rpaduram GyHKIUYN 3anuCcaTh GOPMYJIBI 3aBICUMOCTH.

0
a) y / ) y ) y
of TN 0 2 e |
1 1 x Y ' X 0 6 x
Peuienue:
a) I'padpury npuHamgie:xut Touka (1; 3), torma k = y_ % =3; y=3x.
x
0) I'padpury nmpuHamIe:RKuT Touka (2; —1); k = Y_ —%; y=——-x
X
y 1 x
B) I'padury nmpuHamgiexkutr Touka (6; 1); k== = E; y= E
x

 Npumep 6. IlnoT NIBIBET IO PEKe CO CKOPOCTHIO 3 KM/4. BBIpasuTh myTh S, IPOIi-
JEeHHBIN IJI0TOM 3a X 4. IIoCTpOuTh rpauK 3aBUCUMOCTH IIYTH ILJIOTA OT BPEMEHMU.
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Haititu mo rpadury (puc. 5.25): S, KM

a) CKOJIbKO KUJIOMETPOB IIPOIIeJ IJIOT 3a 2,5 u;

0) 3a Kakoe BpeMs ILIOT IIPOILILIBET 9 KM.

Pewenue:
ITockonbKy maor 3a 1 u mpoxoauT 3 KM, rpauKy

npuHamIe:kuT Touxka (1; 3).

a) s Touku Ha ocu x = 2,5 mpoBeneM NIPAMYIO, IIep-
MeHAUKYJAPHYI0 ocu Ox 1o mepeceueHusa ¢ rpadu-
KOM, ITOJYy4YuM TOUKy (2,5; 7,5). 3mauur, s = 7,5 KM.

0) Anasoruuno mpu § = 9 KM Bpema x = 32 4.

Omeem: 7,5 xm; 32 d.

SOl RN W R Ut -3 00 ©

@D 5.1.5. Nuneiinas GyHKuuma, ee rpaduk,
reomMeTpuyeckuii CMbIcn Ko3hduunenToB

JluHeiitHON HasbIBaeTcsd (PYHKIINS, KOTOPYI0O MOKHO 3aaaTh (opMyJol Buma
y = kx + b, Tne x — HelaBUCHUMAs IIepeMeHHasdA, k 1 b — HEKOTOpbIe UucJa.

T'padurom mr0b60it TUHEHHON QYHKIIUYU ABIAETCA MPAMAL.

Yr0o6bI MOCTPOUTEH IpaduK MYHKIINU, HEOOXOINMO KOOPAUHATHI IBYX TOUEK, IIPU-
Hagge:kamux rpaduKy, T. €. IBa 3HAUEHUSA X, IIOACTABATH B ypaBHeHMEe (PYHKIIUU
U HAWTHU 3HAUEHUe Y.

. Mpumep 1. IlocTpouts rpaduk GyHKIUU Y = —%x +1. N‘\
1 3

Pewenue: 0
X
x 0 l Y= —gx +1
Yy 1 0 Puc. 5.26

T'eomeTpuueckuii cMbIca K03(guitueHToB k u b
B ypaBHeHHU Y = kx + b
1. Kospdpuiuent k (yriioBoil Koa(pPUIIMEHT) OTBEUAET 3a HAKJIOH rpaduKa QyHKIITUN:
« ecam k > 0, rpapuK MMeeT OCTPBIA yroJ C MOJIO-

JKUTeJbHBIM HampasaeHueM ocu Ox; 0° < a < 90° y
(puc. 5.27);

- ecau k < 0, rpaduK uMeeT TYHOMN yTroJI C MOJIOMKHU- /{
TeJbHBIM HampaBiieHueM ocu Ox; 90° < a < 180° 0~ P
(puc. 5.28). pd

2. Kosa(pdumuenT b orBevaer 3a caABUr rpa)uka BIOJb Puc. 5.27

ocu Oy:

« ecau b > 0, To rpadpux pyHxMU y = kBx + b mo- y
aydaercs ua rpadmKa y = kx OyTeM cOBUTra Ha \

b equHUI BBepX BHOJb ocu Oy; \<-%

« ecau b < 0, To rpadpuk QyHKIIUU Yy = kX + b TIO- 0 P
gydaercsa us rpadmKa y = kx myTeM cOBUTra HaA
|b| emuauI; BHU3 BHoIb ocu Oy. Puc. 5.28
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NMmeem ueTbIpe cuUTyalum:

E>0,b>0; 0°<a<90° kE<0,b>0; 90°<a< 180°
Y Yy
/ y=kx+b
by = kx+ b N,
e S
- 0 x 0 x
E>0,b<0; 0°<a<90° kE<0,b<0; 90°<a<180°
Yy Yy
y=kx+b y=kx+0
o
/4 \Q
0~ x 0 x
s RN

Kpome Toro, paccMoTpuM CJIydamn:
1. y = kx + b; b = 0. 'padhur npamMoii mponopruoHaIbHOCTU (puc. 5.29).

2. y=kx+b; k=0, y =b. I'padux sToit pyHKIIMN — OpAMas, napauaiaenbHas ocu Ox
(puc. 5.30).

OTmenbHO OTMETHM X = a. I'paduK 3TOTO ypaBHEHUS — IpsaMasi, HapajjieabHas
ocu Oy (puc. 5.31).
y b y b0 x=a Y x=a
y= >

b0 a<0 a>0

0 0 0
X X X

L0 y=-b b<0
Puc. 5.29 Puc. 5.30 Puc. 5.31

Oo6patute BHHUMaHUe! YpaBHeHUE X = 4 He ABIAeTcsa (PyHKIHMeEH, T. K. OTHOMY
3HAUYEHUIO apTyMeHTa COOTBETCTBYET OecunrcieHHOe MHOMKECTBO 3HAUeHUN (PYHKIUH,
YTO IIPOTUBOPEUUT OIIpeneaeHNnI0 (DYHKIIUNU.

Touku nepeceuenusd rpadpura GyHKIun y = kx + b ¢ ocaMu KOOpAMHAT

Touka mepeceueHuss rpadura ¢ ocblo Ox MMeeT KOOPAMHATHI B(—E; O); C OCBIO
Oy — A(0; b) (puc. 5.32).
¥YcaoBue napaJjiielbHOCTH ABYX NPAMBIX Yy =k x +b ny =kx + b,
Ppapur Qyurknuum y = kx + b, mapannenen rpadury y = k,x + b,, eciu k, =
=k,=kub #0b, (puc. 5.33).
YcaoBue neprneHIuKyJIAPHOCTH NPAMBIX Yy =k .x +b my = kx + b,
Fpapukn dyuxnum y = kx + b, mw y = k,x + b, NePHEHIUKYJIAPHBI, €CIA

k- k,=—1nm k = —kl. (puc. 5.34).

y \ ) ~’/Ty:klx+b1
y="Fkx+
2 2 2 0 .
0
i BN * y=kx+b,

Puc. 5.32 Puc. 5.33 Puc. 5.34




D Npumep 2. ToctpouTs rpaduk auHeliHOH pyHKIUU: a) y = 0,5x — 1; 6) y = —3x + 2.
Haitru:
1) obnacts onpenenenus pyuriun D(f);
2) obnacts 3HaueHuit pyurmuu E(f);
3) HyJIU U IPOMEKYTKU 3HAKOIIOCTOSAHCTBA;
4) IPpOMEKYTKU BO3pacTaHus U YObIBAHUA;
5) TOUKU IepecedyeH’s C OCAMU KOOPAMHAT;
6) sHaueHUe (PYHKIINU, €CJIU 3HAUEHNe apryMeHTa paBHO 4;
7) 3HAUeHUe apryMeHTa, eclii 3HaueHue (PYHKIIUU paBHO —1.

Pewenue:
a)y=0,bx -1 06) y=-3x + 2
x 0 2 x 0 -1
y -1 0 y 2 5
Yy
y=0,56x -1
0
/‘4 *
1. D(f) = R. 1. D(f) = R.
2. E(f) = R. 2. E(f) = R.
3. Ecin y =0, 10 x = 2. _ _2
) > 0 mpu x < (25 40); f(x) < 0 3. Eciu y =0, To x = 3 f(x) > 0 pu
mpu x € (—o; 2). 9 9
4. dyHKIUA BO3pacTaeT Ha Bceil 00- xe (—00; gj, f)<Ompm x € (g, + 00)-

JIaCTH OIIpeeIeHUs. 4
5. Touku mepeceueHUs ¢ OCAMU KOOP-
nuuart: (0; —1) u (2; 0).

. Oyuknua yoObIBaeT Ha Bcell obaacTu
oIpeaeIeHus.
5. Touku mepecedyeHUss C OCAMHU KOOP-

6. Ecomx =4, Toy=0,5-4—-1=1; 2
(4; 1). muHaT: (0; 2) 1 (g, 0)-
. EC:IP(I).y(Oj _11)’ T 05x =1 ="L g Bemx=4,moy=-34+2=-10;
3 (05 1. (4; -10).
7. Bcrmy =—-1, 10 -3x + 2 =-1; x = 1;
(1; —1).

. Mpumep 3. Iloctpouts rpadur GyHKIUU Yy = kX + b, ecau M3BECTHO, UTO OH IPOXOJUT
yepes TouKy (—1; 1) u mapasnesnen rpadpury y = 4x.
Pewenue:

I'padpur y = kx + b mapasnenen rpadury y = 4x,
mosTomy k = 4.

Nwmeem y = 4x + b. Ho aTor rpadpuk mpoxoaur uepes
Touky (—1; 1), T. e. 5TOMy ypaBHEHUIO YAOBJIETBOPSIOT
x=-1;y=1.

1=4-(-1)+b;b=1+4;b=>5.

CnemoBaTeibHO, HYJKHO IIOCTPOUTH rpaduK y = 4x +
+ 5. OmHa TOUKa AJA IIOCTPOEHUS ecThb, T. e. (—1; 1).
IIycTs BTOPasa: x =0, y = 5.
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» Npumep 4. He Bomonuas nocrpoenus rpaduka y = 4x — 6, HAWTH TOYKY ITOTO Ipa-
¢duKa, B KOTOPOIi:
a) abciucca paBHA opamHaTe; 0) abcijucca ¥ OpAUHATA — IIPOTHUBOIIOJJIOMKHBIEC UNCJTIA;
B) abcIircca B JBa pasa MeHbIIIe OpANHATEI.
Pewenue:

a) Ecam abcniucca paBHa opguHaTe, TO X = Y.

x =4x — 6; —3x = —6; x = 2; y = 2. Iro TouKa (2; 2).
0) AOciucca 1 opAmHATa — IPOTHUBOIIOJOMKHBIE UHMCHIA, T. €. X = —Y.

-x =4x — 6; —-5x = —6; x = 1,2; y = —1,2. 9ro Toura (1,2; —1,2).

B) AOcmucca B Ba pasda MeHbIIle OPAWHATEHI, T. €. J = 2X.

2x =4x — 6; —2x = —6; x = 3; y = 6. ITo Touka (3; 6).

@D 5.1.6. OyHKuma, onucbiBaoWan 06paTHO NPONOPLMOHANBHYI0 3aBUCUMOCTb. [Mnep6ona

IIpuBemem mpuMepbl 0OPATHO ITPOMOPIIMOHANBLHBIX 3aBUCUMOCTEIH.
D Npumep 1. IIpu paBHOMEPHOM IPAMOJUHEHHOM ABUKEHUN TEJIO JBUKETCA 110 3aKOHY

s
s=v-t, THe S — OyTh, U — CKOPOCThb, { — BpemsA. Torma t = —. Ilpexnmomo:xkum,
v

15 .
YTO IyTh paBeH 15 M, Torma ¢t = —. Bpewma t aBiadeTca QyHKIIMEH OT CKOPOCTHU: YeM
v

00JIbITIEe BO3PACTAET CKOPOCTh, TEM MEHbIIe IOTPedyeTcsa BpeMeH! IJA IMIPOXO0XKIeHUA
(uKCcupoOBaHHOTO TYTU.

ITo sakomy Oma U = IR, roe R — compoTHUBJIeHNE IPOBOAHUKA, U — HaIpAKeHue,
I — cuia ToKa.
Cuna toxa npu GpurcupoBanuoM U = 10 B 006paTHO IpomopiuoHaIbHA COIPO-

10
TUBJIEHUIO IpoBoAHUKA: I = — . Takue 3aBUCUMOCTH HA3bIBAIOT OOPATHO IIPOIIOP-
k
nuoHasbHbIMU. O003HAYAKOT J = —.
x

. k
DyHKIUA, KOTOPYIO MOYKHO 3a7aTh (POpMYJION Buaa Yy = —, I'le X — He3aBH-
x

cuMasd ImepeMeHHas, B — HEKOTOPOe YMCJIO, OTJIMYHOe OT HYyJI, Ha3bIBaeTcda 00-
PaTHOI MPOMOPIHOHAIFHOCTHIO.

(BoilcTBa PyHKUMM Y = k
X

E>0 k<0
Yy Yy
II I 11 I
0 x 0 x
IIT 1A% II1 1AY
1. O6sacTs ompeesieHnsT — MHOYKECTBO BCeX JeHCTBUTENLHBIX uuces, kpome x = 0:
D(f) = (=»; 0) U (0; +x).
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OxoHyaHUue mabaulbl

k>0 k<0

2. MHOXeCTBO 3HAUEHUN — MHOXKECTBO BCeX NefICTBUTENBHBIX Yuces, Kpome y = 0:
E(f) = (=03 0) U (05 +x).

3. Heuernasa. I'paduk cuMMeTpuUeH OTHOCUTEJIbHO HaUuaaa KOOPAUHAT.

4. 'padur GpyHrnuu — runepoosa. CoCTOUT M3 ABYX BETBEH.

5. I'paduk mexkurt B I u III xoopauuar- | 5. I'padpur mexut Bo II u IV Koopmu-

HBIX YEeTBEPTAX. HATHBIX YEeTBEPTAX.

Hpu x>0y >0; mpu x <0y <O0. IIpm x>0y > 0; mpu x <0 y > 0.

6. ®yuKIua yObIBaeT Ha Bceii ob0mactu | 6. DYyHKIMA Bo3pacTaeT Ha Bceil ob0ja-

ompenesieHus, T. €. opu x € (—oo; 0) U | cTuompemenreHus, T.e. Ipu x € (—oo; 0) U

U (0; +00). U (0; +o0).

» Npumep 2. B uuiuHape TOA MOPITHEM TIPU MOCTOSHHOW TeMIIepaType HAXOIWTCA Tas.
O0wem V (squTpoB) raza mpu gaBiaeHuu p (arMocdep) BBIUUCIAETCA TO (QopmyJie

v-12,

p
a) ITocTpouTs rpauk 3aBUCUMOCTU 00'bEMA Tasa OT eTro JaBJIEHUA.
0) Haiit; o6bem, sanumaemsblii razom mipu 10 aTm.
B) HaiiTu maBieHue, Ipu KOTOPOM ras mmeeT 00beM 3 JI.
Pewenue:

V,n
a) CocraBum TabauIly AJid MOCTPOeHUA rpaduKa c yde- -
ToM, 4uTO p > 0.
P 1 3 5 15 8
| 4 15 5 3 1 61
15 41
6)ECJII/Ip=IOaTM,TOV=E=1,5JI. 21
0
B) Eciiz V = 3 1, To p=E=E=5 aTM.
%4 3 Puc. 5.36
. 3 -5
. Mpumep 3. IlocTpouTrs rpaduku QyHKIUMA: y=— u y = —.
x
Pewenue:
CocTaBuM TaGJUIBI 3BHAUEHUH AJIA IIOCTPOEHUSA rpad)uKOB.
3 -3 | -1 1 3 _5 x -5 | -1 1 5
y=% -1 |-3|38 |1 y= |y | 1| 5 |-5]-1
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Npo6Ho-nuHeiiHan GyHKuMA u ee rpaduk

ax+b
dyuKIUA BUga Yy = , Tme a, b, ¢, d — mocToAHHbBIE, TpuueM ¢ # 0, Ha3bIBa-

eTcsl TPOOHO-INHEMHOI.
DyHKIUA OIpenesieHa BCIOAY, KpoMe X = ——.
c

I pobHO-TNHEHHYI0 (DYHKIIUIO MOKHO ITPUBECTH K BULY:

d a
, THe m=—, n=—.
x+m c c

Taxkum 00pasom, rpapuK APOOHO-IUHENHON (PYHKIIUM — 9TO THIEepP00Ja, KOTOPYIO

y=n+

k
MOXKHO TOJYYUTH CABHUIOM THUIEPOOJIBI Yy = — HA —m eAuHUIN Broab ocu Ox u HaA
x

n eguHUI BOoJb ocu Oy.

. Mpumep 4. IlocTpouts rpaduk QyHKITUU:

—2x 4x -11
) x—2 )y x+1 B) Y x -2
Pewenue:

a) 'padpux pysrnmm y = +1 mosyuaetcs U3 rpa-

3
(ura QyHKIIUU y = — TyTeM CABUTA Ha 2 eIWHUIILI
X

BIOPaBo BHOJb ocu Ox 1 Ha 1 eIUHUIY BBEPX BAOJL
ocu Oy. x # 2 (puc. 5.37).

6) ITocTpoum rpaduk y = ixl (x #—1). Beigenuwm 11e-
X +

JIYIO 4aCTh:
-2x  2x-2+2 —2(x+1)+ 2 2
x+1 x+1 x+1 x+1 x+1
Takum obOpasom, rpadur QYHKIUU Y = —
x+1 x

2
umm y = T — 2 mosryuuMm m3 rpadura y = — 1y-
x

X+
TeM casura 1mmo ocu Ox Ha 1 eIUHUITY BJIEBO U II0 OCHU
Oy uHa 2 eguHunsl BHU3 (puc. 5.38).

B) IlocTpoum rpadpuk GpyHKIUU Y = 436—_;1‘
x —

Paccmorpum BeIpaskenue: ‘
4r-11 4x-8-3 4(x-2) 3 _, 3 §
x-2 x—2 x-2 x-2 x-2
I'padur pyHKIIUU Y = 436—_;1 IOJIYyYUM U3 I'pa-
3 |
¢urka y = —— myTeMm mepeHoca ero BBepx Ha 4 enu- 0 L
x 1.

HuI1s! o ocu Oy u BIIpaBo Ha 2 eqMHUIEI 110 ocu Ox.
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4x -11
x_

Yro6bI mosyyuTh rpaur y =

6
D Npumep 5. Pemuts rpaduuecku ypasuenue: — +1 = x.
x

Pewenue:

ITocTpoum rpadurm GyHKRIUNE Yy = E +lumuy=x
x

(puc. 5.40). I'padpux (yuHKITUN y:§+1 moJryda-
x

6
eM IIyTeM IlepeHoca rpa)uka y = — Ha 1 eIWHUILY
x

BBEpPX BHOJb ocu Oy.

I'paduky mepecekamTcss B TOUKax ¢ abcmuccamu

x=—-2ux=3.

6
ITO KOPHU ypaBHeHuUs —+ 1 = x.
x

Omeem: —2; 3.

@D 5.1.7. KeappatuuHas ¢yHkums, ee rpaduk. Mapabona.

W DN

5.

6.

KoopauHatbl BeplumMHbl napabonbl, 0cb CUMMETpUM

y

, Heo6XoauMO YacTh rpadpukra y =

4x-11
x—2

BoeIllie ocu Ox ocTaBUTH Oe3 M3MeHEHHs, a YacThb rpaura Huke ocu Ox oTobpa-

3UTh CUMMETPUYHO OTHOCUTeabHO ocu Ox (cMm. m. 5.1.10) (puc. 5.39).

Puc. 5.40

KBagpaTtuunoii ¢hyHKIMe#l HasbIBaeTcd (PYHKIIUSA, KOTOPYIO MOMKHO 3amaTh (PoOp-
MyJoi y = ax® + bx + ¢, rIe X — He3aBUCUMAs MepPeMeHHas, d, b U ¢ — HEeKOTOpbIe
yucyaa, npuuem a # 0.
O6JacThi0 onpeeieHnsa KBaAPATUYHON (PYHKIIUHU SBJISAETCS MHOXKECTBO BCeX eli-
CTBUTEJILHBIX urces. [IpyMepoM KBaApPaTUUYHON PYHKIIUU ABJISIETCSI 3aBUCHUMOCTD IIy-
TH OT BPEMEHHU IIPH PABHOYCKOPEHHOM ABUKEHIU.

Paccmorpum Gostee mogpo6HO QYHKIUIO Yy = X2,

(BoiicTBa QyHKLMM ¥ =X*

. ObsacTh ompenesieHns — BCe AeMCTBUTEIbHBIE UNC-

na: D(f) = R.

. MuosxecrBo 3Hauenuii: E(f) = [0; +©).
. 'padukom dpyurmunm asasercsa napadosa. Bepmmna

napaboawsr — (0; 0).

. f(x) > 0 mpu x € (—; 0) U (0; +); oTpUIATEIbHBIX

3HAUEHUU HET.
YerHasa (QYHKIUS, rpadUK CUMMETPUUYEH OTHOCHU-
TesibHO ocu Oy.
Bospacraer mpu x € [0; +0); yOobIBaeT mpu x € (—oo; 0].

(D Npumep 1. Ipoxoaur su rpadpur GyHKIUYU y = x? yepes TOUKY?

2 14

a) A(1; 4); 6) B(-1; —1); B) C(—g; 5); r) D(-3; -9).

_____ vy
! 9 !
AR - i
C NI/
12 3%
Puc. 541
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Peuienue:
Touxku B u D He mpuHamiexar rpadpukry y = x2, mockoasKy y < 0. IIpoBepum TOUKHU:
A(l;4); x=1; y = 4. y = x% 4 # 12; rpad@uK He IPOXOAUT Uepes TOUKY;

C(—gé) x——g° _4, = x2; é—(—gf' rpa@uK IPOXOAUT Uepe3 TOUK
3a9 ’ 39 y 9’ y 9 9 3 ’ p p pi p Y'

. 4
@ nNpumep 2. CroabKO KOpHeit uMeeT ypaBHeHUE Xx° —— = 0?
x

Pewenue: y=x
Nzobpasum cxemaruuHo rpaduku QyHKIUl y = x>

4
u y =—. KoauuecTBo TOUueK mepeceueHUs rpadUKOB
x

u OyJeT KOJMUYeCTBOM KOpHeU ypaBHeHus (puc. 5.42).
Omeem: OOUH KOPEHb.
. Mpumep 3. IIpy KaKUX BHAUEHUAX X TOUKU IapabOJIbI
Yy = x? pacmoJIoyKeHbl HUKEe MPAMON y = —x + 67
Pewenue: Puc. 5.42
WN3zobpasum  cxemMaTudyHO rpapuru  QYyHKIUN
(puc. 5.43). YUroObl OTBETUTH HA BOIPOC, HaJgeM KO-
OPJIMHATHI TOUEK IepeceueHuA rpaduKos.
s sToro pemum ypaBHeHune: x2 = —x + 6; x2 +
+x — 6 =0. Umeem Kopuu: x, = -3 u x, = 2.
ITo cxeme BUAHO, YTO TOUKH MMapaboJIbl PACIIOJIOMKE-
HBI HUKe TpAMoi npu —3 < x < 2.
Omeem: —3 < x < 2.

(BoiicTBa QyHKUMM Y = ax> + bx + ¢

1. OGyacTh ompenesieHnus — BCe AelCTBUTEJIbHbBIEC UMC-
na: D(f) = R.

2. ObsacTh 3HAUEHUH:
- ecau a > 0, to E(f): [y, +00);
- ecmu a < 0, To E(f): (-3 y,), rme (x,; y,) — Ko-

OpAMHATHI BEPIITUHLI TapabOJIkI.

3. Ilpu b = 0 pyuxnusa y = ax? + ¢ — yerHasd, b # 0 —
ob1ero Buga (puc. 5.44).

4. 'padpuxkom GYyHKIINU ABIAeTcA Iapaboaa. Bep-

muHa mapabosbl — Touka (m; n), rome m=——;
5 2a
b” —4ac
n= “aa KoopauuaTy TOUKM 7 MOXKHO 3aIlu-
a

caTh U Tak: n = am? + bm + c.
5. IIpu a > 0 pyHKnua yObiBaeT Ha (—oo; X,] 1 Bo3pac-

TaeT Ha [X; +©), Toe X, =m = “oq
a

b
6. Och cuMMeTpUM MapadoJbl: X =m = ——

2a Puc. 545
7. Eciu a > 0, BeTBu mapabojibl HaIlpaBJIEHBI BBEPX,

a < O — BeTBU napaﬁoﬂm HaIlpaBJIEHbBI BHUS.
PaccmorpuM ABa OCHOBHEBIX CIIocO0a MOCTPOEHMUS IIapadoJIbI.
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MocTpoeHue rpadmka KBagpaTUUHON GYHKLMM NO YETbIPEM XapaKTepUCTUYECKUM TOUYKaM
(BepLumHa, Hynu, TouKa nepeceyeHna ¢ ocbio Oy)

1. Crtpoum BepIIuHY mapadossl (1m; n), BBIYKUCIUB M U 1 II0 (pOpMyJIaM:

b 2
m=-—; n=am’+bm+c.
2a
YKasbpiBaeM HallpaBJieHUe BeTBell mapaloJIbl.
2. IlpoBoguM dyepes BepIIMHY Iapabosbl MIPAMYI0, ImapajienabHyo ocu Oy, — ocCb

CUMMETPUHU Iapabosbl; X = m.

3. Haxogum Hyam (QpyHKIuu (ecju OHM €CTh), PelllnB ypaBHeHue ax? + bx + ¢ = 0.
Crpoum Ha ocu Ox TOYKM X, U X, — KODPHHU DEIIEHHOTO yPaBHEHUS.

4. Haxoxum Touky nepeceueHus ¢ ockio Oy: (0; ¢), ormeuaem ee Ha ocu Oy.

5. Ilpu HEOOXOAMMOCTY HAXOAUM HECKOJBbKO JOIOJHUTEIbHBIX TOUEK.

6. Ctpoum rpadur GyHKINN Uepe3 HalJeHHbIe TOUKH.

» Npumep 4. TocTpouts rpadpurn GyHKIUIA:

a)y=x2—-3x+ 2; B) y = —x% + 4x;
0) y = —2x%+ 3x — 1; 1)y =x%-2x + 4.
Pewenue:

a) y = x% - 3x + 2 (puc. 5.46).
. b 3
1. Haiizem KoOpAMHATHI BEPIINHBI IapaboJIbl: m = “og =—
x 1,5 + 2 =-0,25. BerBu mapabossl HampaBaensl BBepx (a = 1; 1 > 0).
2. Ocb cummerpun — x = 1,5.
3. Hynu ¢pysxnuu — xKopHu ypaBHeHunsa x* —38x +2=0,T.e. x, =1, x, = 2.
4. Toukra mepeceuenuda c¢ ocbio Oy: (0; 2).
0) y = —2x? + 3x — 1 (puc. 5.47).
1. KoopauHAaTEI BEPIIUHBI TapaboIbI:

2
b B8 (3L
2a -4 4 4 8

=1,5; n=(1,5)® - 3 x

4
BerBu mapa6oJibl HaITpaBJaeHbI BHUS.
3
2. Ochr cuMMeTpuu — X = —.
4
1
3. Hynu ¢pynrnum — KopHu ypaBHeHHA —2x% + 3x — 1 =0; x, = 5; x,=1.

4. Tourka mepeceuenus ¢ ocbio Oy: (0; —1).
5. omosHUTEeNIbHBIE TOUKU: X = 2, i = —3.

y
2 0,5
1,5 . :
! ! X
1 7\
0,5 s . !

N e

Puc. 546 Puc. 547
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B) Yy = —x? + 4x (puc. 5.48).
1. KoopauHAaThl BEepIIUHBI: M = _Zi = _—; =2; b=
a —
=—4 + 8 = 4. BerBu napaboJibl HallpaBJeHbI BHUS.
2. Ocy cummeTpuun — x = 2.
3. Hyan QyHKIMN — KOpPHU ypaBHeHNUA —x2 + 4x =
=0; x(x —4)=0; x, =0, x, = 4.
4. Tourka mepeceuenusa ¢ ocbio Oy: (0; 0).
r) y =x% - 2x + 4 (puc. 5.49).

1. Bepiuua napaboJb: m = —— =g =Ln=1-2+
20 2

+ 4 = 3. BeTBu mapaboJibl HAITPaBJIEHBI BBEPX.
2. Ocy cummerpun — x = 1.
3. Hyuneii mer, T. K. ypaBHeHne x> — 2x + 4 He ume- ;
eT KOpHeii. i1
4. Touka mepeceuenus ¢ ocbio Oy: (0; 4). '

5. JlomotTHUTEbHBIE TOUKU: X = 3, X = -1, y = 7.
Puc. 549
MocTpoeHune rpaduka KBaapaTUYHON GYHKLMM METOLOM y :
BblJeNeHnA NONHOro KBagpata U napannenbHbIM NepeHocom 3 |
ITOT MeTOoH MpeAmoJiaraeT IIpUBeAeHNe QYHKIIUN 2 :
y=ax?+bx + c k Buny y = a(x — m)? + n u napaJijieib- 1

HBII mepeHOC rpaduka y = ax? Ha M €IUHUILY BAOJb ljr 2\. /4 x
ocu Ox Ha n exgmuuUIl no ocu Oy.

Puc. 5.50
 nNpumep 5. IocrpouTs rpaduk GyHKIMIA:
a) y=x%- 6x + 8; B) y = x? — 2x; y

0) y = —x2> — 6x — 10; r) y = —2x + 4x. -5 -3 -111
Pewenue: N
a) y = x% — 6x + 8 (puc. 5.50).
x2-—6x+8=x2-6x+9-9+8=(x—-3)?—-1.
910 rpaduk GyHKIUYN y = X (BePBU HAIPABJIECHBI
BBepX), KOTOPBIA mepeHec i BIoab ocu Ox Ha 3 enu-
HUIBI BIIPaBO W BHOJb ocu Oy Ha 1 egquHUIly BHUS.
6) y = —x? — 6x = 10 (puc. 5.51).
—x?2—6x — 10 = —(x? + 6x + 10) =
=—(x?2+6x+9+1)=—(x+3)*—-1.
9o rpaduk QyHKIun y = —x> (BeTBU HaIIpaBJie-
HBI BHI3), KOTOPBII IIepeHecJr Ha 3 eqUHUIBI BJIe-
Bo 1o ocu Ox u Ha 1 eguHuUIy BHU3 1o ocu Oy.
B) y = x* — 2x (puc. 5.52).
x2-2x=x?-2x+1-1=(x—-1)2-1.
ITapaboia BI/I,lea y = x? (BeTBU HaIpaBJIeHBI

BBEpX), IepeHoc — V' .
r) y = —2x% + 4x (puc. 5.53).
—2x2 + 4x = —2(x% - 2x) =
=-2x?-2x+1-1)=-2(x — 1)? + 2.
ITapabGoia Bniaa y = —2x? (BeTBU HAIPABJIEHBI

BHU3), eperoc — 12 .
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Peuienue:
a) Crpoum rpadpur Gy y = x> — 2 (puc. 5.54).
9Tto rpad@uk y = x? ¢ mepeHocOM Ha 2 eTUHUIILI BHU3
mo ocu Oy. [anee yacts rpadukra Boimie ocu Ox 6es

U3MEeHeHUs, HUKEe — CHUMMETPHUS OTHOCHUTEJIbHO
ocu Ox.

6) Crpoum rpaduk y = x2 — 2x (cMm. npumep 58). Jlanee
yacTh rpaduka mpaBee ocu Oy — 06e3 m3MeHEHU,

U 3Ty K€ YaCThb CUMMETPUUYHO OTOOPakaeM OTHOCH-
tesnbHO ocu Oy (puc. 5.55).

Paccmorpum mpumepbl, B KOTOPBIX IO 9CKH3y I'pa-
dbura y = ax? + bx + ¢ He0OOGXOAUMO OIPEIEJUTh 3SHAKH
K02 (ppuueHTos a, b u c.

Mpumep 7. ITo sckusy rpadura y = ax? + bx + ¢ ompe-

IeJUTh 3HAKU a, b 1 c.

a) Ilo scKku3y BMAHO, UTO BeTBU IIapadOoJIbI HaIpaBJie-
HBI BBepX, 3HauuT, a > 0 (puc. 5.56).

-b
Ilo Treopeme Buera — = x, + x,.
a

ITo sckmsy BugHO, uTo X, > 0, x, < 0, mpuyem
b

lc,| > |x,|. 3maunr, x, + x, > 0. a >0, —— <0, 3Ha-
a

yut, b > 0.
Ecau x = 0, To y = c¢. Ilo scKu3y BHUAHO, YTO
c < 0.
Omeem: a>0,b>0, c <0.
0) BerBu mapaGosbl HampaBieHbl BHU3, a < 0. Ilo
9CKU3Y BUIHO, uTO ¢ < 0 (pume. 5.57).

IIo Teopeme Buera x, + x, = ——

b
x<0mx,<0, 1 e x +x,<0, rorna —>0.
a
Tak xak a <0, To b < 0.

Omeem: a <0,b<0, c<0.
B) a < 0, IOCKOJIBKY BETBH HapabOJbl HaIPaBJIEHBI
BHU3 (puc. 5.58).
x, = 0, smauwnr, x, - x,=0, c = 0.
x, > 0, mosTomy x, + x, > 0.

b b
ITo Teopeme Bmera x, +x,=—-—, —<0. a <0,
a a
3uauurt, b > 0.

Omeem: a<0,b>0,c=0.
r) OueBumHO, uTo @ > 0 (BeTBU mapaboJIbI HATIPABJIEHEI
BBepPX), 1o ackudy ¢ < 0 (puc. 5.59).
x, = —x,, 3HauuT, b = 0.
Omeem: a>0,b=0, c <0.

 Npumep 6. IocTpouts rpadur Gyrrmum: a) y = |x — 2|; 6) y = x — 2|x|.

y
3
2
1
NECEE
—9
Puc. 5.54
y
3
2
1l
X
N2 3
Puc. 5.55

Puc. 5.57

y

7\
R

Puc. 5.58




D 5.1.8. Tpaduk dyskumm y =~/x

Pacecmorpum dpyurmuio y = \/;, ee cBoiicTBa u rpaduk (puc. 5.60).

x 0 0,25 1 4 9
y 0 0,5 1 2 3
1. O6yacTh ompeneaeHUsT — MHOKECTBO BCEX HEOTPU- ! ,
mareabHbIX yuces: D(f) = [0; +o). Jr 1 4 9x
. O6bnacts suauenwuii: E(f) = [0; +x). Puc. 5.60

. 'padpur QPyHKIKU — BeTBL mapadOIbI.

. 'padpur mpoxomur uepes HaUaa0 KOOPAWHAT U PACIIOJIOKEH B IIEPBOI UETBEPTU
KOOPAUHATHOM IIJIOCKOCTH.

5. @yHKIUA Bo3pacTaeT Ha Bcell obsacTu ompeneaeHus, T. e. [0; +oo).

Ha npumepe rpaduka y = VX paccMOTPUM OCHOBHBIE BUBI IPe00PA3OBAHUI I'Da-

=~ W N

duka y = f(x).
Bup . IIpeo6pas3oBanue
6 HeiicTBue
npeodpa3oBaHUA y= Jx
y = —f(x) CuMMeTpus OTHOCUTEJIb- y Y= Jx
HO ocu Ox
y = f(—x) CuMMeTpHus OTHOCHTEJb-
HO ocu Oy
y=1f(x)+n ITapannenbHbIil TTEpeHOC
Bronb ocu Oy HA n enu-
HUIL,
y=1f(x+m) IlapannenbHBINI IEepeHOC
Brons ocu Ox HA —m
eIUHUIL

(D Npumep 1. Hocrpours rpadurn GyHKIUIA:

a) y=x/;+1; 0) y =vx+2; B) y=\/;+2; ) y=—x/—_.
19 T oy



Wcnonbaysa Tabauily, MOJyduM CJAEAYIONire rpauKm:

a) y 0) y B) y ) y
\\3 3 3 A -1 (1
"2 12— 2f | : >
RS o1 /2 11 11
“11]0 x 2 |0 x 0}[ 1 x

» Npumep 2. Ucnonssysa rpapur GyHKIHAE Yy = Jx, cpaBmuTh umCna:

a) /3,7 u \/5; 6) Vb 1 2,5;8) 3 m —2; 1) V2 u —VJ17.
Pewenue:
a) dysKIIUA Y = \/; — BO3pacTamIfas, IosToMy ecau 5 > 3,7, To \/g > 4/3,7.

6) 2,5=1/6,25; 6,25 > 5, mosTomy /6,25 >+/5 u 2,5 > /5.

B) PyHKIUA Y = —«/; yOBIBatOIasi, IO3TOMY eciu 3 > 2, To —/3 < —\/5.

) J2 > —/17, MOCKOJBKY JI000€ IOJIOMKUTEJbHOEe UHCI0 OO0JbIe JI00r0 OTPHUIA-
TEJILHOTO.
 npumep 3. IocrpouTs rpadux GyHKIUU:

a) y=+x% 6) y=(x)'; ») y=%.

Peutenue:
a) y =vx® (pumc. 5.61). O6imacTb ompefeleHHs BTOMH y y =x?
(yHKIIUE — Bce OeliCTBUTEJbHBLIE UKCJIa; MHOMKe-

crBo sHaueHmit: y > 0. y =x? = |x].

2 . | x
0) y= (\/;) (puc. 5.62). O6nacTp ompeneseHUsS ITOH Puc. 5.61
(OYyHKOIUN — MHOYKECTBO BCeX HeOTPHUIIATeJIbHBIX
uynces: x > 0. MHokecTBO 3HaueHwmil: y > 0. Y4y - (\/;)2
2 x, x>0,
He cylecTByer, ecau x < 0.
-~ | x

B) Y = NP (puc. 5.63). ObsacTh oupeneeHua PYHKITUN:

Jx,

. x
x> 0. MuokecTBO 3HaueHUii: y > 0. y = —\/7 =
X x> 0.

To ecTts 5T0 rpaduk QyHKOIUU Y = \/; Ipu ycJo-
Bum, uto X # 0, T. e. ¢ «BBIKOJOTOM» Toukoii (0; 0).
. Mpumep 4. Pemuth ypaBHEeHUE: Vx? +1 =a. Puc. 5.63
Peuwenue:

Ecnu a < 0, ypaBHeHUe pellieHUs He MMeeT.

Bossezem 00e yactu ypaBHeHUsS B KBagpat: x>+ 1 =a; x2=a — 1.

Ecam a < 1 — pemrenuii Her.

Eciu a =1 — oxno pemenne: x = 0.

Ecmmna>1, x=+Ja-1.
Omeem: pemnieHuin HeT npu a < 1; oguo pemienue: x = 0 mpu a = 1; aBa pelreHus:

x=*+Ja-1 npua > 1.
S Sl Memse gm0



I 5.1.9. Tpaduk dyskumn y =3Ix
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Paccmorpum dyurmuio y = 3/; , €e CcBOIicTBa U rpaduk.
x -8 -1 0 1 8
Y -2 -1 0 1

Puc. 5.64

OO6sacTh oIlpeiesIeHUsI — MHOYKECTBO BCEeX NEMCTBUTENbHBIX UMCEN: X € (—o0; +00).
MHoxecTBO 3HAUEHNNT — MHOYKECTBO BCeX NEeHWCTBUTEJBHBIX YHUCeN: § € (—o0; +0).

DyHKIUA HeUeTHadA, IIOCKOIbKY Yx = -¥x.
dyHKIIUA Bo3pacTamIasd.

I'padur npoxomut uepes Hauaso Koopauuat (0; 0).
f(x) >0 mpu x>0 u f(x) <0 ompu x <O0.
HaunbGoabinx 1 HAMMEHbBININX 3HAYEHUU HeT.

O Ok W N

 nNpumep 1. IMocrpouTs rpadurm GyHKIUIL:
a)y=-"Y;6) y=VYr-1; B y=¥Yr-L 1) y=-VYx+2+2.
Pewenue:
a) I'padpur y = —¥x momyumm myrem oToOpaskeHHs TpaduKa y = %/; CHUMMETPUUHO
otHOcuTenbHO ocu Ox (puc. 5.65).
6) M'paburk GyHKmuUM y =3x -1 OOIydYuM ¢ IIOMOIIbI0 Iapajje]bHOro IepeHoca
BHosb ocu Ox Ha 1 emmuuIty Bupaso (puc. 5.66).

B) 'padpux dyrmum y = ﬁ/; —1 moayuuM ¢ TOMOIIBIO ITapajlIeJbHOTO IIepeHoca
Brosab ocu Oy Ha 1 eguHuIly BHU3 (puc. 5.67).

r) I'pabur GyHKIUN y = —x + 2 + 2 MOTYYNM C IOMOIIBIO IapajieJbHOro IepeHoca

rpadura y = —¥x BAoab ocu Ox Ha 2 efUHUIILI BJIeBO U BAOJL ocu Oy Ha 2 enu-
HUIBI BBepX (puc. 5.68).

Puc. 5.65
Y

R—

8 X




(D Npumep 2. Pemuts rpaduuecku ypasHeHue: Yx = —x+2.

Pewenue:

ITocTpoum rpaduku QyHKIIUN Y = Yx u y=—-x+2
B OJHOI crucTeMe KoopaumHAT. AGcIucca TOUeK Iepece-
YeHUS dTUX I'PaPUKOB — KOPEHb JAHHOI'O YPaBHEHUS
(puc. 5.69).
Omeem: 1.

G0 5.1.10. Tpaduk dyHKumn y = |x|

y:—x+2§
D) y=3Yx-1
1-I
Puc. 5.69

Paccmorpum pyHKIIUIO Yy = |X|, ee cBoiicTBa u rpaduk (puc. 5.70).

ITo onpeneseHuio Mogyas: |x| =

x, ecau x > 0,

—x, ecau x < 0.

ITosTomy rpadur GyHKIIMMT Y = |X|:

3.
4.
5.

x, ecan x > 0,
y =
—x, ecan x < 0.

. ObsacTs ommpeneeHns — MHOYKECTBO BCeX IeiCTBU-

TeabHbIX unces: D(f) = R.

. MHOKeCcTBO 3HAUEHUH — MHOKECTBO BCe€X HEOTPU-

maTeJabHBIX yuceya: y > 0.

DyHKIIMA YeTHAA, TOCKOJBKY |—X| = |x|.
dyuarmua yobiBaer Ha X € (—oo; 0], Bogpacraer Ha x € [0; +x).

Haumensbiiee sHauenue pyurimuu y = 0 mpu x = 0. HauboJsibitiero sHaueHusa HeT.

Paccmorpum mocTpoenue rpaduKoB ¢ Monayaamu Buzga y = |f(x)| u y = f(|x|).

Bug npeo6-
pasoBaHuA

HeiicTBue

IIpumep

y = If(x)|

T'padpur y = |f(x)| monyuaem u3 rpa-
dura y = f(x): yacts rpaduKa BBIIIE
ocu Ox ocraBisgeM 0e3 HN3MeHEHHT,
a gacts rpadura Huke Ox oroOpaska-
eM CHMMETPUYHO OTHOCHUTEJIHbHO OCH
Ox

v y = f(x)

[y

\ ;X
Y =)

y = f(lx)

T'padur dyaxnuu y = f(|x|) mnoaryuaem
u3 rpadura y = f(x): dacth rpadpukra
npaBee ocu Oy ocraBisieMm 0e3 uU3MeHe-
HUA, Aajee 3Ty Ke YacTh OTOOpakaeM
CUMMETPUYHO OTHOCUTeJIbHO ocu Oy

y=F@ Y y="r(x)

 nNpumep 1. IocrpouTs rpadhurn Gynrnuii: a) y = |2x — 3[; 6) y = 2|x| — 3.
IToctpoum rpadur y = 2x — 3.
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(D Npumep 2. IocTpours rpadur GyHKIAA: ol

a) y = |2x — 3|. HacTb rpaduka Boimie ocu Ox OCTaBUM yr U= |2x _3|
0e3 U3MeHeHUA, HUKe 0TOOPa3uM CUMMETPUYHO OT- \
HOcuTeabHO ocu Ox (puc. 5.71, a).

0) y = 2|x| — 3. Hacts rpadukra npasee ocu Oy ocTaBUM 1
0e3 M3MeHeHUs, JeBee — 9Ta JKe YaCTh CUMMETPUU- o
HO oTHOcuTesbHO ocu Oy (puc. 5.71, 0). ;

y=—|x? - |x| — 6. ’

Pewenue: Vv

Ilnax mocTpoeHuUs: N

1. Crpoum mapaboay y = x2 — x — 6. Bepmmuna mapa6o- a

U VRS U P
2a 2 4 2
Hymu: x, = -2, x, = 3.

. Crpoum rpadur dyHrmum y = x2— |x| — 6.

. OrobpaskaeM CUMMETPUYHO OTHOCUTEJNHbHO OX U 1I0-
ayunm y = |x% — |x| — 6.

4. CumMeTpus OTHOCUTEJbHO OX: 0TOOpasuUM CHMMe- S/
Tpu4yHO rpadur y = |[x2 — |x| — 6] B HUIKHIOIO IIO-
JYILJIOCKOCTh oTHocuTenbHO Ox. Ilonmyuum rpadux Puc. 5.71
byurmunm y = —|x% — |x| — 6| (puc. 5.72).

. Mpumep 3. IlocTpouTrs rpad@uKu GyHKITUI:

JIBI: M =

wW Do

3
a)y:M;ﬁ)y:x.’.M; B)y:ﬂ. | X
x x |l + 3
Pewenue:
|x| le, eCJII/Ix>O,
a) y=—=1% x # 0 (puc. 5.73).
x -Xx
— =-1, ecu x < 0; Puc. 5.72
x . 5.
x
. x+—=x+1, ecau x >0,
6) y=2x+-—= * x # 0 (puc. 5.74).
|| x
x——=x-1, eciu x < 0;
x
x_3 L_3=—1,1'1p1/1:)c>—3,
g y— X2 _)x+3 x # -3 (puc. 5.75).
lx+3 |-x-3
=1, mpu x < —-3;
_x_
Yy Yy Yy
lo—— 1 >/ —0 1
x x _3
—1 1 Ry
Puc. 5.73 Puc. 5.74 Puc. 5.75




MocTpoeHue rpaduKkoB C MOAYNAMM METOAOM UHTEPBANOB

 nNpumep 4. Mocrpours rpadu Gpyaruuu y = |x — 1| + |x + 2.

Peuienue:
a) PasoObeM 4YMCIOBYIO IPAMYIO Ha NMPOMEKYTKH unciaamMu X, = 1 n x, = -2 (Hyau
MOAMOIYJIbHBIX BBIPDAYKEHUH, T. €. Uncja, rme QyHKIIUSI MeHsIeT 3HaK):
x—1<0 x—1<0 x—1>0
x+2<0 x+2>0 x+2>0
y=|x—2|+|x+ 2|
0) Ha KaXIoM IpoOMe:KyTKe IIOAMOIYJILHOE BhIpasKe-
HUe coXpaHsdeT 3HAK:
e x<-2;x-2<0ux+2<0,
Torma |x — 1+ x+2|=—x+1-x—-2=-2x—1.

y=—-2x-1
x -3 —4
y 5 7

e 2<x<1l;x-1<0;x+2>0.
-x+1+x+2=3;y=3.
cx>1;x-1>0x+2>0;,x-1+x+2=2x+1;y=2x+ 1.

y=2x+1
x 2 3
y 5 7

3HAUnUT, Ha MPOMEKYTKe X < —2 cTpouM rpaduk y = —2x — 1, mpu —2 < x <1 rpa-
bur y =3, x > 1, rpadpuk y = 2x + 1.

T'padur y = |[x — 1| + |x + 2| mpexncraBasger cob0il JIOMAaHYIO, COCTOAIIYIO U3 JIyUdei
1 OTPE3KOB, YKa3aHHBLIX rpauKkoB (puc. 5.76).

@D 5.1.11. Ucnonb3oBaHue rpaduKoB GYHKUMI ANA peLeHns YpaBHEHMn 1 CUCTeM

T'paduru QyHKIIUHA MCIOJB3YIOTCA AJIA PeIllleHus YpaBHeHHUI, CUCTeM ypaBHEeHU!I
rpa@uuecKUM CIIOCOOOM.

Pertenne ypaBHeHU# rpaUuecKUM CIIOCOOOM ITO3BOJISIET HAWTH TOUHOE MJIN TIPHU-
OMMKeHHOe 3HaUeHNe KOpPHEeH, a TaKiKe OTBeTUTh Ha BOIIPOC, CKOJbKO KOPHEI mMeer
ypaBHeEHUeE.

I pellleHUs ypaBHEHUA «IeJUM» ypaBHeHHNe Ha IBe YacTy, BBOOUM OBe (PYHK-
IUU, CTPOUM HUX rpaduKU, HAXOAUM KOOPAUHATHI TOUEK IIepeceueHus rpauKoB.
AGcIrcehl 3TUX TOUEK U eCTh KOPHU YpaBHEHU.

\ Yy ly=x*
 nNpumep 1. Pemnrs ypasrenue: x* + 2x — 3 = 0. 3
Pewenue: 2
«Paggennm» ypaBHeHUe Ha JBe YaCTU: 1%1,5
x®=-2x + 3. :f_ X
Beenem pyurmuu: y = x> u y = —2x + 3. IToctpoum A\
rpaduky 3TUX (QYHKIUI, OHU IIePeCeKJUCh B TOUKe %
¢ abcmuccoit 1 (puc. 5.77). g
Omeem: 1. Puc. 5.77



(' Npumep 2. Pemuts ypasHeHUe: Yx +x-10=0.
Pewenue:

3amnuiiieM ypaBHeHUE B BUE: 3/_ =10 — x.

<

ITocTpoum rpadpuru QyHKIIUN Yy = Yx m y=10 — x.
x b 8
y 5 2

- Do W B

I'padukm mepecekysnch B TOUKE C KOOPAMHATOH 8 S
(puc. 5.78). Puc. 5.78
Omeem: 8.

C momorbio rpamKoOB yA00HO pelllaTh YypaBHEHUA, ColepKallue IIepeMeHHYIO IO
3HAKOM MOTYJIA.

» Npumep 3. Pemuts ypasuenwue: ||x — 1| — 1| = 1.
Pewenue:
IToctpoum rpaduku pyuxknuit y =|x — 1| —-1juy=1 y
(puc. 5.79). y :||x—1|—1|
Yro6561 OCcTpOUTH rpaduk y = ||[x — 1| — 1|, mocTpo-
UM IIOCJIe[0BaTeJIbHO:

a)y=x-—-1; y=1
6) y = |x — 1] NAVZ
B) y = |x — 1| — 1 (mepenoc J1); -1] 123 x

r) y=|x-1/-1].
Bunmo, uro ypaBueHue nmeet Tpu Kopua: —1; 1 u 3.
Omeem: —1; 1; 3.

Puc. 5.79

IIpu penrenny ypaBHeHUI ¢ MapaMeTpaMi YacTO HEOOXOIMMO OTBETUTH Ha BOIPOC
0 KOJIMYeCcTBe KOPHeH ypaBHeHUA. ITO yIOOHO IeslaTh ¢ MOMOINbIO rpaduKa.

. Mpumep 4. HaiTu cymMmy IeJabIX 3HAYEHUU UYHCIA @, NPU KOTOPHIX YpaBHEHUE
|x* — 2x — 3| = @ UMeeT UeTHIPe KOPHA.

Pewenue:
a) ITocTpoum mapa6oay y = x2 — 2x — 3. BerBu mapa6o-
b 2
JIBI HaIpaBJIeHBI BBEPX, BEPIIIMHA M = “5g = 3 =1 y y = |x2 9 3|
n=1-2-3=-4.Hym: x, =-1,x,=3. .\ 4~ .|
6) I'padux y = [x* — 2x — 3| moiy4mm, ecam 4HacTb y=a ;
mapabojbl BeIllle ocu Ox ocTaBuUM 0e3 M3MeHeHNs, \/ ; \[
HUKe OCH OTOOpasMM CHMMETPUYHO OTHOCUTEJIbHO ~  ~-7--=-- e R
ocu Ox. -1/1 8 X
B) 'padux GyuHKIUU y = @ — npaMasd, mapajjielbHasd Puc. 5.80

ocu abciucc. I'padpuku UMeIOT UeThIpe OOIIre TOU-
KU (a ypaBHeHHe — UeThIpe KOpHs), ecau 0 < a < 4 (puc. 5.80). Iensvlie 3HaUeHUA
sToro nHTepBama — 1; 2 u 3. Haxogum ux cymmy: 1 + 2 + 3 = 6.

Omeem: 6.

C moMmoIrpio rpa@uKoB PYHKIIMI peliaTcsa U CUCTEMBI ypaBHeHUI. Pelrenue cu-
cTeM JIMHEeHMHBIX YPaBHEHUH ysKe paccMaTpUBAJIOCh. PACCMOTPUM CHCTEMBI HeJIMHe-
HBIX ypaBHeHU# rpaduuecKuM CII0co0OM.
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Ipagmuecknin cnocob pewweHna cucTem ypaBHeHui
AaropurmM peinieHus CUCTEM ypaBHEHUH rpaduyecKuM cIIoco0oM:

. BeipasuTh B Ka)XJI0M ypaBHEHUU HEM3BECTHOE J Uepe3 X.
. ITocTpouTs rpad@uKm KaKI0r0 YPaBHEHUS CUCTEMBEI.
. HaiiTu KoopauHaThl TOUEK IepeceueHNs IIOCTPOEHHBIX Ipad@uKoOB (ecau OHHU IIepe-

cekarorcs). ITomydyeHHbIe TOUKY M €CTh PEIIeHUS CHUCTEMBI.

. Mpumep 5. M306pa3uTh cxeMaTuuHo rpaduky QPYyHKIIUI, ONIPEeIenTh KOJINIEeCTBO pe-
MIIeHU# CUCTEeMBI:

a)

6)

u3 rpadpurka y = —x? meperocom BBepx mo ocu Oy Ha
8 enuHUIL. \

B)

Omeem: a) 2; 0) 4; B) pellleHUN HeT.

com Brosb ocu Oy Ha 4 eqUHUIIBI BBEPX.

Mpumep 6. Pemuth cucTteMy ypaBHEHUMN: {

2
y=x+1, x* +y® = 25, xy = -8,
1 6) ) B)
y=§x+3; y=-x"+8; y = 4x.
Peuienue:
y=x"+1,
1 y =x?+ 1 — mapaboJsia, BeTBU HAIpaB-
y:§x+&

JIEHBI BBEPX, MOJydYeHa u3 rpaduKa QyHKIUNA y = x>
IIEPEeHOCOM Ha eIWHUILY BBEPX BAOJb ocu Oy.

1
y= Ex +3 npsaMmas, IMoJydYeHHas u3 TIpa-

Puc. 5.81

y

1
bura QyHKIHMU Y = Ex IIepeHoCcoOM Ha 3 eIUHUIIBI

BBEpPX BAOJb ocu Oy.

I'padurku mepecexarTcsa B IByX Toukax (puc. 5.81).
2 2
x"+y” =25,
y ) x? + y? = 25 — OKpPYKHOCTH C IeH-
y=-x"+8.

TPOM B Hauajge KOOPAMHAT U PASUYCOM 5.
y = —x? + 8 — mapaboJia BeTBAMHU BHU3, MOJyYeHA

T'paduku mmepecekaioTcs B UeThIpex TouKax (puc. 5.82).

{xy— 8 Ilepenumiem xy = —8 B Buze y=—§.
y =4x. X
9ro runepbojia, BETBU KOTOPOII pacioJiosKeHbl BO 11
u IV KoopaAmHaTHBIX MJIOCKOCTAX.

y = 4x — rpaduK TPAMON IPOTOPIIMOHAIBHO-
ctu, pacmoyioskeH B I u III uwerBeprax. I'papuru
IaHHBIX (DYHKIINI He mepecekarrcda (puc. 5.83).

Puc. 5.82

y

y=—x+4,

y =3x+4.
Pewenue:

ITocTpoum rpadukm maHHBIX QYHKIINHA.

Yy = —x*> + 4 mosyuaem u3 rpadura y = —x> mepeHo-

I11

Puc. 5683
197
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I'padurm mepecekanch B TOYKAX C KOOPAWHATAMU
(—3; —5) u (0; 4) (puc. 5.84).
Omeaem: (—3; —5); (0; 4).

Puc. 5.84

PeweHue cuctem ypaBHeHuit ¢ napameTpom
. Mpumep 7. YKa3aTh KOJMUECTBO PEIIeHUII CUCTEMbBI B 3aBHCHUMOCTH OT IIapaMeTpa a:
—x%,-2<x<2,

y=93x-10, x > 2,

-3x-10, x < -2;
y=a.
Pewenue:
—x?,-2<x<2, y
y=93x—-10, x > 2, ITo rpad@uK, 3aTaHHBIN KY-
~3x -10, x < 2. 5 =1
21 o ]
couno. Ha mpome:xkyTtre —2 < x < 2 mapaboJsia y = —x2. \ 2 2 .
Ilpu x > 2 y = 3x — 10: R SR R AR
x | 3 4 f §
J 4 y =a
y -1 2 )
IIpn x < -2y =—-3x — 10: Puc. 5.85
x -3 —4
y -1 2

IIpamasa y = a nmapamensHa ocu abciuce.

ITo puc. 5.85 BugHo, uTO IpU a < —4 rpad@UKHU He HepeceKarTcs, Ipu a = —4 aBe
TOUKU mepeceueHus; —4 < a < 0 — ueTbIpe TOUKU mepeceueHus, a = 0 — Tpu TOUKHU
nepeceueHud u a > 0 — qBe TOUKU IepecedyeHusd.

Omeem: a) pelillenuii HeT npu a < —4; 0) ABa permtenusd npu a = —4 u a > 0; B) UeTbIpe
petttenusa npu —4 < a < 0; v) Tpu pemterus npu a = 0.




S TpenupoBouHble TecToBble 3ajaHua K pasaeny 5

1. Tpadur Kaxoii U3 IPUBEAEHHBLIX HMKe PYHKIIUN M300pakeH Ha PUCYHKe?

Yy
1
UREEREL
1 1 1 1
Dy=—x+2 D)y=—x-2 y=——x+2 ) y=——x-2
) V=7 ) V=7 )v=—3 )y=-7
2. Ha pucyHKe IOKasaHO, KaK MEHANACh TEMIEPATY- p oc
pa Boaxyxa ¢ 3 4acos go 18 uacos. Ilo ropmsonranu P
YKasaHO BpeMs CYTOK, II0 BepPTHUKAJIN — 3HAUeHUe :
TeMiepaTypsl B rpagycax Ileabcusa. CKOJIBKO 4acoB 1371
TeMnepaTrypa mnpesbimana 11 °C? 12"
1)3 3)9 I3 S S
2) 6 1) 15 T AR A
3. B Kakoll KOOPAMHATHOIl YeTBePTH HAXOAUTCS TOUYKA 97 oo
TepecevueHusa OPAMBIX J = —2x —bu y = x + 9? 8-+
1) B I ueTBepTH 3) B III uerBepTH 5 ] "
2) Bo II yerBepTu  4) B IV uerBepTHu 3 6 9121518 1, Hac
4. YcTaHOBUTE COOTBETCTBUE MeKIy rpaduxaMu QyHKIUHA u GopMyJaMu, KOTOPbIEe UX
3a/1a10T.
A. y
3
2 --I
N
123«x
1) y = ||
Orser: A b B

5. Ha pucynke uzobpakeH rpaduk KBagpatuunoit ¢pyHknuu y = f(x). Kakue us ciaeny-
IOIUX YTBEPKAEHUN O JAaHHOM (PDYHKIMYM BEePHBI?
Yy

\o 1/
g 1
y 123«
-3
1) f(-5) < f(1)

2) dyuKIuA Bo3pacTaeT HA IPOMEKYTKe [1; +0).
3) Haumensitiee 3HaueHne GyHKIINN PABHO —3.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Kakas u3 JaHHBIX IPAMBIX He MMeeT OOIINX TOoUeK ¢ mapabosoit y = x2 + 11x + 257

1) x=-1 Dy=x 3)y=4x — 3 4)y=-5x+3
YKaKuTe HeUeTHYIO (hYHKIIUIO.
2
)y=x2+3 9) y=-_X 2 3) y=+Jx+1 4)y =2+ 2x
Kakas us JaHHBIX MMPSAMBIX MMEET POBHO OHY OOII[YI0 TOUKY C OKPYsKHOCTEIO X2 + y2=107?
Dy=x+2 2)y=-3x+18 3)y=2x-—-3 4)y=3x-10
Kaxoii u3 m300pakeHHBIX Ipa@UKOB ABJIAeTCA rpaduKoM GYHKIUU y = —|x + 2|?
1) y 2) y 3) y 4) y
2 2 2 2
/Xzs —2-1'1 12 3 11193 -117 1 2,3
f2-1 {1 x /\ -1 A | x —2\‘/ *
-2 =2 A2 -2
-3 -3 -3 -3

Ilo Bumy rpaduka y = ax? + bx + ¢ ompezgennTre 3HAKU K02(PPUIMEHTOB a, b u c¢. BbI-
OepuTe MpaBUJIbHOE YTBEDPKICHUE.

/A

oo
a<0, a<0, a<0, a>0,
1) <6>0, 2) 10 <0, 3) 16 <0, 4) <b <0,
c<0 c<0 c>0 c<0

Vramure HauMeHbIIIee 3HAUEHNE 00JIacTH onpeAeaeHNA QYHKIUT Y = X + 3.
OrBer:

Haiigure sHauenue pyarnuu y = x* + x + 1, ecau abcucca pasua —1.
OTBer:

CKoJbKO HyJielt umeeT GyHKIUA y = x2 — 2x?
OrBer:

IIpm rakux x GyHKIUA §y = 2x — 4 IPUHUMAET HEOTPUIlATEJIbHbIE 3HAUCHUA?
Orger:

VYrasxure HanboJbIlee 3HaYeHNe QYHKIUU §y = —x2 + 8.
Orser:

VEKamuTe MpoMeKyTOK yObIBaHUA QYHKINUA y = X2 — 2x + 3.
OrBer:

He Brimosrnaa nmoctpoeHmda rpadura QyHKImnM y = 2x + 1, HAAAUTE TOUKY 9TOTO I'pa-
¢uka, B KOTOpOoil abcIiiricca B TPU pasa MeHbIIle OPAMHATEI.
Orger:

WsBecTHO, uTO rpaduKk GyHKIUYU Yy = kKX + b mpoxonut uepes Tourky A(1l; —1) u mapau-
snesieH rpadury dysrnuu y = 2x + 7. Hatigure b.
Orser:




6. KoopanHatbl Ha NpAMOIA U NNOCKOCTH

3HaTb: < MOHATME O KOOPAUHATAX, TOUKU Ha NPAMOI M Ha MIOCKOCTY;
+ onpepgeneHne 0OCHOBHbIX BUAOB YMNC/TOBbIX MPOMEXYTKOB;
+ dopMynbl KOOPAMHAT cepefrHbl OTPe3Ka, PacCTOAHNA MeXAY ToUKaMu;
¢ YpaBHeHwue NpAMON;
+ YpaBHEHWE OKPYXHOCTK;
¢ YPaBHEHWA N HePaBEHCTBA C ABYMA MepeMeHHbIMN.

YmeTb: « OOBACHATbL U UIOCTPUPOBATb NMOHATNE KOOPAVMHATHON NPAMOW, MOAYNA YMC/Ia U AeKapTOBOW
CMCTEeMbl KOOPANHAT;
+ 1Cnonb3oBaTb GOPMysbl KOOPAMHAT CepefivHbl OTPE3Ka, PacCTOAHUA MeXIY TOUKaMu, ypaBHe-
HUA NPAMON U OKPYXXHOCTUW N peLleHna 3ajay;
+ MCMONb30BaTb KOOPAUHATHBIV MeToA AN 3ajlay Ha BblYUCIIEHNE;
+ CTpouTb rpaduKy ypaBHEHWU N HEPABEHCTB C ABYMSA MepeMeHHbIMU.

6.1. KoopauHatHasa npamas

6.1.1. U306paxkeHne uncen TouKaMn KOOpAWUHATHOI NPAMOIi

KoopanunaTHoit mpAMo#l HasbIBaeTCA MpsaMasd, Ha KOTOPO 3aflaHbl HAUaJio OTCUeTa
(rouka O), MOJIOKUTEJSbHOE HAIpaBJIeHNEe U eIUHUYHBIN 0Tpe3ok (puc. 6.1).

E A B C D
—7-6-5-4-3-2-10 1 2 3 4 5 6 7
Puc. 6.1

Yucs0, MOKa3bIBaIOIee MOJOMKEHNEe TOUKY Ha KOOPAUHATHON IPAMON, HA3LIBAIOT
KOOPIWHATON ITON TOUKM.
Hampuwmep, A(—2); B(0); C(3); D(6); E(-5).
IIpumepsl KOOPAMHATHON NPAMOII — TEPMOMETP, «JMHUA BPEMEHU» Ha YpPOKax
HNCTOPUMH.
Ywuciya, KOTOPBIE PACIIOJOKEeHBbI IIpaBee Hauajia OTCUeTa, HAa3bhIBAIOT IOJIOSKUTEIb-
HBIMM, a JjieBee — OTPpUIlATEe/JIbHBIMMU.
Bce mosoxxurenbHbIe yncia u HYJb HA3bIBAIOT HEOTPHUIIATEJIbHBIMM, ITHUIIIYT:
a>0;,3>0;02=>0.
Bce OTPpHUIIATEJIbHBIE UMCJIa 1 HYJIb HAa3bIBAIOT HEIMOJOKUTEJIbHBIMHA, IINIITYT:
a<0;-7<0;0<0.

-7-6-5-4-3-2-10 1 2 3 4 5 6 7
Puc. 6.2
Yucaa, KOTOpbIe JeKaT M0 pasHble CTOPOHBI OT HYJISI, HO HAa OJUHAKOBOM PAaCCTOS-
HUU, HA3LIBAIOT IMPOTUBOMOIOKHBIMU. Hanpumep, 5 u —5; 3 u —3; -2 u 2; 1,5 u —-1,5.
Yucs10 HYJIb CUNTAETCS IIPOTHUBOMIOJIOKHBIM caMOMy cebe.
BripasxeHue —a o3HauaeT, UTO 3aIMCAHO UMCJO, IPOTHUBOIIOJIOMKHOE UNCIY a:

—(-a) = a, T. e. —(-12) = 12.
,HJIH KaXJa0ro yucja CyniecCcrsyeT COOTBETCTBEHHOE eMy IIPOTUBOIIOJJIOMHOE YHMCJIO.
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 nNpumep 1. Banucars Koopaunats Touex A, B, C, D, E, F, M, K, n306paskeHHBIX Ha

puc. 6.3.
D K C A M B E F

——t+—+—+@+——+—@ —+——@+—+—@—+—+——+@—+—@+—>
-7-6-5-4-3-2-10 1 2 3 4 5 6 7 8
Puc. 6.3
Omeem: A(—1); B(3); C(-3,5); D(—6,5); E(6,25); F(7,75); M(0,75); K(—4,25).

(D Npumep 2. HauepTuTh KOOPAWHATHYIO NMPAMYIO, B35B 34 €AWHUYHBIH OTPE30K IIECTH

KJIeToueK TeTpaau, obozHaumthb Touku: A(l); B(-1); C(-0,5); D(gj; E(—llj;

o w3 (a2 2 |

Peutenue:
Eciu eguauna B aHHo# 3amaue — IIecTh KJeTouek, To Touka C(—0,5) 6ymer pac-
moso:kena: 6 - (—0,5) = -3, T. e. Ha TPU KJETOUKU JeBee HYJI.

P M EB CR D A F
——+——+00—+00—F———H—0—0—+—+—+—@—+——+—>
-2 -1 0 1 2 3
Puc. 6.4

2
ITono:xenue Toukm D IIOJIYUYMM aHaJIOTU4YHO: 6- g =4 KJeTOUKU BIIpPaBO OT HYJIA.

1
Touka E pacmoJyioykeHa JeBee uucJyga —1 Ha: 6 - Y =1 KJETOUKYy.

AmnajlornyHO HAXOAUM pacmoJjiokenue touek F, M, P u R.
. Mpumep 3. [auHa eqUHUYHOTO OTPE3Ka 5 cM. UeMy paBHO PACCTOSHHE MEXKIY TOUKAMMU:
a) A(1) u B(7); 6) C(—3) u D(—1); B) M(—6) u N(2)?

Pewenue:
a)AB=(7T—-1)-5cm=6 -5 =30 (cm);
60)CD=(-1-(-38))-5=(-1+38)-5=2-5=10 (cm);

B MN =2 —-(-6)) - 5=(2+ 6) - 5 =40 (cm).
 Npumep 4. Ha KoopamuaTHOH mpsamoii o6o3Haumnm uncaa —8 u 12 (puc. 6.5). Kakas
13 TOUEK SABJISETCS HauajJoM orcuera? 3amucath KoopaumHaThl Touek A, B, C, D.
A B C D

-8 12
Puc. 6.5
Pewenue:

Paccrosume oT TOYKHM ¢ KOOPAMHATON —8 MO0 TOUKMU ¢ KOOpAUHATOU —12 cocTaBiser
5 orpeskoB uau: 12 — (—8) = 20 egunuIl. 3HAYUT, KAXKIBIA OTPE30K comepsxut: 20 : 5 =
= 4 eqmuHENYHBIX oTpe3ka. Torma KoopauHaThl Touek: A(—4); B(0); C(4); D(8). Hauano
oTcuera — TO4YKa B.

» Npumep 5. Haiitu koopauuater Touku C (puc. 6.6).

C A B
- 3 5
Puc. 6.6
Pewenue:
Hanaa AB = 5 — 3 = 2 equHUYHBIX oTpedKa. Mexay C u B 6 OTpe3sKOB BeJIUUMHON
AB, 1. e. 12 emuHnuHBIX 0Tpe3KoB. Koopaumuare! Touku C: 5 — 12 = —7.

Omeem: C(=7).



 Npumep 6. Kakoe us uuces oTMeueHO HA KOOPAMHATHOM MPAMOi TOuKoi A (puc. 6.7)?
1) V2; 2) /8; 3) J11; 4) J14.
4
0 1 2 3 4 5 6
Puc. 6.7

Pewenue:

1) \/i<\/§<\/1, T. €. 1<\/§<2;
2) \/Z<\/§<\/§, T. €. 2<\/§<3;
3) \/§<\/ﬁ<\/ﬁ, T. €. 3<\/ﬁ<4, T. €. IMEHHO 3/IeCh OTMeUeHa TouKa A.

Omeem: 3) A(\lll).
 nNpumep 7. Ha KoopauHaTHOI NpAMOIA oT™MeueHA TouKa a (puc. 6.8).

a
- 0 1
Puc. 6.8
Kaxoe yTBep:kageHie OTHOCHUTEIBHO 3TOT0 UMCJIA SABJISETCS BEPHBIM?
1)a+2>0; 3)5+a>0;
2)8 —a<0; 4)a+7<0.

ITo pucyHKY BUIHO, UTO UHCJIO @ IPUHAMJIEIKUT MPOMEKYTKY —4 < a < —3, Torzaa:
1)4+2<a+2<-3+2;-2<a+2<-1,T.e.a+2<-1,anea+ 2>1. HesepHo.
2) 8 — a < 0. HeBepHo, T. K. 8 — a > 0, mockoabsKy a < 0.

3) 5 + a > 0. BepHo, mockosmbKy @ > -4, T.e.a+ 5> 1.

4) a + 7 < 0. HeBepno, a > —4, Torna a + 7 > 3.

Omeem: 3) 5 + a > 0.

EED 6.1.2. TeomeTpuueckuii CcMbICT Moayns

Mopgyem umcja @ Ha3bIBAIOT paccTosiHue (B eIUHUYHBIX OTPe3Kax) OT Hauaja KO-
opauHaT no Touku A(a) (puc. 6.9).
-5 =5 5= 5
A B _
-7T-6-5-4-3-2-10 1 2 3 4 5 6 7'
Puc. 6.9
Mogysib uucisia a obo3nauaior |a|. Moxysas unciaa 5 paBeH 5, mocKoabKy B(5) yzna-
JIeHA OT HauaJjia OTCUeTa Ha 5 eIMHMYHBIX OTPe3KoB. MoayJb uucia —5 ToKe paBeH
5, MOCKOJILKY yZaJieH OT HAauvaJa OTCUeTa Ha D eIMHUYHBIX OTPE3KOB.
Mopaysin mMpOTHBOIIOJOKHBIX UYHCE] PABHBI:
13| = [-3[; [-2,1| = 2,1}]; [100,5] = |-100,5|
IIoCcKONMBKY MOAYJIb YKCJIA — 5TO PACCTOSHHE, OH HE MOJKET OBITh OTPHUIIATEJIb-
HBIM. I MOJOMKUTENBLHOI0 YKCIa W HYJSI MOLYJIb PAaBEH CAMOMY UYHCJIY, a AJISA OT-
PHUIATEIBHOI'0 — IIPOTHUBOMIOJIOMHOMY UMCJIY:

|a|—{ a, eciu a > 0,

—a,ecaua<0

D Npumep 1. HaiiTn 3HaYeHUE BBIDAKEHUS:
a) |-3,7| — |-3,5| = 3,7 — 3,5 = 0,2;
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0) |-2,14| - |5| = 2,14 - 5 = 10,7;
o 12l 20 gl 020 g8 (20 ,20) 4
21 7 21 7 21 21 21 21 21
» Npumep 2. Pemnrs ypaBHeHwE:
a) x| =3,7; x, = 3,7; x, = -3,T;
0) |x| = —1,5; pemteHu#l HeT;
B) |[x| = 0; x = 0.
. Mpumep 3. O6G03HAUNTL Ha KOOPAMHATHOU MPAMOMU Iejble 3HAUEHUA X, YAOBJIETBOPSI-
IOII[1ie HePaBEeHCTBY:

L, ————+—0—0—0—0—0—0—0—0—0 00—+ >
1) [x| < 5. Omeem: _7_6_5-4-3-2-10 1 2 3 4 5 6 7

2) 3,2 <|x[<5,7. Omeem: _7.6-5-4-3-2-10 1 2 3 4 5 6 7
(D Npumep 4. YrasaTs HaubobIlIee U HAMMEHbIIIee 3HAUCHWUS BHIPAYKEHUS:
a) |x| + 5,7; 6) 2,3 — |x|.
Pewenue:
a) |x| > 0. HaumensIree ero 3HaueHue |x| = 0, mosToMy BbIpakeHUe IPUHUMAET HaU-
MeHbIIlee 3HaueHue 5,7; HanOOJIbIIero 3HaUueHnus HeT.
0) AHaJIOTUYHO, TOCKOJBKY |x| >0, BhIpakeHue mMeeT HamboJiblllee 3HaueHue 2,3,
a HauMEeHBIIIer0 3HAUYEHUA HeT.
) Npumep 5. Banucars Bopakenue |x* — x| 6e3 3HAKA aGCONIOTHON BEJUYUHBL.
Pewenue:
x? — x, eciz x% — x > 0,

ITo ompeneneHUI0 MOIYJIS: |x2 - x| = , ,
-x" +x,ecau x” —x <0.

+ - +
Pemunm HepaBeHeTBO: X2 — x > 0; x(x — 1) > 0; x € (—o0; 0] U [1; +o0) —(')—i—>

y x* — x, ecnu x € (—o0; 0] U[1; + ),
Omeem: |x — x| = )
-x° + x, ecnu x € (0; 1).

@D 6.1.3. UYncnosble NpoMeXyTKU: UHTEPBaN, OTPE30K, yy
YucaoBble OTpPEe3KN, MHTePBaJIbl, IIOJIYUHTEPBAJIbI 1 JIYYM HA3BIBAIOT YHCJIOBBIMHN

IPOMEKYyTKaMMU.
O0o3HaUYeHUA YNCJIOBBIX TPOMEKYTKOB M UX HA3BaHWA IIPUBEAEHEI B Ta0uUIE.

HN3zoobpaske-
HaszBauue umuc- p 0O60- 3anuch
HHE Ha KO-
JIOBOTO IIpOMe- . 3Haue- B BHE He- Yuraercs
OpPAMHATHOMI
KYTKA . HUEe paBeHCTBaA
MPAMO
WurepBana — Ll 5 (a; b) a<x<b WurepBasa oT a 10 b
a b
Yucmosoi — Uy 5 [a; b] a<x<b OTpesok oT a 1o b
OTPE3O0K a b
IlonyunrepBan | —illlllly 3 (a; b] a<x<b ITonyunTepBas oT a
a b o b, BRarouasa b
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OKxoHuaHUue mabaulbvl

HN3o06paske-
HasBanue umuc- P 0O60- 3amuch
HUE Ha KO-
JIOBOTO IIpOMe- . 3Haue- B BH/E He- Yuraercs
OPAMHATHOMI
SKYTKa .. HUE paBeHCTBA
PAMOM
ITonyunrepBan | — LLIUL 5 [a; D) ax<b IlonyunTepBas ot a
a b o b, BkiIouas a
YHucymoBoii Jy4 [a; +) x2a Yuc0BOM JYY OT @
a IO TLIIOC OEeCKOHeY-
HOCTH
YHucioBoii Jy4 (—0; a] x<a Yuco0BOM JYY OT
ai > MUHYC OECKOHEUHO-
CTHU 110 a
OTKPBITHIH (a; +0) x>a OTKpPBITBHIN YUCTIOBOM
YUCJIOBOH JTyY a JIyY OT @ IO TLJIIOC
0ECKOHEYHOCTH
OTKPBITHIHI (-3 a) x<a OTKPBITHIN YMCJIOBOH
YUCJIOBOH JTIyY a JIy4 OT MUHYC OecKo-
HEYHOCTH IO a
YHucioBas (—o0; +0) | x — soboe | YUwucsoBasd mpAMas
.
npaMas YUCIIO

st Toro uToOBI paccMOTPETh MPUMEPHI IIepeceueHus U O0beIUHEeHU YUCJIOBBIX
MIPOMEXYTKOB, PACCMOTPUM IIOHATHS IIepeceueHruss 1 00beJUHEeHNA MHOMKECTB.

ITox MHOMKECTBOM B MaTeMATHKE IIOHMMAIOT COBOKYIIHOCTD JIIOOBIX IIPEIMETOB, 00h-
€KTOB, unceJl, O0beJUHEHHBIX MEXAY CO00I HEeKOTOPHIM OOIIUM JJIsI HUX HPU3HAKOM.

Hampumep, MHOKECTBO yUaIllUXCSA OMHOI IITKOJIBI, MHOYKECTBO II€JbIX UMCEeJ.

MuosKecTBO cumTaeTcsAd 3aJaHHBIM, €CJIM YKA3aHO HEKOTOPOe CBOICTBO, KOTOPOE
WMEIOT BCe dJIeMEeHThI, a Ipyrue o0beKThl He 00Jaai0T 9STUM CBOMCTBOM.

Hampuwmep, sanuch A = {x: -3 < x < 7} o3HauaeT, 4YTO MHOXKECTBO A COCTOUT u3
BCEeX UICeJ X, KOTOPhIe YAOBJIETBOPAIOT HEPABEHCTBY —3 < x < 7.

Mmuo:xecTBO, UMeOIIee OIpeaeieHHOe KOJMUECTBO 3JIEMEHTOB, HAa3bIBaeTCsI KOHEU-
HBIM. Ecau MHOMKeCTBO mMeeT 0eCKOHEUHOe KOJMYECTBO 3JIEeMEHTOB, TO OHO Ha3bIBa-
eTcsd 0€CKOHEUYHBIM.

Hanpumep, MHOMKeCTBO ONHO3HAUHBIX HATypaJabHEIX uncen {1, 2, 3, 4, 5, 6, 7, 8, 9}
KOHEUHO, a MHOXECTBO BCeX JeNCTBUTEJbHBIX UnceJ 0eCKOHEUHO.

MuoxkecTBO, He MMeIOIIee HU OJHOTO 3JIEMEeHTAa, HA3hIBAIOT IIyCTHIM 1 0003HAUAIOT .

Hampuwmep, MHOKECTBO  KOpPHEeH  ypaBHeHUS

x+2

xz—

Ecan raanlii s1eMeHT MHOYKeCTBAa A COIEepPIKUTCS
B MHOKecTBe B, To A Ha3bIBaeTCs MOAMHOKECTBOM B. B
Hanpumep, MHOXeCTBO HATYPAJbHBIX YMCEJ SIBJIA-
eTcs MOAMHOMKECTBOM IIeJIBIX UIMCeJI.
Iumyr: A < B; N c Z.
Harnaguo MmHOMXecTBa M300paKaioT ¢ IIOMOIILIO IH-
arpamm diiepa (puc. 6.10—6.12). Puc. 6.10

=0 ABJSeTCS IYCTBHIM.
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Ilepeceuenuem MHOKecTBa A m B HasbIBaeTCs MHO-
JKeCTBO, COZepsKalliee Bce O0Ire 9JIeMeHThI MHOYKECTB
A u B, u TonbKo ux (puc. 6.11).

Hanpumep, ecim A ={3, 4, 7,9, 10}, B=1{4, 5, 7, 8},
to AN B={4, 7}

Oo0bequHeHneM MHOMecTBa A 1 B HaswIBaeTcsa MHO-
JKeCTBO, COCTOAIIee 13 BCeX DJIEMEHTOB, COMEPIKAIIIX-
cs XOTs ObI B OJHOM U3 IBYX MHOKECTB A u B, U TOJIb-
Ko ux (puc. 6.12).

Hamnpuwmep, A =1{3, 4, 7, 9, 10}, B={4, 5, 7, 8}, To
AUB={3,4,5,17,8,9, 10}.

Paccmorpum mpumepbl 00beqUHEHUSA U IIepecede-
HUS ITPOMEIKYTKOB.

D Npumep 1. Pemuts cucTeMmy HepPaBEeHCTS:

+ -+
— Ll >
x*-4<0, {(x—Z)(x+2)<0, 5 9
x2—x>0; |x(x-1)>0. + - * Puc. 6.12
0 1

OOG111ee pellleHre — MepeceueHre 9TUX UNCJIOBBIX IIPOMEKYTKOB:

msé/ﬂﬁ/gﬁ

-2 0 1

Omeem: (—2; 0] U [1; 2).
» Npumep 2. PemuTh COBOKYIHOCTH HEPABEHCTE:
{1<3x—2£4, {3<3x£6, {1<x£2, _ g, 4 o>
2

3<4x+5<1; | -8 <4dx <-4 -2 1

PenreHueM COBOKYITHOCTH HEPaBEHCTB €CTh MHOJKECTBO BCEX X, KOTODPBIE Y/OBJIe-
TBOPSIOT XOTs OBI OMHOMY M3 HEPABEHCTB, T. €. 00beJUHEHNE ITPOMEKYTKOB peIleHui
HEpPaBeHCTB.

Omeem: (—2; —1) U (1; 2].

-2<x<-1.

» Npumep 3. PemuTs HepaBeHCTBO: 2x+5 >1.
4x +1
Pewenue:
HepaBencTBO paBHOCHJIBHO COBOKYIIHOCTH HEPABEHCTB:
2x+1>1’ 2x+1_1>0’ 2x+1—4x—1>0’ —2x >0,
4x +1 4x +1 4x +1 4x +1
2x+1 <1 2x+1+1<0; 2¢+1+4x+1 <0 6x + 2 <0
4x +1 4x +1 4x +1 4x +1

X+ 10
4
X+ il 5
$<o; 1 1
x4l 3
4

g




PermtenvemM coBOKymHOCTH HepaBeHCTB OyneT o0bemrHEeHNEe dTUX HPOMEKYTKOB:

@ 6.2. JlekapToBbl KOOPAMHATBI HA MAOCKOCTH

@0 6.2.1. JlekapToBbl KOOpANHATHI HA nAockocTi. KoopauHaTbl TOUKM

IIpoBemem Ha MmJIOCKOCTH 4Yepe3 TOUKY O B3aMMHO MNEPIEHIUKYJISPHBIEC IIPSIMbIE
X U J — OCH KOOPAMHAT. X — OChb abcIiuce; y — och opauHar; Touka O — Havajo
Koopamuart (puc. 6.13).

I 7 I
G e 6 (h)

111 IV
(=) (+; -)

Puc. 6.13

Kammoit Touke IIJI0CKOCTH MOXKHO COIIOCTABUTD APy YMCeJ — aOCIINUCCy X W OPIAU-
HATY . OTHU YmUCJa HAa3bIBAIOT KOOPAMHATAMU TOYEK.

Ha puc. 6.13 uszobpasxkeHnbl Touku ¢ KoopauHaramu: A(4; 1); B(—3; 6); C(—7; —3);
D(3; —4); K(—2; 0); E(0; 3); N(7; 0); M(0; —6).

Ocu KoopamHAT pa3dMBAIOT ILIOCKOCTEL Ha ueTbipe uerBepTu: I, II, IIT u IV. B mpe-
JleJlaxX OJHOU YeTBEPTHU 3HAKU X U J COXPAHAIOTCA.

Eciu Touka JIeKUT Ha OCH X, TO ee OpAMHATA PaBHA HYJI0, €CJAU TOUKA JIEKUT
Ha ocu Yy, TO ee abciucca paBHa HyJio. Tak, Touka N(7; 0) jexuT Ha ocu X, a TOU-
ka E(0; 3) — Ha ocu y.

IImockocTh Xy HA3LIBAIOT KOOPAUMHATHOM, UJIV TEKAaPTOBOI, IJIOCKOCTHIO 110 UMEHU
P. Iexkapra, KOTOPHIN BIepBbIe IPUMEHNJ €€ B CBOUX UCCJIEJOBAHUAX.

 nNpumep 1. Uz rouru A(4; —3) omyIeHsl NePIEHANKYJIAPH HA ocu X u y. Haiitu Ko-
OPJIMHATHI OCHOBAHUU NMEPHEHANKYJIAPOB.
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Pewenue: y 4
IIpoBemem mepHeHAUKYJIAD U3 TOUKU A K OCH X, TIO- T L
ayunm Touky A,(4; 0), u K ocu y — Touky A, (0; —3) 45 x
(puc. 6.14). |
» Npumep 2. Jana roura M(2; 1). Haiitu Touku, cumme- “Blq o4
TpUUYHBIEe TOUKe M OTHOCUTEJIBHO OCH X, OCHM J U Ha- 2
yaja KOOpAMHAT. Puc. 6.14
Pewenue: M y M
Ha pwuc. 6.15 Touka, cummeTrpuuHas Touke M(2; 1) ,_2 _____________________ o
OTHOCHUTEJNHHO ocu X, — Touka M (2; —1). o 1 25
Touka, cumMmerpuuHasa Touke M(2; 1) oTHOCUTEID- ; | >
HO ocu Yy, — Touka M,(—2; 1). ; -1 1 1 :
Touka, cummerpuuHasa Touke M(2; 1) oTHOCUTEB- J\’I -------------------- ]\7[
HO Havaja KoopauHar, — Touka M, (—2; —1). 3 1
Puc. 6.15

Hia sekoropoit Touku M(x; y) TOUKA, CUMMETPUY-
Has el OTHOCHUTEJNbHO OCH X, OyneT mmeTb KoopawHaThl M, (X; —Yy); OTHOCUTEIHHO
ocu y — M,(—x; y); OTHOCUTEJNbHO Havasia KoopauHaT — M (—x; —y).

» Npumep 3. Mausr rouku: A(-1; 4); B(2; —4); C(0; 5); D(-3; —3); K(2; 2); M(1; 1);
D(-7; 0); P(—4; 10). B xakux ueTBepTAX pacmojokeHbl Touku? Kaxkasa us3 Touek Je-
JKUT Ha OCH Y, Ha ocu y?

Pewenue:
B I uerBepTu (8HaKu +; +): M(1; 1). Bo Il werBeptu (3HaKu —; +): P(—4; 10).
B III uerBepTu (3Haku —; —); D(—3; —3). B IV uerBepTu (3Haxu +; —): B(2; —4).
Ha ocu x (kooppunarts! (x; 0)): D(—7; 0). Ha ocu y (kooppuuatsr (0; y)): C(0; 5).

@0 6.2.2. KoopamHaTthbl cepefiHbl OTpe3Ka

ITlycTs maH orpesoxk AB ¢ KoopaAuMHATaAMU €ro KOH- B(x,; y,)
moB A(x,; y,) u B(x,; y,), Touka C(x,; y,) — cepefuHa Clxy Y,
orpesxka AB (puc. 6.16). ,//
KoopauHatsl cepeauHbl OTPE3Ka PAaBHBI IOJYCYM- Ax;; y,)
Me COOTBETCTBYIOIIUX KOOPIAUHAT €ro KOHI[OB: o o
X, X Y +Y, Puc. 6.16
x, = ; =
c 2 Ye 2
OI'IOprIE 3ajauu
B 3apava 1. A(-3; 1); B(7; —5); AC = BC. C(x; y,) — ?
Pewenue:
-3+17 1-5
A C By = 5 =% Vo= —5 =% 02 -2)
D 3apava 2. A(2; -1); B(1; 4); AC = BC. B(x,; y,) — ?
Pewenue:
A C B _xB+2_1_ _yc_1_4.
—i—eo—i—o xC - 2 - yC - 2 - 5

08 e e R S R



x,+2=2;x,=0;y,-1=8;y,=9. B(0; 9).
Bce samaum Ha ucmoab3oBaHUE (GOPMYJ KOOPAMHAT CEePeAMHBI OTPEe3Ka CBOAATCS
K pemieHuio 3agau 1 u 2.
Mpumep 1. Toura M(2; 6) — cepenuHa OTPE3Ka, KOHIIBI KOTOPOTO HAXOAATCA Ha OCHU
x u ocu y. HaliTu KoopamHATE KOHIOB OoTpeska (puc. 6.17).

Pewenue:
Touka A HAXOAUTCA Ha OCHU I, IIOITOMY ee KOOp- y
nunarst A(0; y,), Touka B — Ha ocu X, ee KOOPAUHA- 4005 y,)
Thl B(x,; 0). Touka M(2; 6) — cepenuna orpesxka AB M(2; 6)
(ommopHas samaua 2).
ITo hopmysiaMm KOOpAMHAT CepeInH OTPe3Ka: B(x,; 0)
%10 o 4 0 N x
> B Puc. 6.17
yA;O =65 y, = 12.

Omeem: (4; 0) u (0; 12).
Mpumep 2. [{oxasars, uro Touku A(2; 4), B(1; 1), C(—=2; 0) u D(-1; 3) aBaaroTca BEp-
muHaMu napajiaeaorpamva ABCD (puc. 6.18).
Iloxasamenvcmao:
BocnonbayeMca mpusHAKOM IIapajljiejiorpaMMa: ec-

. B(1; 1) C(-2; 0)
JW OUATOHAJHN UYeThIPeXYroJbHUKA TOUKOU Iepeceue-
HUS JeJIATCS IIOI0JaM, TO 3TOT UEThIPEXYTOJbHUK — 0
mapaJijieJIorpaMM.
To ecTh A JAHHOTO CJAyYasa CepPeaUHbI AuaroHaJ el 0,
BD u AC nmokHBI COBIIAAATh C TOUKOHM MX Ilepecede-
HUA. A(2; 4) D(-1; 3)
Haiinem xoopaunatel Touku O, — cepeIuWHBI Aua- Puc. 6.18
roumaau AC:
2-2 4+0
xol = T = O; yol = T = 2; 01(0; 2).
Haiinem xoopaunatel Touku O, — cepeiuHbl auaroHanu BD:
Xo, = % =0; Yo, = E =2; 0,(0; 2).

Touku O, u O, coBnaznaior, T. e. fuaronanu AC u BD B ToYKe IepeceyeHusi Iear-
cd momogaMm, ABCD — mapaJjijaeaorpaMm.
Mpumep 3. Hamsr Touru A(4; 2), C(—4; 2), D(7; —3) — BepUINHBI ITapaJijeJorpaMMma
ABCD. HatiTu KoopauHaThl Bepinmuubl B (puc. 6.19).

Pewenue:
Raiag:mem KoopauHaThl TOouKu O — cepeguHbl OTPE3- B(x,: y,) C(-4: 2)
O(xy; Y,)5 x5 = % =0; y, = % =2; 0(0; 2). 0
Tourka O — cepeamua guaroHaau BD, mosTomy:
Ty, x, = -T; Ys =3 _ o, y,—3=4;y,=7. A2 D(7; -3)
2 2 Puc. 6.19

Omeem: B(=17; 7).

209



KoopauHatbl TOuKku, AenALueit 0Tpe3oK B 3afiaHHOM OTHOLLEHUH

Ha pwuc. 6.20 gan orpe3ok AB ¢ KoopamHaTaMu

KoHnoB A(x,; y,) u B(x,; y,). Toura C(x.; y,) memur V1A y)
orpes3ok B oTHomeHuu AC : BC = k.
Koopaunatst Touku C, measimeil oTpe3oK B 3aaH- C(x.; y,)
HOM OTHOIII€HMMN: B(xz; yz)
. = 1 .+ k s 1 N k 0 x
Tl R T i Ve TN T i Puc. 6.20

 nNpumep 4. Mausr Touxn A(l; —2); B(0; 2). Ussectro, uto AC : BC = 4 : 1. Haiitn
KoopauHaThl Touku C.

Pewenue:
w=—t 1s 2 (-1 8_ 06 y -t 0+t 2-8_13
1+4 1+4 5 b 1+4 1+4 5
Omeem: C(-0,6; 1,3).
G0 6.2.3. Gopmyna paccToAHUA MeXAay ABYMA TOYKaMU MAOCKOCTU
PaccrosHue Mexay TOUKaMH ILIocKocTH A(X; y,) YYAx; v)
u B(x,; y,) (puc. 6.21): d
— _ 2 S
d=AB= \/(xl x,)" +(y, — Y,) Blx,s v,)
£ Npumep 1. A(2; -7); B(5; -3). AB — ? 0 o
Pewenue: Puc. 6.21
AB =(5-2)" + (T - (-3))° = /3% + (-4)* =5.

Omeem: 5.
. Mpumep 2. HaiiTu Ha ocu abcmucc TOUKY, paBHOymaideHHYI0 oT Touku A(1l; 1) u Tou-
ku B(3; 5) (puc. 6.22).

Pewenue:

TTocKOMBKY TOUKA JIEIKUT Ha OCH abCIlNCC, OHA MMe- y B(3; 5)
et koopauHaTel C(x,; 0).

Toura C paBHOyzmajeHa oT Touku A u B, T. e. AC = BC.

Haiimem: AC? = (x, — 1>+ (0 — 1) = (x, — 1)* + 1; A(1; 1)

BC? = (x,—3)*+ (0 — 5)* = (x, — 3)* + 25.

ITonyunm ypasrenue: (x, — 38)* + 25 = (x, — 1)* + 1. Clx ;'0) x

X2 =6x,+9+25=x2-2x,+1+1; x, = 8. Pucﬁz;

Omeem: (8; 0).
D Npumep 3. Bolumeaurs AIMHY MeJUaHBI BB, tpeyronbauka ABC ¢ BepmimHamMu
A(4; 0); B(2; 0); C(16; 2) (puc. 6.23).

Pewenue:
. A(4; 0)

Haiimem KoopauHATBI TOYKM B, — CepeauHBI OT- B, C(16: 2
peska AC (BB, — menuaHa, T. €. OTPE30K, KOTODBIA (16; 2)
coenuHseT TOUKy B ¢ cepenuHoii ctopoHbl AC — TOuU-

Ka B)):
4+16 0+2
Xy =5 =10 y, =——=1. B(2; 0)
Puc. 6.23
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Haiigem mnuny menuanst BB, T. €. pacCToOAHUE MeXAYy TouKamu BB, :

BB, =10 -2)* + (1-0)’ =64 +1 = /65.

Omeem: \/g .

» Npumep 4. Jorasats, uto AABC ¢ Bepmmuamu A(1; —2); B(4; 6); C(7; —2) paBHOGe-
IPEeHHBIN.

ﬂonasameﬂbcmeo:
Haiinem gaumsl ctopou AB, AC u BC:
AB=\(4-1’ +(6+2)° =J9+64 =T3; BC=(T-4) +(6+2)° =9+ 64 =/73;
AC = (T-1)° +(-2+2)° = 6.
AB = BC, AABC — paBHOOeIpEHHLII.

» Npumep 5. NokasaTs, uTo ueTbipexyroabHuk ABCD — mpsamoyronbHuK. HaiiTu ero
miomans, ecau A(4; 1); B(3; 5); C(—1; 4); D(0; 0) (puc. 6.24).

Ilokazamenvcmao:
1. IToraxxkem, uto ABCD — mapajjejgorpaMMm, T. €.
YTO €ro AMATOHAJM TOUKOIl mepeceuenus pensrca  B(3; 9) C(-1; 4)
IIOIIOJIaAM.
Cepenuna guaronanu AC: Q
x—4_1—3'y—1+4—5
= ==, = =2,
o2 277 2 2 A(4; 1) D(0; 0)

Cepenuna guaronanu BC: Puc. 6.94

_3+0 3. 5+0 5 e

0T Ty Ty YT Ty Ty
Touxka O — TouKa mepeceuenus cepenuu nuarouaseitr AC u BD. ABCD — ma-
pajaesorpaMM.

2. Hatizem pganuasl guarounaneiit AC u BD:

AC =4 +1)* +(4-1)° =25+ 9 =+/34; BD =/(3-0)> +(5-0)° =9 + 25 = /34.
AC = BD.

Eciu B mapaJjsesiorpaMMe AuaroHaJX DPaBHBI, TO 9TOT MapaJjejiorpaMM —
IPAMOYTOJbHUK.

HaiineM cTOPOHBI IPAMOYTOJIbHIKA:
AB =\/(4—3)2 +(5-1%=v1+16 =17; BC =\/(3+1)2 +(5-4) =16 +1 = J17.
AB = BC, ABCD — xBampar.

Ilnomans kBagpara ABCD: S = AB-BC =+/17 -\17 =17.
Omeem: 17 KBagpaTHBIX €IUHUII.

@D 6.2.4. YpaBHeHue npAMOiA, YrN0BOR KO3GOULMEHT NPAMOiA,
yCoBUE MapanieNbHOCTU NpAMbIX

Yy
., 20
YpaBHeHHe TPAMOI B [eKapTOBBIX KOOPAMHATAX o ¢
(puc. 6.25) umeer BuUmI: o x
| ax+by+c=0 |
e X U y — IepeMeHHbIe; d, b 1 ¢ — HEeKOTOpbIe YuC- 0 x
Jia, IIpyu4YeM a u b OOJHOBPEMEHHO H€ PaBHBI HYJIIO. Puc. 6.25
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Hampumep, ypaBHeHUe IPAMOII MOXKET MMETb BU/I:
2 -3y+1=0;2x+5=0; 5y -4 =0.
BapuaHThI pacmosioskeHUus MPAMOI B cMcTeMe KOOPIUHAT

ax + by + ¢ = 0; c=0

c
a=0;b=0 CiO;y:‘g y
y __¢
0 X
0 X
Ilpamaa y = 0 coBmazaer

C oCbIO abcIiiuce
Ilpamasa mapajsigenbHa oOcCH

adciuce
ax + by + ¢ = 0; ¢ c=0
a#z0;6=0 c#0; x=—— y
a X = 0
y c
x=—-=
0 X
IIpamaa x = 0 cosmagmaert

C OChIO OpPAMHAT
IIpamaa napanienbHa ocu
opauHAT

ax + by + ¢ = 0; c=0;ax+by=0

az0;b#0 y
ax +by =0

T'paduk nmpsamoii mporopIuo-
HAJbHOCTU

YrnoBon Ko3pduuueHT B ypaBHeHUN NpAMON
Ecau b # 0, ypaBHeHUMe mpamoit ax + by + ¢ = 0

MOXKHO TIIPEJCTaBUTh B Bume y = kx + b, rme x m y — Y x 9

nepeMeHHbBIe, B 1 b — uwuca. //Wﬁ
Yucso k mpu 5TOM HaA3LIBAIOT YIIIOBHIM K03 uim- 3 (a

€HTOM HPSIMOI. /O/k' o *
¥YraoBoit koddq(puimeHT £ paBeH TaHTeHCY yrJja Ha-

KJIOHA JTOM NPAMON K IIOJOKMTEJIHLHOMY HAIpaBJIe- Puc. 6.96

HHUIO OCH X.
Eciu 0° < a < 90°, 0 k =tg o > 0 (puc. 6.26);
ecam 90° < o < 180°, To k = tg o < 0 (puc. 6.27).
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Ecnu npamas AB npoxonaut uepes Touku A(X; y,) y
u B(x,; y,), TO yria0Bod K03(p(PUIUEHT MOKHO BBIUKC- k<0
JUTH 110 )OpMYy.JIe: \C%
k — y2 — yl 0 \ x
Xy =X y=kx +0
 nNpumep 1. CocraBurh ypaBHeHHE HPAMOMN, IPOXOMIA- Puc. 6.27

mieit yepes Touku A(1l; 2) u B(—2; 1).
Pewenue:
OueBumHO, UTO TOUKU A 1 B Takue, uTo npamas AB He mapaJijejbHa OCcU OPAUHAT,
TOTZAa ee ypaBHeHUWe MMeeT BUj y = kx + b, rue

po YU _ 1-2

x,-x -2-1 3

1
Torza ypaBHeHUe IPUMeT BUL: Y = gx +b.

ITogcraBuM B 9TO ypaBHeHUe KoopaumHAThl Touku A(1l; 2), T.e. x =1, y = 2.
2=l+b; bzé. y=1x+é unu lx—y+§=0; x—-3y+5=0.
3 3 3 3 3 3

Omeem: x — 3y + 5 = 0.

YcnoBue napannenbHOCTH NPAMBIX

1. Eciu npsiMble 3afaHbl yPaBHEHUAMU @, X + by + ¢, = y
=0wmax+by+c,=0, To OHK mapaIeIbHBI IPA
a4 _b

-2 L8 (puc. 6.28).
a, b, ¢ AN

N %

2. Ecin mpsiMble 3ajaHbl ypaBHEHUAMU Yy = Kk x + b, \«zib e
uy=~kx+ b, ToOHU mapa/IeJbHBI TIDU k, = k, X4 g
ub #b,. ?

Puyc. 6.28

Ycnosue nepneHankKynapHoCcTu NpAMbIX

1. Eciu npAMbIe 3alaHbl yDAaBHEHUAME @, X + by + ¢, =
=0wuax+by+c,=0, TO OHN EPIEHAUKYTAPHBI
npu a,b, + a,b, = 0 (puc. 6.29).

2. Ecin mpsiMble 3a/jaHbl ypaBHEHUAMU Yy = kK x + b,
nuy=~kx+b, TOOHU EPIEHAUKYIAPHBI IIPU k, X

xk2=—1 wim k, =—kl.

1

 nNpumep 2. Haiitu ocTpblil yros, KoTopblii ofpasyer
OpsAMas C OChI0 X, ec/Ii IpAMasd 3a/]aHa ypaBHeHHeM

xV3 +y =4.

Pewenue:

3anuiieM ypaBHeHHE B BUE y:—x\/§+4. YriaoBoit Koa(PUITHEHT k:—\/g,

tga = —/3, Torma a = 120°.
Omeem: 120°.
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 Npumep 3. Ilpu Kakom 3HAUeHUM a mpsaMble ax + 3y — 4 =0 u 2x + 6y + 1 = 0 mep-

MeHIUKYIAPHBI?
Pewenue:
[Ipamble mepneRAUKYIApPHEL, eciu a b, + a,b, =0, . e.a -6 +2-3=0;a=-1.
Omeem: —1.

D Npumep 4. CocraBuTh ypaBHeHHe HPAMOI, KOTOpPAas IPOXOAUT 4yepe3 TOUKY (3; —2)
U MepHIeHIuKyJAapHa nIpamMoit y = 3x + 5.

Pewenue:
ITpamas y = 3x + 5 umeeT yrioBo# KoagdunueHT k, = 3, yclIoBue NePIeHIUKYIAD-
1 1
HOCTH: kB, = —k— =——. To ecTh UCKOMaA IIpsAMasa UMeEET BUMA: Y = —gx +b.
1

Ira npAMad OIpoxXoauT uepes TouKy (3; —2). IlomcraBum B ypaBHeHUe X = 3, y = —2.

—2:—1-3+b; b=-1. y:—lx—l.
3 3

Omeem: —%x -1.

PaccToAHue n yOibl MEXAY NPpAMbIMK
PaccrossHue Me:xay mapajiielbHBIMM IPAMBIMH

Ecau mapasnenbHBbIe PAMbBIE 33aHbl ypPaBHEHUA- 0o
mu ax + by = ¢, m ax + by = ¢, (puc. 6.30), To paccroa- y \B//
HUE MEeJKIYy MPSIMBIMHU BBIUUCISIETCS o GopMye: O 3
4
o
a-c
d = % 0 AN
2
a”+b X"\\O
 nNpumep 5. HaiiTm paccTosHHe MeXAY IPAMBIMU o
3x —4y=5m3x — 4y =1. Puc. 6.30
Pewenue:
5 — 1| 4
Paccrosume mexkay npameiMu: d = — = — =0, 8.
{3+ (-4)°
Omeem: 0,8.
¥Yroa Meskay NpPAMBIMU
Ecniu mpsimbie 3amanbl ypaBHeHusMu y = k.c + b,
ny=~rkx+b,uk #k,(puc. 6.31), To yrom mexnay y
MPAMBIMU BBIYUCISAETCA IO GOpPMYyJIe: \ ¢
k —k ]
o=l ] MY N
T RiR, = 2*7‘5
(Y 2
 nNpumep 6. Haiitu yron meskay npsamsivm y = —2x — 1 +
nuy=3x+5. -~
Pewenue: Puc. 6.31
k,=-2uk,=3.
tg(p=|k1_k2 |=| —2-3 |=‘__5‘=1_
1+ kk| [1+(-2)-8 |5

t =1, ¢ = 45°.
Omeem: 45°. g9 ?
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Paccroanue OoT TOUKHM 0 MPAMOIt
Paccrosanue or Touku A(x,; y,) A0 mpAMoOii, 3amaH-

HOIl ypaBHeHUeM ax + by + ¢ = 0 (puc. 6.32), BbIUUC- y A(xy; y,)
JdeTcda 1o popMmy.Jie: o
g 9% +byy +cl o z
/a2+b2 ‘ax+by+c=0
Puc. 6.32

 nNpumep 7. Haiitu paccrosarme or Toukm A(—6; 8) mo
npamoint 4x + 3y — 1 =0.
Pewenue:

x,= 6iy, -8 a-4b=3 da- O3 81 HI 1

J4? +3° 5 5

1
Omeem: —.

5

@D 6.2.5. YpaBHeHue OKpyXHOCTH
Ypasuenuem ¢purypel @(x; y) = 0 B JeKapTOBBIX y (x5 v)

KoopauHaTax Ha Iockoctw (pumc. 6.33) HaswIBaeTcs x v)
yPaBHeHUe C OBYMs IIEPEMEHHBIMU X U Y, KOTOPOMY Y
YAOBJIETBOPAIOT KOOPAMHATHI JIIO0OOH TOUKU (PUTYPHI.
JIrobasi TOUKa IJIOCKOCTH, KOOPAUHATHI KOTOPOH YIOB-
JIETBOPSIOT YPaBHEHUIO, TPUHAJIEKUT JaHHOI urype. 0 x

YpaBHeHUe OKPY/KHOCTH C IeHTpoM B Touke O, (a; b)
u paguycom R (puc. 6.34) umeer Buz:

(x—a)+(y - b =R y
Hanpumep, ypaBHeHHEe OKPYXHOCTA C II€HTPOM
(—3; 4) u paguycom R = 3 uMeeT BUI: be--
(x+3)2+(@y—-4)2=9.
O6paTHO: ecaIM [OAaHO YypaBHEHME OKPYKHOCTHU
a x

(x — 5)* + y?> = 3, TO LEHTP 9TOM OKPYIKHOCTU HAXOIWT-
ca B Touxe A(5; 0), R = \/g

Eciu meHTp OKPY:KHOCTH COBIIAJAaeT ¢ Ha4ajoM KO- Puc. 6.34
opauHat (puc. 6.35), To ypaBHeHUEe UMeEET BUI:

Puc. 6.33

x? + y? = R?

Hanpumep, ypaBHeHUe OKpyKHOCTH X2 + y2 = 16 —
9TO ypaBHeHUe OoKpy:KHOCcTHU ¢ meHTpoMm (0; 0); R = 4.

. Mpumep 1. HatiTu 1ieHTp U pagnyc OKPYy:KHOCTU, 3adaH-

HOIl ypaBHeHUeM x> + y? + 2x — 4y + 4 = 0.
Pewenue:
IIpencraBum ypaBHeHUE B BHUAe (BBIAEJIUM ITOJTHBIN
KBaJpaT OTHOCUTEJIBHO X ¥ OTHOCUTEJIHHO ¥):
x*+2x+1+y?-4y+4-1=0.
(x+1)2+@Wy-272=1.
Oxpy:xHOCTh UMeeT 1eHTp (—1; 2) u paguyc R = 1.

AW

)

Puc. 6.35
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» Npumep 2. 3anucars ypasueHue OKpy»xHOCTH ¢ Auamerpom MN, eciu M(-3; 7); N(1; —3).
Pewenue:
IlenTp okpy:KHOCTU — cepenuHa oTpeska MN:

O(a; b) g3l ., 7-8

— H oo
M(=3; 7) 0(1; -3) 2 2
Pagnyc — mimuua orpeska MO unu OM:

MO = (-3 -1)* + (T - 2)* =+/16 + 25 = J/41.
YpaBHeHNE OKPYsKHOCTHA MEeT BUI:
(x+ 1)+ (y — 2)*=41.
 nNpumep 3. Banucars ypaBHeHHe OKDPY’KHOCTH, IpOXoAAliell ueped Touku A(—3; 0)
u B(0; 9), ecit ©3BeCTHO, UTO IIEHTP OKPYKHOCTHU JIEKUT Ha ocu opauHAT (puc. 6.36).
Peutenue:

Eciu meHTp OKPYKHOCTU JIEKUT HA OCH OPAUHAT,

TO YPaBHEHNE OKPYIKHOCTH MMEET BIJ:

x2+ (y — b)? =R

ITomcTaBuM B 3TO ypaBHEHHE KOOPAUHATHI TOUEK A

u B, MOJNyuYuM CHUCTEMY YPaBHEHUN C HEM3BECTHBIMU b
u R:

A:x=-3;y=0; {(—3)2 +(0-b)’ = R?, )

B:x=0;y=9 |0*+(9-b)’ = R%
T
(9-b)’ = R A(-3; 0)
9° +b* = R?, Puc. 6.36
81-18b+b* = R?,

~72+18b=0;b=4; R*=9+16; R =5.
YpaBHeHMe OKpyKHOCTH mMeeT Bum: x> + (y — 4)% = 25.
(D Npumep 4. Ha oxpysxHOCTH, 3agaHHON ypaBHeHueM x2 + y? = 169, HaifiTu TOUKM:
a) c abcruccoit —5; 6) ¢ opauHaToit 13.
Pewenue:

a) AOcmucca paBHa —H, T. e. X = —5.

(-5)? + y2 =169; y? = 169 — 25; y? = 144; y = £12. 9ro Touku (—5; 12) u (—5; —12).
0) Opaunara y = 13. x2 + 132 =169; x% = 0; x = 0. 910 Touka (0; 13).

MepeceyeHne NpAMOI C OKPYKHOCTbIO
IlycTh mama OKpYsKHOCTH paguyca R u mpamas m, y

m
paccTosIHME OT KOTOPOI J0 IIEHTPAa OKPYKHOCTH PaBHO d. R
Beegem cucremy koopaumHat xOy TaK, UTO IEHTP *\(d;VRz -d?%)
OKPY’KHOCTH COBIIQJET C HAYAJIOM KOOPAUHAT, 4 OCh X d
PACIOJIOMUM MEPIEHIUKYIIAPHO IPAMOM M. \
YpaBHEHNE OKPYIKHOCTH UMEEeT BUI: 9) g
x? + y? = R? /
;-/‘ (d;— R® - dz)
Bosmo:xHbBIE cayuan: “R
1. R > d. Cucrema uMmeeT aBa pellieHUs (IpAMas Imepe-
CeKaeT OKPY/KHOCTDH B IBYX TOouKax) (pmc. 6.37). Puc. 6.37
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x2+y2:R2,
x=d.

Pewenue: (d; VR? - d2) u (d; -VJR® - dz).

2. R = d (puc. 6.38). R
x*+y® =R,
Cucrema d umeeTrT OOHO DpPeIlleHNre
X =

AW

(OKPYKHOCTD U MIpSIMasd UMEIOT OTHY OOIIYI0 TOUKY,
mpaMasg KacaeTcs OKPYIKHOCTH).

~
Pj

3. R < d (puc. 6.39). Puc. 6.38
2 + yZ _ R, . y
Cucrema p pellleHUil He UMeeT, IIPH- m
X =
Mas U OKPYKHOCTb He MMeIOT OOIIUX TOUeK.
D Npumep 5. HaiiTu TOUKM mIepecedeHWs] OKPY’KHOCTH R o R
x?+y?*=25 unpamoit x +y — 1 =0. o
Peuienue:
. |x*+y® =25,
Pemum cucreMy ypaBHEHMIH:
x+y—-1=0. P
W3 BToporo ypaBHeHus y = 1 — x. IlogcTaBum 3Ha- Puc. 6.39

YeHUe y B IePBOE ypPaBHEHUE:
+(1-xP=25;x>+1-2x+x*=25; x** —x—-12=0;x, =3, y, =4, x,=4, y,=—3.
Omeem: (—3; 4) u (4; —3).

Metop KoopauHat

MeTon KOOpAWHAT SABJAETCA YHUBEPCAJHHBIM METOIOM [IJIs PEIleHuA OOJbIINH-
CTBa TeOMeTPUUYECKUX 3amau. [JIaBHOe yCJIOBUE — YAAUHBIN BBIOOP CHUCTEMBI KOOPIU-
HAT U HampaBJIeHUA OCel.

AnropuTM peuieHHus 3aay METOAOM KOOPIUHAT:

1. BBecTu Ha MJIOCKOCTU CHUCTEMY IPAMOYTOJBHBIX KOOPAMHAT.

2. ITo BOBMOIKHOCTH CHCTEMY KOOPAMHAT CBA3ATh C B3aMMHO HEPIEeHIUKYJIAPHBIMU
OpAMBIMU, JAaHHBIMU B 3aJaue, TaK, UYTOOBI OJHA WJIU ABe TaKHWe IpAMbIe COBIAIA-
JW C CUCTEMOU KOOpJuHAT.

. ITepedopmynupoBaTs 3amauy A3BIKOM KOOPAUHAT.

. IIpeobpasoBaTh ajrebpamuecKkire BbIPAKEHUS B KOOPAMHATHLIE (MK BEKTOPHEBIE)
COTJIACHO YCJIOBUAM 3a/lauMu.

5. HafiTu unm mokasaTs TO, UYTO TpebyeTcA B 3ajjaue, UCIIOJIb3Y s MOJyUYeHHBIE PE3YJIb-

TaThbI.

OOGBIUYHO B KauecTBe ocell KOOPAMHAT BLIOMpPAIOTCA HMpAMbIe, GUTyPUPYIOIIHE B yC-
JIOBUM 3a7lauM, a TaK:Ke OCU CUMMETPUMH.

= W

. Mpumep 6. B kpyre ¢ nearpom O mpoBefeHBI ABA B3aMMHO HNEePIEHANKYIAPHBIX IUa-

1
metpa AB u CD. Ha paguyce OB B3daATa Touka K Tak, uro OK = §OB, a Ha pajauyce

1
OD — touka M Tak, uro OM = EOD. JokaszaTh, UTO TOYKA IepeceueHmsaA MPAMBIX

CK u AM pacnoJio:keHa Ha JaHHOU OKPYsKHOCTH.
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Iloxaszamenvcmao:

IIycts mama okpy:xHOCTE ¢ nuamerpamu AB 1 CD.

PacmosiokuM cucTemMy KOOPAMHAT TaK, UYTO IEHTD
OKPYJKHOCTU COBHAZAET C HAYAJOM KOODAWHAT, AUA-
meTp AB je:xuTr Ha ocu abciuce, a guamerp CD — Ha
ocu opauHAT (puc. 6.40).

IIycTh paguyc okpy:kHOCTHU paBeH 1. Torga Koopmu-
HATBHI TOUKU HA OKPYKHOCTH U BHyTpu Hee: A(—1; 0);

B(1; 0); C(0; 1); D(0; ~1); K(% o); M(o; _%j

CocTaBuM ypaBHEHUS NPAMBIX, IPOXOAAIINX Ueped Puc. 6.40
TOUKU:

CuK,y=kx+5b AuM,y=kx+b

IToxpcTaBuM KOOpAMHATHEI TOUEK B ypaBHeHUE y = kx + b:

C(0; 1): b=1, A(-1,0):  -E+b=0; 1
b=1,k=-3. =—-—-—.
K l;0: 1k+b:0; M(O;—l):b:—l,k:—l.y 2 2
3 3 2 2 2
y=-3x+ 1.
. x 1
Haiigem TOuKy mepeceueHUA MPAMBIX §y = —3x + 1 u y:_E_E:
—3x+1——£—l x:§; y:—é.
2 2 5 5

3 4
Touka mepeceuenus P g; —g . IlogcTaBuM 5TH 3HAUEHUS B YPaBHEHUHE OKPYIK-

3y ( 4Y
HOCTHU C eIMHUYHBIM pamuycom: x2 + y? = 1: N + = =1.

KoopauHaTh! yI0BIETBOPSIOT YPABHEHHUIO OKPYKHOCTH. Touka P JIeKUT HA OKPY K-
HOCTH, UTO U TPeOOBAJIOCHh JOKA3aTh.

@D 6.2.6. Tpaduueckan uHTepnpeTaumns ypaBHeHMil ¢ ABYMA NepeMeHHbIMU 1 UX CUCTEM

YpaBHeHUEe ¢ IBYMdA NMepeMeHHBIMHU X U Yy uMeeT Bug D(x; y) = 0

PenrenueM TaKoOTo ypaBHEHUS SABJSETCA MHOMKECTBO YIIOPAMOUYEHHBIX map (X; Y),
KOTOpBIE 00paIaoT ypaBHEHNE B BEPHOE PABEHCTBO.

Ecin m3006pasuTs 9TO MHOXKECTBO peIlleHuil Ha KO-
OPAMHATHOI IIJIOCKOCTH, HOJyuuTcAd rpadur ypaBHe- a4 br 4 e
HUSA C JBYMA MepeMeHHBbIMM.

Tak, rpadukom ypaBHeHUs ax + by + ¢ = 0 aABadaer- \j}
cdA mpAMas, ecau XOTA ObI OAUH 13 KO3(h(HUIINEHTOB a * y/
uan b He paBeH HyJII0 (puc. 6.41). -

T'padurom ypaBHeHUA y = ax? + bx + ¢ ABIAETCA Ma-
paboaa, a rpaduKOM Yy = \/; — BeTBb MapaboJbl, pac- ax + by +c= 0
moJyioykenHas B I KoopauuaTHO ueTrBepTHu (puc. 6.41). Puc. 6.41
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I'padhurom ypaBuenusa xy = k aBiasercsa runepbdosa (puc. 6.42, 6.43).

I'padurom ypaBHeHus x2 + y? = r? aBisgeTCA OKPYIKHOCTDb C IIEHTPOM B Hauaje KO-
OpAUHAT U PaAuycoMm r, rpadukom ypaBHeHus (x — a)? + (y — b)? = R? — OKPYKHOCTH
¢ nmeaTpoM (a; b) u paguycom R (puc. 6.44).

y xy =k,
k>0

=

Puc. 6.42

Mpumep 1. Kakue us map (5; 4), (1; 0) u (—1; -

a) x2+y?=1;6)x* -1

0) PellteHusIMU BTOPOTO YPaBHEHUSA SABJISIOTCA BCEe TPU IIaphbl:
125-1=25-4+6-4; 124 = 124;
1)-1=1-0+6-0;0=0;

Omeem: a) (1; 0); 6) (5;

i

xy =k,
k<0

=

Puc. 6.43

= x%y + 6y.

RN

Pewenue:
a) ITomcTaBUB KaXKAyI0 M3 3aJaHHBIX IIap YKCeJ B YPaBHEHUs, yOeXKIaeMcsd, 4TO pe-
IeHueM IepBoro ypasHenusa x2 + y? = 1 asaserca mapa (1; 0), r. k. 12+ 02 = 1.

—1—1:—z—g; -2 =-2.
T 7
4); (1; 0) u (—1; —%j

» Npumep 2. OnpesenuTs CTENEHb YDABHEHUS:

a) 2x%+ 3y? +4=0; 0) (3x%2 + x)(4x — y?) = x; B) by? — x>+ xy — 1 = 0.
Pewenue:
Cremmenb ypaBHEHUA OIPENEeNAeTCA IO CTeIeH! CTAPIIEro OSHOUJIEHA, BXOMAIIEro

B ypaBHEHINE.

a) YpaBHeHUe TPeThell CTeIeH!U.
0) YpaBHeHUEe UeTBePTO#l CTeIlleH!, T. K. OAHOUJEH ¢ HaubOOJIbIIIel CyMMapHOIi cTele-

HBIO — 3x2y%.

B) YpaBHeHue nATol crenenu (x’y? mmeer cremeHsb 5).
 Npumep 3. Kakas durypa sagaerca rpapurom ypaBHeHU?

a)2x+3y —7=0;
0) 6x2 - bx =y — 1;
B) 2(x + 1) = x2 — y;
r)xy — 1,2 =0;

o x2+y?—-9=0.

a) ITpamas.

6) IIpencraBum B Bume y = 6x2 — 5x + 1. ITapa6oua.

Pewenue:

g
N

Puc. 6.44

] ABJSIOTCS PEIIeHUuSIMHU YPaBHEeHU S ?

B) IIpencraBum B Bume 2x + 2 = x% — y; y = x2 — 2x — 2. Ilapaboua.

’

rxy=12wnm y=

. T'unep6oa.

o) x% + y? = 9. OKpPyKHOCTH C IIEHTPOM B Hayajie KOOpAUHAT U pagmycom R = 3.
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(ucTembl ypaBHEHWIA ¢ ABYMA NepeMeHHbIMK

YT0o0bI pemuTh CUCTEMY YPaBHEHHUI ¢ IByMs IePeMeHHbIMHU, MCII0JNb3ysd rpaduru
9TUX ypaBHEHUH, HYKHO:

1. ITocTpouts rpauKy ypaBHEHUH B OSHON KOOPAMHATHOM IIJIOCKOCTH.

2. Ha#iTu KoopauHATHI TOUEK IepeceueHnA rpad)uKOB UaM YOeAUTHCA B TOM, UTO OHU
He TIepeceKarTcs.

3. Ecsiu KoopamHATHI TOUKHU IlepeceueHus — IleJible UHciia, chesaTh IPOBEPKY, €CIu
HeT, OIIpeneJyinThb HpI/I6JII/I?IQEHHO, MOT'YT JIN IIOJITyY€HHBIE YMCJIa ABJIATHCA PEIIEeHN-
AMU.

4. 3anmcaThb OTBeET.

. {x —Yy= 5,
Mpumep 4. Pemuth cucremy ypaBHEHUN:
xy = —4.
Peuwenue:
IlocTpouMm B ogHOI crucTeMe KOOPAWHAT IIPAMYIO X — y

—y=5wumu y =x — 5 u runepbony y = _4 (puc. 6.45)
x

Touku nepeceuenus: (1; —4) u (4; —1).

ITpoepka: x = 1; y = —4 {1_(_4)25’ €pHO
B tx=1;y=—4: BEPHO;
1-(-4)=-4;
4 —(-1) =5,
x=4;y=-1: 1) BEPHO.
4-(-1) = -4

Omeem: (4; —1) u (1; —4).
2 2
+y° =25,
Mpumep 5. Pemuts cucremy ypaBHEeHMI: ©ry o
xy =-12.
Pewenue:

Crpoum OKpysKHOCTH X2 + y? = 25, T. €. OKPYX-
HOCTHb C IIEHTPOM B Hayaje KOOPAWHAT W PaJUyCcOM

R =15 (puc. 6.46). xy =—-12 niu y = Sz runepboJa,
x

pacnosioskerHad Bo II u IV KoopAMHATHBIX YETBEPTAX.
NmMeeMm ueThIpe TOUKU IIepECEUECHUS.

Omsem: (=3; 4); (3; —4); (4; —3); (=4; 3).

Mpumep 6. YKasaTh KOJHMUYECTBO PEIIEHUN CHCTEMbI

YPaBHEHUU ¢ JBYMS IIEPEMEHHBIMU B 3aBUCUMOCTH OT Puc. 6.46

x*+y’ =4,

mapamerpa a:
{y —|x| = a.
Pewenue:
x? + y> = 4 — 9710 ypaBHEHUE OKPY/KHOCTHU C I[EHTPOM B Hayajie KOOPAWHAT U pa-
nuycom R = 2.
Y — |x| =aumm y = |x| + @ — 9TO 3aBUCUMOCTH Y = |X| CO CABUIKKOII Ha @ €IWHWUII
BJOJIb OCH ¥:
1. Ecau a = 2, To okpys:KHOCTL X2 + y? = 4 u y = |x| + @ ©UMeOT OAHY OOIIYI0O TOUKY,
T. e. ofgHO pelrenue (puc. 6.48, cayuaii 1).
2. Eciu a = —2, To monyyaem Tpu oOIIle TOUKHU, T. €. Tpu perieHud (puc. 6.48, cay-
yaii 2).




3. Ilpu —2 < a < 2 — nBa pelleHus, U CIoga Ke IIOJ- yT

XOOUT cJydai, Korma y = |xX| + a KacaeTcad OKPYIK- ) 1‘; ~—
HOCTHU B AIBYX TOUKAaX. —a 2
Haiinem sTo sHauenue a. 9

Nmeem mpaAMOyToONBHBINE TPEYTrOJbHUK C KaTeTaMu

a u runorenysoit 4 (puc. 6.47). Torma mo Teopeme Puc. 6.47

IIugaropa: a® + a®> = 16; a = J8 = 2\/5; —a =-22.
Torma mpu a = —2\/§ uMeeM ABe obOiue Touku (puc. 6.48, cayuaii 3).
4. Ecin a > 2 unu a < —2 (a # —2\/5), o0mmuit Touek HeT (puc. 6.48, cayuait 4).

1) o 2) 4)
X
N
Yy //\'&
N =|x|+a
a = 2; 1 petenue a = —2; 3 pelleHus 2 pelreHus pelleHunit HeT

Puc. 6.48
Omeem: a) pellleHUN HET IPU A € (—oo; - 2\/5) U (—2\/5; - 2) U (2; + ©); 06) ogHO Ppe-

IIeHne IIpU @ = 2; B) JABa pelleHud npu —2 < a < 2 u a = —2\/5; T) Tpu
penieHus opu a = —2.

6.2.7. [paduueckas MHTepnpeTaLns HepaBeHCTB C ABYMA MepeMeHHbIMU U UX CUCTEM

HepaBeHCTBOM C IBYMJA II€epPeMEeHHBIMHU X U y Ha3bIBa€TCA HEPABEHCTBO BHA:
O(x;y) 20 unu O(x; y) <0

Pemenuem HepaBeHCTBa C ABYMdA II€PEeMEHHBIMHU Ha3bIBaeTCA IIapa IIepeMeHHBbIX
(x; y), KoTOopas obOpaIliaeT 5TO HEPABEHCTBO B BEPHOE PaBEHCTBO.

Eciu rkakmoe pelllenve HepaBeHCTBa C ABYMsA I€PEMEHHBIMU OTOOPA3UTh TOUKOI
Ha KOOPAWHATHON IIJIOCKOCTH, TO IOJYUYHTCA TpaUK 3TOTO HEPaBEHCTBA, KOTOPLIN
ABJAETCA HEKOTOPOU urypoii. 'oBopAT, 4TO 9Ta (hpurypa 3ajgaeTcs UJIN OINUCHLIBAETCS
HEepPaBeHCTBOM.

PeweHue NUHENHbIX HePaBeHCTB C ABYMA NepeMeHHbIMM

JIMHEeITHBIM HepaBEHCTBOM C ABYMS IepeMEeHHBIMH HAa3bIBaeTCs HEePaBEeHCTBO BUA:
ax + by < c unu ax + by > c,
e X U y — TIepeMeHHbIe, a, b 1 ¢ — HEKOTOpbIe YuCJia.
Ecin B smHeliHOM HepaBeHCTBe 3HAK HepPaBEHCTBA 3aMEHUTHh Ha 3HAK PaBEHCTBA,
TO IOJIYUUTCSA JUHENHOe ypaBHeHUue ax + by = c.

Ecnu a # 0 unu b # 0, To rpaduKoM ABJIAETCA IPAMAT Y oy = c
(puc. 6.49). x X

Ona pasbuBaeT MHOKECTBO He NIPUHAIIEKAITUX Pl
el TOUeK KOOPAMWHATHON IIJIOCKOCTH Ha ABe 00JacTH, - 0| X
npeacTaBaApIITe coOO00l OTKPBITHIE MOJYILJIOCKOCTH. Puc. 6.49



Ogna m3 HUX aABJIAeTcA TrpaKOM HepaBEeHCTBA y

cC ,_0.
ax + by < ¢, npyrasgs — rpa@uKoOM HepaBeHCTBa axX + y =3 g;g’
+by>c. T
IIyHKTHD IIOKAas3bIBaeT, UTO TOUYKHU M300paKkaemMoii 0 >
ei0 IPAMOI He ImpuUHaIIe)xkaT rpaduKy HepaBeHCTBA. a
c
Ecim a = 0, b # 0, To nmpamasa y :Z pasbuBaeT y
_¢ a+0;
ILJIOCKOCTh HA BEPXHIOI W HUMKHIOI OTKPBHITHIE II0JIY- y T4 b=0
mirockoctu (puc. 6.50, a). E
Ecau a # 0, b = 0, To npAMas pasdouBaeT IJIOCKOCTH 0 x
Ha JIeBYIO ¥ IIPaByIo0 mojayijaockocTu (puc. 6.50, 0). 0
Ecimn a=0wu b =0, To: Puec. 6.50
‘ ax + by <c ’ ‘ ax + by >c ’
l—i O<ec ’—l l—| 0>c ’—l
‘ c>0 ’ c<0 ‘ c>0 ’ ‘ c<0 ’
KoopAauHaATHASA o o KOOpAUHATHASA
IIJIOCKOCTh ILJIOCKOCTh

I'padur HepaBeHcTBa Y > f(X) COCTOUT M3 BCEX TOUEK KOOPAMHATHOI ILJIOCKOCTH,
KOTOpbIe HaXOAATCA BhIlIe Touek rpacdmra y = f(x), a rpadpuk y < f(x) — us Bcex
TOUEK KOOPAWHATHOM IJIOCKOCTU, KOTOPhIE HAXOJATCA HUKe TOUeK rpacdura y = f(x).

 nNpumep 1. Ioxasars pemenue HepaseHcTBa 2x + 3y < 6.

Pewenue:
ITocTpoum npamyio (puc. 6.51):

. Y
. 3 0 /};Hsyﬁ
y 0 2 0 1o

y >

BreisicHUM, BepXHAS WIN HUMKHAS IIOJYILJIOCKOCTH //71%/1//%/3////16
ABJIAETCA PellleHrueM HepaBeHCTBA. Puc. 6.51

Bosbmem Touky (0; 0). 2-0+ 3 - 0 < 6; 0 <6, BepHO.

Toura (0; 0) TpmHAAJIEKUT MHOYKECTBY DeIlleHuil HepaBeHCcTBa 2x + 3y < 6, 3Ha-
YUT, HUKHAA MOJYILJIOCKOCTh OTHOCUTEJIHHO HpAMOHA 2x + 3y = 6 OymeT ABIATHCA
pelienueM HepaBeHCTBa 2X + 3y < 6.

 nNpumep 2. Kakoe MHOMKECTBO TOUEK ONUCHIBAETCA HEPABEHCTBOM

%(2x+3y) > é(3x+4y)+1?

Pewenue:
3 4 1 z 17
YupoctuM HEpaBeHCTBO X + Ey > x4+ gy +1; Ex >1 W?W
uiu y > 6. 4 y=
BepxHsA TOMYIJIOCKOCTH OTHOCUTEJIBHO MPAMOI 2
y = 6 ABIAeTCA MHOKECTBOM TOUEK, KOTOPOE OTMedYa- 0! x
eTcsa HepaBeHCTBOM (puc. 6.52). Puc. 6.52
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 nNpumep 3. HocTpouts rpadur HepaBeHCTBA Y < 3x + 5.

Pewenue: g
ITocTpoum npamyro y = 3x + 5 (puc. 6.53):
x 0 -1
5 2 20
J . . PSR
IIpAMyi0 IPOBOAMM CILJIOIITHON JIMHMUEH. ITO O3HAa- Puc. 6.53
YaeT, YTO BCE TOUKMU MPAMOM TaK:Ke ABJIAIOTCA pPeIre-
HUAMU HEepaBeHCTBA. Y
ITogcraBuM B HepaBeHCTBO 3HaueHHA x =0 y =0, y > x?
T. €. HAYaJ0 KOOPAUHAT:
0<3-0+5, 1.e.0<5, BepHo.
3HauuT, rpaUKOM TaHHOTO HepaBeHCTBa OyAyT Bce
TOUYKY IIJIOCKOCTH, HAXOAAIIMECA HUKE IPAMON I = 3X + %
+ 4, BKJIIOYASA TOUKM, IPUHALJIEKAIINE IIPAMOIL.
Puc. 6.54
PelueHne HenuHeltHbIX HepaBeH(TB C ABYMA NepemMeHHbIMU ? y / //////
27,
. Mpumep 4. IlocTpouTs rpacuK HepaBEeHCTBA: y=x
a)y > x% 0) y < x2.
Permrennem HepaBeHCTBA Y > X2 ABISIOTCS BCE TOUKU
ILJIOCKOCTH, JiesKallue Bbillle rpadura y = x2. Touku
napabosibl B pellieHue He BXomAT (puc. 6.54). 7 X
I'padpurom HepaBeHcTBa (pellleHHeM HepaBeHCTBA) Puc. 6.55

Yy < x? ABJSIOTCS BCE TOUYKM ILJIOCKOCTH, JieKallue Hu-

JKe mapaboJsibl y = X%, BKJIOUAs TOUYKHU, IPUHAJIEKAIe camoil mapa6oie (puc. 6.55).
» Npumep 5. TIoxasaTh MHOKECTBO PELIEHUN HEPABEHCTB:

a) x>+ y* > 3; 0) x>+ y?> < 3; B) (x — 32+ (y —1)2<09.

y Y y

7/”_//--///(/‘// g

X x 12847577 <

I'padurkom mHepaBemcTBa (x — a)? + (y — b)? < R? ABASIOTCS BCE TOYKU KOODIAUHAT-
HOI ILJIOCKOCTH, JIesKall[ie BHYTPH OKPY KHOCTH, a rpadMKoOM HepaBeHCTBa (x — a)? +
+ (y — b)? > R? — TOUYKU IJIOCKOCTU BHE OKPYIKHOCTHU.

i Npumep 6. Permunrs HepaBeHCTEO:
(x%+ y? — 1)(x? + y?2 — 25) < 0.
Pewenue: y

TTockogBbKY HMpOM3BeAeHNe PABHO HYJIIO JIUIIL B TOM
ciydae, KOrZa XOTsA Obl ONMH M3 MHOMKHUTEJIeH paBeH
HyJ10, ypaBuenue (x2 + y? — 1)(x% + y? — 25) samaer jiu-

HUI0, PaCIaJaoIyiocsa Ha IBe OKpyKHocTH: X2 + y? = 1 5 x
=1 wu x? + y? = 25 (puc. 6.56). OHU [EJIAT MIOCKOCTH
Ha Tpu uvactTu. C IIOMOIIBI0 MeTOojxa ITPOOHBIX TOYEK
(T. e. bepeM HEKOTOPBEIE TOUKM B KaKJ0i 13 obacreii, Puc. 6.56
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TIOJICTABJIAEM UX KOOPAUHATHI B HEPABEHCTBO U IIPOBEPSEM, ABJISAIOTCSA JU OHU BEPHBI-
MU) yCTaHABJIMBaeM, UYTO HEPABEHCTBO BBHINIOJHAETCA B KoJiblle (puc. 6.56).

PewweHune cucrem HepaBeHC(TB C ABYMA NepeMeHHbIMU

F(x;y) 20,

Q(x;y) =0
HaXOoagMM CHadvaJia MHOMEeCTBO TOUEK X1 — TOUYEeK IIJIO-

st pelieHnsi CUCTEM HEPaBEHCTB: {

CKOCTH, HAa KOTOPOM BLIIIOJHSETCS IepPBOe HepaBeH-
CTBO, 3aT€M MHOKeCTBO X, — TOYEK ILJIOCKOCTH, Ha
KOTOpPOM BBIIOJIHSAETCA BTOPOE HepaBeHCTBO. PerreHu-
eM cucTeMbl OyneT mepecedenue MHOXKecTB X, u X,.

Mpumep 7. M300pa3uTh Ha MJIOCKOCTA MHOKECTBO pe-
IIIeHUH CHCTEMbI HEPABEHCTB:

) x2-4>0, 5) x2-4<0,

a

y’ -4y +3 < 0; y’ -4y +3<0.
Peuwienue:

a) HepasercTBo x% — 4 > 0 paBHOCUJIBLHO COBOKYIIHOCTH
HepaBeHCTB X =22 u x < —2. Kakgoe u3 Hux 3ama-
eT Ha IJI0oCKocTH XxOy 3aMKHYTYIO HOJYIIJIOCKOCTD.
Pemrenniem mepaBeHncTBa x2 — 4 > 0 aBiserca 00b-
eIVHEeHNe STUX IOJYILIocKocTelt (puc. 6.57).

HepasencTso y? — 4y + 3 < 0 paBHOCUJIBHO IBO-

HOMY HepaBeHCTBY 1 < y < 3 mju cucreMe Hepa-

{y >1,
BEHCTB:
y < 3.

MmuosxecTBOM pellieHU 9TOM cuCTeMBI Ha IJIOCKO-
ctu xOy ABIAETCA HepecedueHre OTKPBITHIX ITOJIYILIO-
crkocreit y > 1 m y < 3, T. e. OTKpHITAd II0JOCA
1 <y < 3 (puc. 6.58).

PertenveM cucTeMBbI:
x*—-4>0,
y* -4y +3<0
ABJSETCA IepeceyeHre yiKe MOJYUeHHBIX 00JacTeid.
9TO OBe MOJIYIIOJOCHI, OTKPBIThIE CBEPXY U CHU3Y
U 3aMKHYTBIe Ha Toprax (puc. 6.59).

0) YuurbiBasag IpembIAyINNe PUCYHKH, IIOJIyUaeM, UTO
o0a HepaBeHCTBa CHUCTEMBI 3aJal0T Ha IIJIOCKOCTHU
3aMKHYTBIE moJiockl (puc. 6.60, 6,61).

IlepeceuenreM TaKMX I[IOJIOC, OUEBHUIHO, OyIeT
SABJATHCA 3aMKHYTBHIN IPAMOYTOJIbHUK (puc. 6.62).

x?-4<0,
y* -4y +3<0.

Yy
T O T =
==2-1]123==%
Puc. 6.57

1

-2-1,1 2 x
Puc. 6.61

y




0 TpennpoBouHble TecToBble 3aaHuA K pasgeny 6

1. OmnpegennTe KOOpPAWHATY TOUKH A.

4
—284 T -252
1) 279 2) 274 3) —260 4) —-256
2. Ha xakoM pHCYHKe BepHO M300paskeHO pellleHHe HepaBeHCTBa |x — 1| > 3?
1) - e 3) o o
-2 4 x -3 3 x
2) - o 4) - e
-2 4 x -3 3 x
3. Toura B, cumMeTpuuyHad Touke A(—3; 4) OTHOCUTEIBHO OCU OPAUHAT, UMEET KOOPAH-
HATBI:
1) B(3; 4) 2) B(—3; —4) 3) B(3; —4) 4) B(—3; 4)
4. Haiigure paguyc OKPYyXHOCTHU, AuameTp Koropoit MN, ecau M(5; 4), N(1; 7).
1 2) 1,5 3) 2,5 4) 5
5. Haiigure miomans udersipexyroabHuka ABCD, ecau A(-1; —1), B(-1; 4), C(6; 4),
D(6; —-1).
1) 24 2) 30 3) 35 4) 48
6. Yepes Touku A u B, nzobpaskeHHbIe HA PUCYHKE, IPOXOJUT IIPAMAa:
Bt
4
'3
121 A
17
-11123«x

D2x-y+3=0 2)2x+y—-3=0 3)2x—-y—-3=0 H)2x+y+3=0
7. Ha pucyHke n3o0pakeHO0 MHOKECTBO PeIlleHnil HepaBeHCTBa:

y
2

D(x-22+@Ww-12=>9 ) (x—-2Y2+(y+1)2<3
2)(x+2)2+(@y—1)2<9 4)(x—-22+(y+1)2<9

8. Paccrosanue ot Tourku A(—2; 3) 1o Hauajsa KOOPAMHAT PABHO:
15 2) 5 3) V13 4) 15

9. HaiiguTe MEHTP OKPYXHOCTH HA OCH OPAUHAT, €CJU M3BECTHO, UTO OKPYKHOCTH IIPO-
xomouT yepe3 Touky A(3; 6) u pagmyc OKPYKHOCTU PaBeH 5.
1) (0; 10) 3) (0; 10) muu (0; 2)
2) (0; 2) 4) (0; —10) nau (0; —2)
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10. Ha xaxoM u3 pUCYHKOB M300pakeH0 MHOYKECTBO PeIlleHUi HepaBeHCTBa |y| < |x|"
1) y 3)

2) y 4)

11. Hatigute KoopauHATHI cepeauHbl oTpeska MN, eciu M(—1; 7), N(0; —1).

Orger:

12. 3anumuTe opaAUHATY IEHTPA OKPYKHOCTH, 3afaHHON ypaBHeHueM (x — 1) + y? = 3.
Orser:

13. Haiigure paguyc OKpysKHOCTH, 3amaHHON ypaBHeHmeM x2 + y? — 2x + 6y — 6 = 0.
Orser:

14. HatiguTe yroj HakxkJOHA K MOJIOMKUTEJBHOM OCH X HPAMOI, 3aJaHHON ypaBHEHUEM
x+y—-3=0.
Orger:

15. B mapammenorpamme ABCD 3amanbl KOOPOUHATEI TpeX ero BepiuH: A(—3; 0); C(4; 1)
u D(0; —3). Hafinure KoOpAUHATHI UEeTBEPTOH BEPIIUHEI B.

OrBer:
16. Hatigute naunbl guaronaneit AC u BD B mpeawiayiiieit 3amade.
Orser:
. . X +y* =09,
17. CKOJIBKO pelieHnii IMeeT CUCTeMa YPaBHEeHUH ¢ IBYMS epeMeHHbIMUI i
y—lxl+3=07?

Orser:

18. IIpamasa 3amana ypaBHeHUeM y = kx + b. Haiinure smauenue b ipu ycjaoBuM, 4TO IaH-
. x
Had npaMasa NepHeHAuKYJIIpHa IPAMOU Y = 3 + 4 u mpoxomut uepe3 Touky M(—1; —5).

OTser:

19. C nomopio rpamKOB yCTAHOBUTE, IIPM KAKOM 3HAUEHUU 4 CUCTEMA
2
{y =|x* - 2x -8,

y=a
MMeeT POBHO TPHU PeIIeHM’d.
OTserT:

266 Koopware wa mpawoi W mmogoce




. [eomeTpusa

3HaTb: + OCHOBHbIE MOHATUA B FeEOMETPUN: NPAMas, TOUKA, MIOCKOCTb;
« OnpegernieHue: yros, oTPe3oK, Nyy;
+ TPEYronbHUK, ero BUAbl;
*  YeTblpexyrosibHu1K, ero B1Abl;
«  MHOTOYTOJIbHVIK, OKPY»KHOCTb, KPYT, X B3aUMHOE PacrosioXKeHue;
+ MOHATMA 06 M3MEPEHUN BENNYUH: ANVHA, NIOWaAb, FpagycHas Mepa;
+ TMOHSATVE BEKTOPa U AeCTBUI Hafl HAM;
+ MOHATUE O CNoCcobax Npeobpas3oBaHNI MIOCKOCTY;
+ OCHOBHble TPUFOHOMETPUYECKME COOTHOLLEHNA.

YmeTb: + pacno3HaBaTb Ha YepTexax, M306parkaTb CaMOCTOATENIbHO OCHOBHbIE reoMeTpryecKune Gpurypbl;
+ pelatb 3ajaun Ha BblUNCIIEHUNE, [OKA3ATENIbCTBO U MOCTPOEHUE FEOMETPUYECKNX GUTYP U 1X
3/1eMEHTOB, MCMOMNb3yA N3yUYeHHble OnpeaesneHns, akCMoMbl, TEOPEMbI;
+ BbIMOJSIHATL BCE AeNCTBUA C BEeKTOpaMu;
+ NPOBOAWTb M3MEPEHUA FEOMETPUYECKMX BENMUMH: HAXOAUTb NAoLWaab, ANVHY, FPagycHYI0 Me-
py 3a4aHHOW reoMeTpuryeckon Gpurypbl;
+ BbIZENATb B 33faue yC/IOBME, 3aK/ioUueHre, MPOBOAUTb AOKa3aTeslbHble PACCY>KAEHUs, COMo-
CTaBNATb pe3ynbTaT C yC/I0BMEM 3afaun.

1.1. TeomeTpuyeckue Gurypbl u Ux CBONCTBA.
W3mepeHue reomeTpuyeckux BeNUYUH

7.1.1. HavanbHble NOHATUA reOMeTpumn

Touka, npAmas, MockoCTb

JIto6as reomerpuuecKkaa (purypa mMeeT UeTKOe OIpe- . é
JeJleHue — ONNCaHNe XapaKTePUCTUUECKOI'0 CBOMCTBA A
GUrypsI. ’/.__i
He umertor omrpenesieHnss o0CHOBHBIE (DUTYyPBI T€OMETPHH C .E D
* TOUKA;
. mpaMas; Puc. 7.1

* IJIOCKOCTB.

Toukyu HTPUHATO 0003HAUATH IIPOIMUCHBIMU JIATHH-

ckumu o0yxkBamu: A, B, C, D, E u T. 1.

IIpsambie 0603HAUAIOT CTPOUYHBIMY OYKBAMU JIATHUHCKO-

ro aixpasura: a, b, ¢, m u T. 1., a IIOCKOCTH — CTPOU-

HBIMU OyKBaMm Tpedeckoro andasura: o, B, y ¥ T. I. b
IIpamasa 6ecrkoneuna. IlimockocTs GeckoHeUHA. \
TouKkm MOTyT IPHHAIJIEIKATDh IIPAMOI, & MOTYT € He

mpuHagiexatb. Ha puc. 7.1 Touku C u D mpuHamje:xaT

apamoit a, utryT: C € a, D € a (uuratort: «Touxa C mpu-

HAJIeKUT IPSAMOH a»). Touku A, B u E He IpUHAIIEKAT

paMoi a, muiryT: A ¢ a (¢ — He IPUHAAJIEIKUT). Puc. 7.2
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ITpamasa mo:keT IpUHALJIEKATDH IIJIOCKOCTH WJIN €M He IMpuHamie:KaThb. [Ipamas m
Ha puc. 7.2 IPUHAMJEKUT IIJIOCKOCTHU o (MUIITYT: M C O, C — 3HAK NPUHAIJIEKHOCTA
IS MHOMKecTBa Touek). [Ipavad b He MPUHALIEIKUT ILJIOCKOCTH V: b & 7.

Eciu Touka mpuHAIJIEKUT IBYM NPAMBIM OJHOBPEMEHHO, T. €. €CJIU IPSIMbIe Me-
IOT OGHY OOIITYI0 TOUKY, TO OHU IIePeCeKaroTCA.

Tourka M — TouKa mepeceueHus IPAMBIX a u b (puc. 7.3).

Yepes aBe TOYKM MOKHO MPOBECTH NMPSIMYIO, U TOJBKO OTHY.

ITosTomy mHOTZA TIpAMBIe 0003HAYAIOT ABYMSA ITPO-

OUCHBIMU OyKBamMu, Hanpumep AB, mnpamas MN >A.4<b

U T. I a
BsaumHoOe pacmososkeHne MPAMBIX Ha MJIOCKOCTH: Puc. 7.3

1. Eciu mpaMBIe UMEIOT OLHY OOIIYI0 TOYKY, TO OHU a
mepeceKarTCcsd B 9TOW TOUKe W HA3LIBAIOTCA mepe- /
cexarommmucs (puc. 7.3). - — b

2. Eciu mpsaMble He MMEIOT OOIIMX TOUEK, OHU HAa3bI- Puc. 74

BalOTCA mapaJjureJdsHbIiMu (puc. 7.4). Ilumryt: a || b.
3. Eciiu mpsambie umeroT aBe (u 6oJiee) oOIue TOUKH,
OHU coBmamalorT (puc. 7.5).

Puc. 7.5

Otpe3ok. [lonynpamas (nyy). Monynnockoctb

OTpe3ok — 35TO YacCTb IPAMOIi, KOTOPAasd COCTOUT
13 BCeX TOUYEeK DTOH NIpAMOI, JeKaImux Meskay aApymsa A B
ee TOUKaMMU. OTU TOYKU HA3BIBAIOT KOHI[AMH OTpPe3Ka Puc. 7.6
(puc. 7.6).

OTtpesok obo3HAUaeTCA YKasaHUeM ero KOHIIOB, HampuMep oTpe3ok AB.

OueBUTHO, UTO OTPE30K SABJIAETCS YACTHI0 HEKOTOPOM IPSIMOIA.

Pacnomo:xeHne Touexk Ha IMPAMOIM:
1. Touka C mexxuT me:xay Touxamu A u B (puc. 7.7).
2. Toukun A u C jexaT o OOHY CTOPOHY OT TOUKHU B, A C B 1

agasiornmuHo Touku C u B jexaT mo ogHY CTOPOHY Puc. 7.7

oT TouKu; A.

3. Touku A, B u C nexxkat Ha npamoii [ u 3agaioT orpesku AC, BC u AB.

g m3MepeHUA OTPE3KOB CJY:KaAT pasjndHble MHCTPYMeHTHI. IIpocreitmuit ms
HUX — JHHeHKa C JeJeHHIMU.

HauHa oTpeska — 5TO PACCTOAHUE MEKIY ero KOHEUHBIMU TOUKAMH.

JlauHa oTpe3ka paBHA CyMMe JIMH UYacTell, Ha KOTOphIe ero pasdmBaeT KaKias
€ro TOuKa.

Hanpumep, MN = MP + PN (puc. 7.8).

HauHa oTpeska — BeJIMUYMHA MOJIOKUTEJIbHAs. M N

Ilomynpamas (fyd) — 9TO YaCTb IPAMOI, KOTOpasd p
COCTOUT U3 BCEX TOUEK ITOM MPAMOM, JIeXKAIIUX TI0 OHY Puc. 7.8
CTOPOHY OT AAHHOM TOUKM. ITa TOUKA HA3bIBAETCA Haua-
JIOM MOJIyIPAMO¥# (1Iu Jyda), MM HAaYAJIbHON TOYKOM.

ITonynpsambie o0003HAYAIOT MOBYMS HPOIUCHBIMU
oykBamu, HanpuMmep PA, roe mepBasa 6yKBa — 9TO Ha-
yaj0 moJsiynpamoii (sryda) (puc. 7.9). M

WHorma mosrynpsambie (Jiydm) 0003HAUAIOT TaK Ke, KakK A
U IPSMBIE, T. €. CTPOUHBIMU OyKBaMmu: a, b, k 1 T. 1. Puc. 7.9
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ITonynpsamble OgHOM W TOU Ke IPAMOI, MMeIoIue A B
00IIyI0 HAYAJIbHYIO TOUKY, Ha3bIBAIOTCS JOIMOJTHUTEIIb- K
HbIMu, Hanpumep ayuu KA u KB (puc. 7.10). Puc. 7.10

AHaJIOrMYHO TOMY, UTO TOUYKA pPasdbMBaeT HPAMYIO o
Ha [OBe JOMNOJIHUTEJbHBIE IIOJYIPAMbBIe, IpAMAasa pPas-

O0MBaeT IIJIOCKOCTh Ha JBe MOJYIJIOCKOCTH.
Pasbuenue miaockocTu 06JiafaeT CAeAYIOIIUM CBOM-
CTBOM: €CJIM KOHIIBI OTpe3Ka JIeKaT B OJHOM IIOJIY-
IIJIOCKOCTHY, TO OTPE30K He IepeceKaeT IMpPAMYIo, a ec-
JU B PasHBIX — OTPE30K IlepeceKkaeT mnpaAmyio. Ha
puc. 7.11 orpesok AB mepecexkaeT IpAIMYIO m, OTPE30K
PK ue nepecekaet (puc. 7.11). Puc. 7.11

Yron. TpeyronbHuk

¥Yron — durypa, cocTodaIaag 3 TOUKM — BEPIINHBI yIJa, U IBYX PABIUYHBIX JIY-
yell, BBIXOAAIIUX W3 3TOU TOUKU, — CTOPOH yTJa.
Crioco6b1 0003HAYEHUA yIJIa:
1. /P (obosHavaeTcsa TOJMLKO BepinuHa) (puc. 7.12).
2. ZABC (obo3HauaroTCa CTOPOHBI 1 BeplnuHa. HaspaHume TOUKM, 0003HAYAIOIIEH BED-
HINHY, CTaBAT mocepenune) (puc. 7.13).
3. Z(mn) (o603HAYUAIOT JIyUM, BBIXOAAIINE U3 OAHOM TOuKU) (pume. 7.14).

A m

S

P B ¢
Puc. 7.12 Puc. 7.13 Puc. 7.14

Yrabt N3MEPAIT B rpagycax. ,HJIH n3MepeHusd YIJIOB UCIIOJIB3YIOT TPAHCIIOPTUD.
yI‘O.H, CTOPOHBI KOTOPOTO ABJAKTCA AOIIOJIHUTEJIb-

HBIMU IPYyT K APYry JydaMu, Ha3LIBAIOT Pa3BepHY- 180

TeiM. Ero rpagycHas wMepa cocTaBiaser 180° A [0) B

(puc. 7.15). Puc. 7.15
TpeyroipbHUK — 35TO (PUTypa, COCTOAINAST U3 TPEX

TOUEK, He JeKallluX Ha OTHOI IPAMOIi, I TPeX OTpes- B

KOB, TOIIApPHO COEIUHSIONINX 9TU TOUuKu (puc. 7.16).
Touku — BepIIUHBI TpeyroabHuKa: A, B, C. A C
Otrpesxku — cTopoubl TpeyroabHuka: AB, BC u AC. Puc. 7.16

TpeerJIBHI/IKI/I Ha3bIBAlOTCA PaBHBIMHU, €CJIN Y HUX

PaBHBI COOTBETCTBEHHBIE CTOPOHBI U COOTBETCTBEHHBIE N
yTJIbI (COOTBETCTBEHHBIE CTOPOHBI JIEJKAT MPOTUB COOT-
BEeTCTBEHHBIX yrJioB) (puc. 7.17).
Ha uepre:xke paBHBIE OTpPe3KU 0003HAUAIOT PABHBLIM
KOJINYECTBOM INITPUXOB, PABHLIE YIJIbI — PABHBIM KO- M f X
JINYECTBOM IYyKeK. ()

Eciu AMNK =APQR, To MN =PQ; NK =QRu MK =
=PR; /M = /P, /N = £Q, ZK = ZR.

3apaya 1. Touxku A, B u C jexxaT Ha ONHOH IIPAMOIi.
Nassectro, utro AB = 8 ¢m; BC = 10 cm. Kakoil mosker

P R
ObITh JunHA oTpe3ra AC? Puc. 7.17
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Pewenue:
B samaue He yKasaHo, KaK MMEHHO PACHOJIOMKEHBLI TOUKIN HA MPAMOM. BO3MOKHEI

ciayJau:
a) Tourka B nexut mexkay tTouxkamu A u C. Torma AC = AB + BC =8 + 10 = 18 (cm)
(puc. 7.18).
6) Tourka A mexut mexkay B u C. Torma BC = AB + AC, 1. e. AC =10 — 8 = 2 (c™m)
(puc. 7.19).
B) Tourka C jexut me:xkay A u B, HO 3TO HEBO3MOJKHO, T. K. BC > AB (puc. 7.20).
10 8
/\ /\
A 8 10 c?¥ 4 €4 < B
- ~
B 8 10
Puc. 7.18 Puc. 7.19 Puc. 7.20

Omeem: 18 cm nnu 2 cm.
. 3apgava 2. Jlausl paBHBIe TpeyroabHuku: AABC = AXOY. 3anucath paBHbIe CTOPOHEI

W YTJIBL.
Pewenue:

AB = X0; BC =0Y; AC=XY; LA =/X; /B = £0; LC = /Y.

Onpep,eneva, dKCUOMbI, TEOPEMDI

Onpenenenne BKJIOUAeT B ce0sA XapaKTepHUCTHUUECKIME CBOMCTBA I'eOMeTPUUYECKOI
GuUrypsl.

JlaTs ompeneleHue — 3TO OTBETUTH HA BOIIPOC: UTO BTO TaKkoe?

Hampuwmep, ecam roopart: «llaiiTe ompeneseHne TPeyroJbHUKAa», 9TO O3HAUAET
OTBETUTH HA BOIIPOC: YTO TaKOe TPeyrodbHUK? TpeyroibHUK — 3TO (hUrypa, COCToMA-
miasi U3 TPexX TOUEeK, He JIeKaIllMX Ha ONHOUM IPAMOIl, U TPeX OTPEe3KOB, IIOIMAPHO MX
COeTUHSIONINX.

AxcuomMa — 5TO NepBOHAUYAJIbHOE YTBEPIKIEHUE TeOMeTPUM, KOTOPOe CUUTAETCS
BepHBIM 0e3 mokasaTesibcTBa. C IMMOMOIIIBI0 aKCHUOM BBIBOAATCSA AAJIbHENININE YTBEPIK-
eHUA.

W3 axcuom um ompezesieHnil BBIBOIAT YTBEPKIECHUA, KOTOPhIE HA3BIBAIOT T€OpPEeMaMMU.

Teopema — 5TO yTBEp:KIeHIE, KOTOPOE JOKAa3bIBAETCHA.

IIpaBUIBHOCTE YTBEPIKIEHUA O CBOMCTBAX TreOMeTPHUECKUX (PUTyp ycTaHABJIUBA-
eTCsA MYyTeM PacCCy:KIeHU, KOTOPhIe Ha3bIBAIOT JOKA3aTeJIbCTBOM.

®opMyIUPOBKA TEOPEMBI COCTOUT M3 ABYX dacTreii. IlepBad — ycjoBue TeOpeMHI.
B meii roBopuTcs, uTo gano. Bropas — s3akJoueHure TeopeMbl. B Heli TOBOPUTCS, UTO
HMEHHO TpedyeTcs JOKa3aThb.

Hanpumep, TeopeMy 0 BepTUKAJIBHBIX yIyax: «BepTukajabHBIE YIJIBI PABHBI» MOMK-
HO 1IepedopMyIupoBaTh TakK: «Kciu yribl BepTuKajabHbBIE, TO OHU PABHEBI». ¥ CJIOBUE:
«YTJIBI BEPTUKAJIbHBIE» . 3AKJIIOUEHNE: «OHU PABHBI».

IIpu mokasareabcTBe TEOpPEM MCIIOJIB3YIOTCA TOJBKO OIPENeSIeHrns, aKCUOMBI U pa-
Hee JOKazaHHBIe TeopeMbl. Hukakumu cBoiicTBaMu (DUTYDP, AarKe €CJAU OHU KaKyTCsd
OUYEeBUHBIMU, IMIOJb30BATHCA HEJNb3A, UEPTEK TaKiKe MCIOJb3yeTCA TOJbKO KaK WJI-
JIIOCTPAIuA.

YacTo M3 TEOpeMbI BBIBOAATCS €Ille HECKOJBKO YTBEPIKIAECHUN. ITU YTBEPKACHUA
HA3BIBAIOT CJEACTBUSIMM.

 3apava 3. Ha npswmoii ormeuenst Touku O, M u N tak, uto OM = 16 cm; ON = 7 cm.
Haititu paccrosuue me:xay cepenuuaamu orpeskoB OM u ON, ecuau:

B0 e



a) touka O Jye:xXut Ha orpe3dxke MN; 0) Touka O He JeKUT Ha oTpe3xe MN.

Peutenue:
a) Ilycte Touka O nexxur Ha orpeske MN (puc. 7.21). M = A . B N
Hawno: O € MN; MA = AO; OB = BN. Haiimu AB. ' 0 i
Touka A — cepeguua orpeska MO, torma AO = Puc. 7.21

=MA=16: 2 =8 (cm).
Touxka B — cepeauna orpesxka NO, torna OB = BN =7 : 2 = 3,5 (cm).
Torga paccTossHMe MeXXKAy cepesuHamu oTpe3koB MO u ON, T. e. AB = AO +
+ OB =8 + 3,56 =11,5 (cm).
0) IlycTs Touka O He je;xkuT Ha oTpedke M N (puc. 7.22). O A M
Ilano: O ¢ MN; OA = OM; OB = BN. Haiimu: AB. B N
Tourka A — cepenuuna OM u OA = AM = 8 (cm). Puc. 7.22
Touxka B — cepeaguraa ON u OB = BN = 3,5 (cm).
Paccrosanme Me:Xay cepemmrHaMK OTPe3KoB B sToM cayuae: AB = OA — OB =
=8 -3,5=4,5 (cm).
Omeem: a) 11,5 cwm; 0) 4,5 cm.
I 3apaua 4. Yrox AOB sBaserca uyactbio yraa AOC. ZAOC = 112°. ZAOB = 3/BOC.
Haiitu ZAOB.

PeweHue:

IIycrs #BOC = x, Ttorna ZAOB = 3x (puc. 7.23).

Ecsom smyu genut yron Ha gBa yrJa, TO IpPajycHas g
Mepa BCEero yrJja paBHA CyMMe I'DaAyCHBIX Mep 9THUX
yrjoB (aKcHOMa M3MepeHUs YIJIOB).

To ects £«BOC + LAOB = LZAOC; x + 3x = 112; O C
4x = 112; /BOC = x = 28; LZAOB = 3x = 84.

Omeem: 840. Puc. 7.23

@D 7.1.2. Yron. Mpamoit yron. OcTpble u Tynble yrabl. BepTukanbHbie U CMeXHbIE Yrbl.
buccektpuca yrna n ee coicrea

¥rom — reomerpuueckas GUrypa, COCTOAINAA U3 TOUKHU (BEPIINHBI) U IBYX JIyUdei
(CTOPOH), BBIXOOAIIUX U3 DTOU TOUKH.

. 1
3a egIWHUIlYy W3MEPEHUs yIJja OPUHUMAIOT TPagyCc — YroJl, PaBHBIN 180 JacTu

pasBepHYTOro yria.

1 .,

80 rpagyca Ha3bIBaeTCA MMHYTOM, o003HaAUaeTCA «'».
1 o ”
50 MUHYTHI Ha3bIBaeTCA CEKYHO0I, o0o3HauaeTca «"».

Hampuwmep, 3°27'15” — tpu rpangyca, 27 Munyrt, 15 ceKyHza.
Buas yraos

Pa3BepHyTHIit IIpamoii
180° A
A 0] B B 90° o
ZAOB = 180°
ZABC = 90°
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Ocrpsrit Tymnou

//ﬁ a\a_b

0° < Z(mn) < 90° 90° < Z(ab) < 180°

CmexHble yrnbl

IBa yriia HasbIBAIOTCS CMEMKHBIMHU, €CJIU Y HUX Of- b
Ha CTOpOHAa 00Iasg, a APYrue CTOPOHBI ABJISIOTCA HO-
MOJIHUTEAbHBIMU JyuaMu (puc. 7.24).

Tak, Z(ab) u £(bc) — cmexxHBIE, YU ¢ — o0IMiA. Jly-

YU @ U ¢ — AOIOJHUTEJbHEIE ToJaynpaMble (puc. 7.24). a c
Cymma cMmeskHBIX yrioB paBHa 180°. Puc. 7.24
Caredcmeuas:

1. Eciz nBa yrJjia paBHBI, TO CMEKHBIE C HUMH YIJIBI TOXKE PABHBEI.
2. Ecnu yros He pasBepHYTBIH, TO ero rpagycHas Mepa MeHbIe 180°.
3. ¥Yroj, CMeXXHBII ¢ IPAMBIM, TaKMKe IPSIMOMA.

 3apaua 1. Haiitu cMexHBIe yIJIbl, ey OfuH 13 HUX Ha 20° 6osbie apyroro (puc. 7.25).

Z(mE) = Pewenue:
me) =% /(mk) + Z(nk) = 180° 5
Z(nk) = x + 20
(TIo TeopeMe O CMEKHBIX yIJax). m x x+20 n
x + x + 20° = 180°; 2x = 160°; x = 80°;
Puc. 7.25

x + 20° = 100°. Z(mk) = 80°, Z(kn) = 100°.
Omeem: 80° u 100°.

BepTMKaﬂbele yrbl

[Ba yryia Ha3bIBAIOTCS BEPTUKAJIBHBIMHU, €CJIU CTO-
POHBI OJHOTO U3 HUX SABJISAIOTCA AOMOJHUTEIbHBIMU
HOJTyIPAMBIME K CTOPOHAM JPYroro yria. a u a; b

u b, — JONOJHUTEIbHBIE MOJNynpAMbIe (puc. 7.26). Puc. 7.26
BepTurkaasHbie yIibl paBHBI.
To ects £1 = /3; /2 = /A. %90"
Credcmeaue. Ecin oquH 13 yIJIOB, MOJYUYEHHBIX IIPU 1
mepeceuyeHNN ABYX NPAMBIX, paBeH 90°, To mpambie 2 ‘ 3
MepneHIuKyIApHbI (puc. 7.27):
/1 =2/2=/3=90°. Puc. 7.27

 3apava 2. OgwH W3 yIJI0OB, KOTODPBIE MOJNIYYUJINCH IPU IIE€PECEYEHUN ABYX IPAMBIX,
B b pas GoubIilie apyroro. HaiiTu yribl, IMOJYUYUBIINECS IIPH IIepeceueHuNr HPSIMBIX.
Pewenue:

IBa yriia, KOTOpble IMOJYUYUJINUCH IPU IIepeceueHun 2
IBYX IPAMBIX, JUOO CMeKHbIe, JU00 BEePTUKAJIbHLIE. >C8)<
Hckomble yribl He paBHBI, 3HAUUT, OHU HE BEPTUKAJb- 4
HbIe, a cMeskHble. Hampumep, £1 u £2 (puc. 7.28). Puc. 7.28

IIyers £1 = x, Torma £2 = 5x. Ilo Teopeme o cme:kHBIX yraax: £1 + £2 = 180°;
x + 5x =180° x = 30°; bx = 150°. £1 = 30°; £2 = 150°.

ITo Teopeme o BepTuKaJIbHBIX yriax: £3 = /1 = 30°% £4 = /2 = 150°.
Omsem: 30°, 150°, 30°, 150°.
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» 3apava 3. Cymma yriios, KOTOpBIE TOJYYUJINCH DY MEPECEUEHNN JBYX MPSAMBIX, DaB-
Ha 72°. HafiTu 9Tu yrJibl.

Pewenue:
Wcnonb3yeM paccy:KIeHUA W3 TPeAbIAyInei 3ajna-
yu. CymMmMa ABYX YIJIOB paBHA 72°. 9TO HE MOTYT OBITH >><<
cMe:kHbIe yribl (mx cymma 180°), 3HAUUT, 5TO YIJIBI Puc. 7.29
BepTUKAaJbHBIE, a OHU PaBHBI (puc. 7.29):
L1 =/2="72°:2=36°. a
Omeem: 36°. b
BuccekTpuca yria — Jyd, KOTOPBIN BBIXOAUT U3
BePINUHEI yIJla U OeJUT ero momoJjgam (puc. 7.30): ¢
Z(ab) = Z(bc). Puc. 7.30
() 3apava 4. Haiitu yros mesxgy OMCCEKTPUCAMU CMEKHBIX yrioB (puc. 7.31).
Pewenue:

BI/ICCGKTpI/Ica — JIy4, ROTOpBIﬁ JAEJIUT YyT'OJI IIOII0JIaM.
CJI0:XUM TIOYJIEHHO paBeHCTBAa:

Z(mb) = 1 Z(ab)
N 2
Z(nb) = %L(bc)

Puc. 7.31

Z(mb) + Z(nb) = %(L(ab) + Z(be))

Ho Z(mb) + Z(nb) = Z(mn), a Z(ab) + Z(bc) = 180° (mo TeopeMe 0 CMEIKHBIX YIJax).
IMonyuum: Z(mn) = % -180° = 90°.
Omeem: 90°.

 3apauva 5. Haiitu yron Mesxny GHMCCEKTPUCO U IPOAOJIKEHNEM OJHOW U3 CTOPOH yTJIa,
pasuoro 140° (puc. 7.32).
Pewenue:

m — OuccexkTpuca, mosaromy Z(mb) =140°: 2 =170°.
Ho Z(mb) n ucrkomsrii /(b,m) — cMeKHBIE, UX CyMMAa
180°. Torga Z(b,m) = 180° — 70° = 110°.
Omeem: 110°. Puc. 7.32

@D 7.1.3. Npamas. NapannenbHocTb ¥ NePReHANKYNAPHOCTb MPAMBIX

IIpamas — oAHO M3 OCHOBHBIX IIOHATUN T'€OMETPHU, €€ MOHATUE JIUIINh KOCBEHHO
omnpesesisieTcad aKCUOMaMU I'eOMeTPUM, HAIIPUMED, B TOM, UTO Uepe3 ABe TOUKH MOK-
HO IIPOBECTHU JIUIIb OJHY IIPAMYIO.

a
MepneHaMKyNApHble NpAMble

lBe mpsaMble Ha3LIBAIOTCS NEePHEeHIUKYISIPHBIMH, b
ecJii OHU mepecekarTcsa mox yriiom 90° (puc. 7.33): |
a 1 b; L(ab) = 900. Puc. 7.88
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Yrnbi ¢ napajneabHbiMu UNu nepneHauKynapHbIMu CTOPOHamMu
1. I_[JIH VYIJIOB C COOTBETCTBEHHO IIapaJljieJIbHBIMHN CTOPOHAMM CIIpaBedJINBO.

a) a |l m;b| n; 6) al m;bl| n; B) a | m;b| n;
L1 = /£2 L1 = /£2 /2 =180° - /1
a m m
a a
m
2 2
1
b 1 1

Ecau cTopoHBI @ 1 b OZHOTO yrJjia COOTBETCTBEHHO MapajljieibHBI CTOPOHAM M
U n APYroro yrjia, TO YIJIbl PABHBI UJIU MOMOJHAIOT NPYT APYyra M0 Pa3sBEePHYTOTO
(ux cymma 180°).
2. AHaJIOTUYHO YIJIbI C COOTBETCTBEHHO MEPIeHINKYIAPHBIMI CTOPOHAMY PAaBHbBI UJIN
IOIIOJHAIOT IPYT APyra A0 pasBepHyToro (ux cymMma pasua 180°):

a)alm;bln; L1 =2/2; 6)alm;bln; L1 + 22 =180°.
m a
" a
m
1
1 2 b
2 u b n
I'Iapanneanble npAambie
IIBe mpsMble HA3LIBAIOTCA NApPaJIeIbHBIMHU, €CJIU a
OHH JIeXKaT B OLHOHM IIJIOCKOCTA U HeE IIePeCeKaroTcCs
(puc. 7.34). b
AxcumomMa mnapajiieJbHBIX NPAMBIX: UYepe3 TOUKY allb

BHE MAHHOM OPAMOM MOYKHO IIPOBECTH HPAMYIO, IIa-
payenbHyI0 HaHHOUW, M TOJBKO OnHY (puc. 7.35).

Kem; K ¢ a; m|| a, m — equHCTBeHHAA. a

YTo0BI chopMyIHPOBATL HNPUIHAKU HapasIebHO-
CTU IPAMBIX, PACCMOTPHUM, KaK HAa3LIBAIOTCS YTIJIBI,
o0pasoBaHHBIE IPU MEPECEUEHUU CEKYINel ABYX IMPHA-
MBIX.

IIycts a m b — mpsmble, ¢ — ceKyias (mepecexkaeTt
a u b) (puc. 7.36). Torma mapb! yrjioB UMEOT HAa3BAHUS:
+ BHYTPEHHHE OJHOCTOpPOHHUe: /2 u /5 umnu /3

u /£8;

* BHYTPEHHHE HaKpecT Jjieskamue: /2 u /8 wiu /3
u /5;

* CcOoOTBeTCTBeHHbIC: /1 u /5; /2 u /£6; /4 u /8 nin
/3 u /£7.
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Mpu3Haku napannenbHoOCTH NPAMbIX

1. /IBe mpsambie, mapaJjiiesibHbIEe TPEThel, MmapaJjieJbHbI Meskay coboii. Ecau a || ¢
ubljc,roal b (puc. 7.37).
2. [IBe mpsiMble, MepeceKaeMble TPeThell MPAMOiil, mapajuieabHsl (puc. 7.38), ecau:
a) BHyTPEHHUE HAKPECT Jejkaliue Yriabl PaBHBL ecau /2 = /8 unu /3 = 45,
TO a || b;
0) cymMMa BHYTPEHHUX OJHOCTOPOHHUX yrjoB paBHa 180°, T. e. eciu £3 + £8 =
=180° nnu /2 + /5 =180°, Tto a || b;
B) COOTBETCTBEHHBIE YTJIbI PABHBI: ecau /4 = /8; /3=/T; /1 =/5numm /2 = /6,
TO a || b.
3. Ectu nBe mpsaMbIe NePHEeHIAUKYJIASIPHBI TPEeThed NPAMOIl, TO OHHM NapaJjiebHbI
(puc. 7.39). Ecima L mu b 1L m, To a || b.

a a
Vel "
5575

a b
c 8 5 b
76
b C
Puc. 7.37 Puc. 7.38 Puc. 7.39

) 3apava 1. IIpamsie a u b nepecerarores npsmoi ¢ (puc. 7.40). [okasats, uto a || b, ecou:
1) L1 =3883° £6 = 147°; 2) L4 = /6; 3) LT =45°; L/8=38 - /1.

Hoxasamenvcmeo:
1) 4l=23=33 } Kak BepTHKabHEIE. Torma £3 + £8 = 33° + 147° = 180°, a sT0
/6 = /8 =147°
BHYTPEHHUE OJHOCTOPOHHME yriabl. CiemoBaTenbHO, c
a || b, 4T0 U TPe6OBAIOCH JOKA3ATh. /
2) /4 = /2, a /6 = /8 Kaxk BepTUKAJIbHbLIE, 3HAUUT, 4 1
/2 = /8, a 9TO BHYTPEeHHUE HaKpPecT JeKallue 3 2 a
YTJBL, @ || b I0 TpU3HAKY MapajieIbHOCTU IPAMBIX.
3) L7 =45°, rorga /5 = L7 = 45° (BepTUKAaJIbHLIE), HO 8 5 b
/8+ /5=180° (cMeskHbIe), 3HAUNT, L/8=180°—-45°= 7576
1 1 Puc. 7.40

=135°. 4£8=3 21, T.e. 41=§48 =§-135°:45°.

/1 = /3 = 45° (BepTUKAJIbHBIE).
IMonyunnau, uro £3 = £5 = 45°, a 3T0 BHYTpPEeHHUE
HaKpeCT JiexKallue yrJjbl, 3HAYUT, @ || b 110 IpuU3HAKY
mapajieIbHOCTU MPAMBIX.

. 3apgava 2. IIycts ABCD — mpou3BOJBHBIN YeThIpEeX-
yroJabHUK, Touku M, N, K u P — cepeiuHBI CTOPOH
AB, BC, CD u AD cootrBeTcTBeHHO (puc. 7.41). Iloka-
3aTh, uto MN || PK.

Ioxasamenvcmeo:
Paccmorpum AABC. MN — cpegHAs JUHUSA, T. €.
OTPE30K, COEIMHAIONNNA CEePeIVHBI CTOPOH TPEYTOJIb-
HUKA. Puc. 741
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ITo Teopeme o cpenueir tuuHunM Tpeyroabuuka MN || AC.

Ananoruuno B AACD: PK — cpenusaa auaua u PK || AC. Ilonyumau, uto MN ||
AC u PK || AC, tio mpusHaKy napaJiiaeabHocTu npamMbix MN || PK, uTo u Tpe6oBaIoch
JIOKa3aTh.

(BoicTBa napauieNnbHbIX NPAMbIX

l.a|b.
Ecau nBe mapanienbHble MpsMbIe IepecedeHbl TpeThei (puc. 7.42), To:
a) BHYTPeHHUE HAKPeCT Jeskalue yribl paBHbl: /3 = £5; /4 = /6;
0) cyMMa BHYTPEHHUX OJJTHOCTOPOHHUX yrJioB paBHa 180°, /4 + /5 =180°u /3 +

+ /6 = 180°;

B) COOTBETCTBEHHbIE YIJbI paBHbL: L1 = /5; L2 = /6; L3 =/4Tnu /L4 = /8.

2. Ecin mpsaMasa mMepneHINKYJIIpPHA OJHON M3 IBYX MAapaJjeJbHBIX MPSIMBIX, TO OHA
nmepuneHauKyJIAsapHa u apyroi (puc. 7.43). Eciu a || bua 1L m, o b 1L m.

3. Ecau nBe mepecekarouuecs NpsaMbie COOTBETCTBEHHO MaPaJLIeJbHBI IBYM HEepPIIeH-
JUKYJIAPHBIM MPAMBIM, TO OHU NEePHEeHANKYIIPHEI (puc. 7.44). Ecima L bua || n,
b||m, Tom L n.

c
a
1/{ m a m
4 "3 a

b
b b
5 86 n
877
Puc. 742 Puc. 743 Puc. 7.44
() 3apava 3. Ilo gauusIM puc. 7.45 Haiitu yroxa x.

Pewenue:
/1 = 69° (BepTUKAJIBHBIA C JaHHBIM YTJIOM).
Z1 + £111°=69° + 111° = 180°, a T0 BHYTPEHHNE OJHOCTOPOHHME yIJbl. SHAUUT,
0 MPU3HAKY HapaJIjIeJIbHOCTH a || b ¢ ceryIeit c.
Paccmorpum a || b, roe d — ceryiada.
Z£2 =105°, T. K. 5TO BepTUKAJIbHbIE VI,
x = /2 = 105° KaK cOOTBETCTBEHHBIE (CBOMCTBO MapaJJIEIbHBIX ITPIMBIX).

. 3apava 4. [Isa tena P, u P, mojBelIeHbl HA KOHIIAX TPOCA, IIEPEKUHYTOTO UYepes OJI0KHU
B u D. Tperwe Teno P, moJBeIIeHO HA TOM Ke Tpoce B TouKe C M ypaBHOBEIIUBAeT
trena P, u P, (AB || CK || DE) (puc. 7.46).

1) Hoxasats, uto /BCD = L/ABC + ZCDE.
2) Haittu ZABC, ecau /BCD = 80°, Z/CDE = 27°.

B D
B D
e
c d
. %59° K105° ¢
A E
1110 2\ -
/A L AR
Puc. 745 Puc. 7.46 Puc. 747
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Pewenue:

1) 4/BCD = /1 + £2, vo L1 = ZABC u /2 = ZCDB, nockonbky AB || CK || DE (o
CBOMCTBY mapajjeJbHbIX NPAMBIX BHYTPEHHHE HaKpeCcT JesKalljue YIJbI paB-
Hb1). Torma /BCD = /1 + /2 = ZABC + ZCDE, uto u TpeboBajoCch JOoKas3aThb
(puc. 7.47).

2) «BCD = ZABC + ZCDE, torpa LZABC = ZBCD — ZCDE = 80° — 27° = 53°.

Omeem: 53°.

@D 7.1.4. Otpesok. (BOICTBO cepeiMHHOIO NepneHANKYNApa K OTpe3Ky.
lepneHANKYNAP M HaKNOHHAA K npAMON

OTpe3oKk — 5TO YacThb IPAMOIT, KOTOpPas COCTOUT U3 A B
BCeX TOUYEK DTOU IPAMOHI, JeKalluX MeKIYy IBYMS ee Puc. 7.48
TOUYKaMU. JTO TOUKW — KOHIIBI oTpe3ka (puc. 7.48).

IlepmieHIMKYyASAp K IPSIMOl — 5TO OTPE3OK, IIep- A

NeHAUKYJIAPHBIA TaHHOW IIPAMOM, OAWH W3 KOHIIOB
KOTOPOTO JIEKUT Ha 9TOH HMPSAMOM. ITOT KOHEI Ha3bI-
BAIOT OCHOBAHMEM IePIEeHIUKYJIIpAa. m B

AB 1 m, AB — nepueHAuKyJAp, TOUKa B — ocHO- Puc. 7.49
BaHUe MeprneHguKyasapa (puc. 7.49).

W3 mr000# TOUuKM, He Jerkaleil Ha IPsAIMOi, MOMKHO
OIIYCTUTDH MEPIEHAUKYJIAP Ha 3Ty OPAMYIO, U IPUTOM
TOJILKO OIWH.

WNuorga B 3amauax HeoOXOAMMO HAUTU PACCTOSHUE
OT TOYKM IO IIPAMOI.

PaccrogHueM OT TOUYKM A0 NPAMOIl HAa3bLIBAETCA
IJVHA TEepIeHAUKYJIApa, OMYIIEeHHOTO M3 TOUYKM Ha
npamyio (puc. 7.50).

Paccroanue Meskay mapajijieIbHBIMUA MPAMBIMH —
9TO paccToAHME OT JI000II TOUYKM OJHOM MPAMOM 10
IPYToM MpAMOIi, T. e. JJANHA 00Iero IeplIeHInKyasapa
K IBYM IapajlIeIbHBIM OpAMBIM (puc. 7.51).

al| by MN L a mw MN 1L b. MN — paccroanue Pue. 7.51
Mexnay a u b.
Otpesoxk AB, rae Touka A He JIEXKHUT Ha IPAMOIl A

a, a ToukKa B JeXuT Ha HIpAMON a, HAa3LIBAeTCs Ha-
KJIOHHOI, KOTOpas IIpoBeleHa 13 TOUKU A Ha IPIMYIO

a, ecau OTpPe3oK AB He HMepIeHIUKYJASPeH IPSIMOH da. a

Touka B — ocHoBaHue HaKJOHHOW AB, BH — mpo- B H

eKIuA HAKJIOHHON AB Ha mpamyio a. OueBUIHO, UTO

AABH — upsimoyroabublii (AH | a) (puc. 7.52). Puc. 7.52
(BoiicTBa NepneHANKyNApa U HaKNOHHON A

1. HakmonHasa, TpoOBeJeHHAS W3 TOYKH K IIPSIMOI,
BCceraga OoJIbllie MEePHeHIUKYJIApa, IIPOBEIeHHO-
TO U3 DTOM Ke TOUKM, M 0OJIbIIe CBOEH MPOoeKInHu B C
(puc. 7.53). AC > AB u AC > BC. Puc. 7.53
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2. Eciu paBHBI HAKJOHHBIE, IIPOBEACHHbIE M3 OTHOM

A
TOYKH, TO PaBHBI M HX IPOEKIHHM H HA000POT m
(puc. 7.54). To ects eciu AC = AK, to BC = BK, C , B] , K

u ecau BC = BK, to AC = AK.

. Puc. 7.54
3. Ecim 3 oxHOI TOYKU IPOBeJEeHBI IBe HAKJIOHHBIE,
TO 0OJBIIAA HAKJIOHHAS MMeeT OOJIBIIYI0 IPOEK- A
W10, MEHbIIAS HAKJOHHAA — MEHBIIYIO IPOEKIIUI0 A
(puc. 7.55). Eciu AC > AD, to BC > BD u o6paTHO: C Bj D
ecau BC > BD, to AC > AD. Puc. 7.55

() 3apava 1. Yz Touku M K npAMOA @ npoBenu nepueHAUKYIAP MK M HAKJIOHHYIO
MA. Yron Mexnay HakKJOHHON um mpamoi paBeH 30°. CymMma AJAuH HAKJIOHHON
U meplneHAuUKyaapa — 12 cm. HafiTu gamHy OPOEKIINN HAKJOHHOM Ha IPAMYIO a

(puc. 7.56).
Peutenue:

ITyete MK = x, Torma MA = 2x, T. K. B OpPsaMO-
yroabHOM Tpeyroabuuke M KA (MK 1 AK), MA — ru- M
notenys3a, MK — xarer, Je:xaimuii mpotus yriaa 30° R
W PaBHBIN IIOJIOBUHE THUIOTEeHY3bI (puc. 7.56). Torma x
x+2x=12;3x=12; x = 4; 2x = 8. 30°

a K A

MK = 4 cm; MA = 8 cm. Ilo Teopeme Iludaro- -

pa: AK?2 = MA? — MK? = 82 — 42 = 64 — 16 = 48; Puc. 7.56

AK = /48 = 44/3.

Omeem: 4\/§ cM.

. 3agava 2. 3 ogHOM TOUKM K NIPAMOM IIPOBEIEHLI MBe HAKJOHHBIE, MJINHBI KOTOPBIX
OTHOCATCA Kak 5 : 6. HaliTu paccTosHMe OT TOUKHU OO IPSAMOM, €CJIN HPOeKIINU Ha-
KJIOHHBIX PaBHEI 4 CM U 343 cm (puc. 7.57).

Pewenue:
Paccroanme oT TOuKu 10 IpAMOIl — 5TO AJIUHA IIEp- A
neaauKyasapa AB. VI3 3Toii jKe TOUKU IPOBEJU ABe Ha-
kJgoHHBIe AD > AC. Ilyets AD = 6 x, AC = 5x. Boib-
el HaKJOHHOM COOTBETCTBYET OOJIbINAS IPOEKIIUA,
3+/3 > 4, mosromy BC = 4; BD = 3+/3. C B] D
AACB u AABD — npamoyrouasusie (AB L CD) ¢ 06- Puc. 7.57

muM Karerom AB.
s AABD: AB® = AD® — BD” = (6x)° —(343) = 86x% — 27.
M3 AABC: AB? = AC? — BC? = (5x)? — 4% = 25x2 — 16.
ITonyuum ypasuenme: 36x2 — 27 = 25x2 — 16; 11x2=11; x =1 (x > 0).

AB? =25x2-16=25-16 =9; AB = 3. a
Omesem: 3 cM. 4 ! "
. A B
CepenuHHBINI NEePHEHIUKYJIASAP K OTPE3Ky — B3TO
Puc. 7.58

mpaMas, IPOXONAIasd yepes cepeIuHy 3TOr0 OTpe3Ka

U TMepIeHIuKyJIapHasd K Hemy (puc. 7.58). a
Kaxxkgas Touka cepegMHHOTO TEepPHeHIUKYIIpa /

K OTPe3Ky PaBHOYTajieHA OT KOHI[OB 3TOTO OTPe3Ka. A B
Kaxkgas Touka, paBHOyJaJieHHAS OT KOHI[OB OTPe3- \\ /

Ka, JIEJKUT HA CePeIMHHOM IePHeHIUKYIIpe K HeMy

(puc. 7.59).
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Ecaum a — cepemunHbIll mepruneHIUKYJAap K AB, To B
AX = XB (X € a) unu AY = YB (Y € a). O6parHo: K
eciu AX = XB, 10 X € a (puc. 7.59).

' 3apava 3. CepeguHHBIN NEpPIEHAUKYIADP K cTopoHe BC 9,6
Tpeyronbauka ABC nepecekaer cropouny AC B Touke D. .

Haitru AC, e BD = 9,6 e, AD = 5,4 e (puc. 7.60). A 54 D ¢
Pewenue: Puc. 7.60
BK — cepenuHHBIII HepIeHAUKYJIAP, Torma DB =
=DC = 9,6 cm. B
AC=AD+DC=5,4+9,6 =15 (cm).
Omeem: 15 cwm.
. 3apava 4. CepeguHHBIN MEePHEHAUKYIAP K CTOPOHE Pe
AB paBaoOGeapernnoro AABC mepecekaer ctopoHy BC
B Touke E. ITepumerp AAEC paBen 45 cm, AB = 25 cwm.
Haittu ocuoBaumue AC.
Peuwenue: A C
Ilo cBoiicTBY cepeaMHHOrO IMEPIEeHIAUKYJIIpa KaiK- Puc. 761

gasd TOYUKa pPaBHOymaJieHa OT KOHIIOB OTpe3Ka, T. €.

AE = BE (puc. 7.61).
P ,.=AE + EC + AC, torna AC=P, .. — (AE + EC).
Ho AE = BE, torma AC = P, — (BE + EC) =
-P,, —BC=P_, —-AB=45-25=20.
Omeem: 20 cwm.
@D 7.1.5. NMonaTMe 0 reomeTpUyeCKOM MecTe ToueK

Puc. 7.62
l'eomerpuuecknum mectom Touerk (I'MT) mimockoctu

Has3bIBaeTcs (purypa, cocTrodAlnas M3 BCEX TOUEK ILIO- l

CKOCTHU, 00JamaioIuX OIpeleeHHbIMU CBOWCTBAMU, D
Ipuuem:
* ecJIM TOUKAa IPUHALJIEXKUT (PUrype, OHA 00sI3aTeJIb- %
HO 00JIaZaeT 3THUM CBOMCTBOM;
* ecJIM TOUKAa o0JiazaeT 3TUM CBOMCTBOM, TO OHA 00sd- — a1 =
O//

3aTeJIbHO IPUHAMJIEKUT QUrype. A
T'MT B nnanumerpum:
1. OKpy:KHOCTHh — TeoMeTPUUYEeCKOe MeCTO TOUeK, PaB-
HOYIAJIEHHBIX OT JaHHOI TouKM (1meHTpa). Kammasa
TOUKA OKPYsKHOCTH HAXOAUTCS HA PACCTOSAHUU OT
IIeHTpa, paBHOM paamycy. Hukakas apyras ToukKa
IJIOCKOCTH 9TUM CBOMCTBOM He obJiamaet (puc. 7.62).
2. CepequHHBIN TMEePNEHINKYIAP K OTPE3KYy — TreoMe-
TPUUECKOe MEeCTO TOUEK, PABHOYIAJEHHBIX OT ABYX
IaHHBIX Touek (puc. 7.63). D
Ecoiu AO=0Bul 1 AB, 1
T0 AD = DB; AC=CB, AM = MB u . 1. C
3. Buccekrpuca yria — reoMeTpUUYeCKOe MECTO TO- B E K
YyeK, PaBHOYAAJEHHBIX OT CTOPOH yria (puc. 7.64).

M
Puc. 763

p/A
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BO — o6uccexTpuca LABC. ﬂ
Torpa DO L AB u OE 1 BC; DO = OE; O,P | AB,

0,K 1 BC; PO, = O.K. d a
4. IBe mpsamsbie, NapajiieJbHbIE TAaHHOH, — TeoMe- d =

TPUYECKOE MEeCTO TOUYeK, YIAJEeHHBIX OT [IaHHOM

OpAMOU @ Ha paccTodHue d, — dTO MPAMBIE M U N Puc. 7.65

(puc. 7.65).

Metop reomeTpunyeckux mecr

CyIIIHOCTS MeTO/a 3aKJIIOUAeTCA B CJEeAYIOIeM:
+ IYyCTh TpeOdyeTcs HAUTHU TOUKY X, VIOBJETBOPSIONIYIO IBYM 3aJaHHBIM YCJIOBUAM;

+ ¢urypa F, — reomeTrpuyecKoe MecTO TOUeK, yJOBJIETBOPAIOIINX NEPBOMY YyCJO-
BUIO, a ¢urypa F, — reomeTrpuiecKoe MeCTO TOUEK, yAOBJIETBOPAIIIUX BTOPOMY
YCJIOBUIO;

+ HCKOMasA TOYKA X — TOUKAa MX IepeceueHus, IOCKOJIbKY OHU OJHOBPEMEHHO ITPU-
Hanyexar purypam F, u F,.

 3apava 1. [ans Touku A, B u C. [TocTpouTh TOUKY X, KOTOpas OAMHAKOBO yAAJEHA
oT ToueKk A 1 B m HaxoauTca Ha 3amaHHOM paccTosgHuu oT Touku C (puc. 7.66).
Peutenue:

Hcxkomasa TouKa X yIOBJIETBOPSET ABYM YCJIOBUSIM:

1) ona oguHAaKOBO yaasieHa oT Touek A u B. 'eomerpu- 1

YeCKMM MECTOM TOYEK, Y/IOBJETBOPAIOIINM 3TOMY

YCJIOBUIO, SABJIAETCS IIpAMasi, HePIeHIANKYJIsapHas

oTtpesky AB 1 mpoxXoAAIlias uepes ero cepeauny (ce-

PEeIUHHBIN IIepHeHauKyIap K AB); A
2) TOUKa X MOJI’KHA HAXOAUTLCS Ha TAaHHOM PaCCTOs-

Huu ot touku C. 'eoMeTpuyecKMM MeCTOM TOUYEK,

YIOBJIETBOPAIOIIINM BTOPOMY YCJOBUIO, SBJIAETCS

OKpYsKHOCTHL pammyca R = xC ¢ meHTpoM B TOU- B

ke C. ckomasa TouKa X (a TOuHee, X, U X,) JICHKHUT Puc. 7.66

Ha IIepeceyeHny STUX IeOMETPUYECKUX MECT.

Ilpumevarnue. B 3aBucumMocTu OoT moJiosKeHusa Touek A, B m C gamHas 3amaua
MOJKeT He MMeTh pellleHus (ecaum OKPYKHOCTH C IleHTpoM B Touke C u cepenuH-
HBIN IEePHeHIUKYJIAP He MMeIOT OOIMUX TOUeK) MJIU MMEeTh OJHO pelleHue (ecau
OKPYJKHOCTb U CEPEeIUHHLIA MePIeHAUKYJAP MMeIT ONHY OOIIyI0 TOUKY, T. €.
KacamTcs).
' 3apava 2. Cropons! yria M kacatoress okpy»xHOcTH ¢ meHTpoM O u pagmycom r. Haii-
™ MO, ecnu r =10 em, ZM = 60° (puc. 7.67).
Pewenue:

ITo cBoiicTBY ABYX KacaTeJdbHBIX, BBIXOIAIIUX U3
ONHOUM TOUKMU, OMCCEeKTpuca yIrja MeKAy KacaTelb-
HBIMU IIPOXOAHuT uepesd meHTp. Torma LOMB = 30°,
ZMBO = 90° (paguyc OB 1ipoBeJileH B TOUKY KacaHUA
U IepHeHIUKYJApPeH KacareabHoii). B AMOB karer
OB nexut npotus yraa 30°, oH paBeH IOJOBUHE T'H-
norenyabl, 3HauuT, MO = 10 - 2 = 20 (cm).

Omeem: 20 cwm.

U




@D 7.1.6. Npeobpa3zoBanue nnockoctu. JlBmxenne. (ummeTpus

CyIIecTBYIOT CIeAyoIue IpeodpasoBaHUA IIJIOCKOCTI:

« IOBUJKEHUe;

* mofobue. [IBMxeHune

JBuxeHue — »5To mpeoOpasoBaHUe ILJIOCKOCTH, KOTOPOE COXPaHSEeT PacCTOSHUE

MeXKIY IIJIOCKOCTSIMU.

CBoiicTBa IBHKEHUI:

1. [IBa OBUKeHUA, BBITIOJHEHHBIE IIOCJEIOBATEIbHO,
CHOBA JTaOT IBUKEHUEM.

2. IIpeo6paszoBaHue, oOpaTHOe IBUMKEHUIO, TOXKe SB-
JsIeTCs OBUYKEHUEeM.

3. Touxku, Jgeskalue Ha IPAMOIl, MEPEXOAAT B TOUKHU,
Jekalnue Ha MIPSIMOI, M COXPAHSAETCA IOPALOK WX
B3aMMHOTO PACIIOJIOMKEeHNA.

4. Ilpu nBUKEeHUU IPAMbBIE IIEPEXOAAT B IIPAMbBIE, JIY-
Yd — B JYYU, OTPE3KU — B OTPE3KMU.

5. CoxpaHAIOTCA YLl MEKIY MOJYIPAMBIMH.

Buns1r agpusxeHunsa:

* CHUMMETPHUS OTHOCUTEJIHHO TOUKHU;

* CUMMETPHUS OTHOCHUTEJHLHO IPAMOIi;

+ IIOBOPOT;

+ TapaJlJieJIbHBINA IIepeHocC.

CuMMeTpusa OTHOCUTEIHHO TOYKU

IIyecte O — @QuKcupoBaHHASA TOUKa, TOukKa M —
Opous3BoJbHAA TOuKa (puc. 7.69).

OTJ0oKUM Ha IPOAoJIKeHuu orpesxka MO 3a Tou-
Ky O orpesok OM, = OM. Ilonyunm TouKy M,. dra
TOUYKA CHUMMETPUYHA OTHOCUTEJBbHO Touku O.

IIpeo6pasoBanIie MIOCKOCTHU, TP KOTOPOM KarKaas
ee Touka M TepexofUT B CUMMETPUYHYIO eil ToOuKy M,
oTHOCUTENbHO TouKu (O, HasbIBaeTCAd IIpeodpa3oBa-
HHUEM CHMMETPUU OTHOCHUTEJIHHO TOuKu O, WU IeH-
TPaJBLHOM CUMMeTpPUEei.

Ecaum mpeobpasoBanue cUMMETPUU OTHOCUTEIHHO
Toukn O mepeBoauT (GUrypy B cebs, To purypa Ha-
3bIBAETCA IEHTPAJbHO-CMMMETPHUYHOM, a Touka O —
meuTpoMm cumMerpuu (puc. 7.70).

Puc. 7.68

Puc. 7.69

Puc. 7.70

IIpuMepsI HEeHTPATBHO-CHMMETPUYHBIX (DUTYP

—

Cc

1

OKpy:KHOCTD ITapannesorpamMmm

M B

1

M A

B

1

O — UEeHTDP CUMMETPUU ITlenTp cuMMeTpum — TOUYKa Ipeceude-
HUSA AuaroHaJjen
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. 3apava 1. HaiiTu TOUKy, CUMMETPUYHYIO TOU-
Ke A(2; —1) orHOocuTenbHO (puc. 7.71):
a) Hauaja KOOpAMHAT;
0) Touku @Q(1; 1).

Pewenue:
a) OTJIOKMM Ha Ipopo/LkeHnn orpeska MO orpesoxk M O
rakoir, uto MO = M O. Ilonyunm Toury M (—2; 1); Puec. 7.71
0) npomoKUM OTpe3ok M@, oraoxumm MQ = QM,;

Omeem: M (—2; 1); M,(0; 3). ’

CuMMeTpusa OTHOCHTEIbHO IMPAMON

Ilyers | — ¢pukcupoBaHHasaA mpAmad. Tourka A —
IIPOM3BOJIbHAA TOuUKa Iockoctu. IIposenem AA, 1 [
u AB = BA,. Touka A, cuMMeTpUYHA TOYKe A OTHOCH-
TeJbHO mpAmoin [ (puc. 7.72).

ITpeoOpasoBanme MIOCKOCTH, IPU KOTOPOM KarKaas
ee TOYKa A TepexXOoJUT B TOUKY A , CAMMETPUYHYIO OT-
HOCUTEJbHO IPAMOI [, HashbIBaeTCa NMpPeodpa3oBaHHU-
€M CMMMETPHH OTHOCHUTEJIbHO IPAMOM [, 1Iu oceBoO
CUMMeTpHei.

Ecau mpeobOpasoBanue CHUMMETPHUU OTHOCUTEIHLHO
npamoii [ mepesogutr ¢Gurypy B cebs, To ¢purypa Ha-
3LIBAETCA CHUMMETPUUYHONH OTHOCHUTENHbHO IPSIMOil [,
a mpaMas | — ocklo cummerpuu (puc. 7.73). Puc. 7.73

IIpumepsl (puryp, *MeOIUX 0Ch CUMMETPUU

nosyuum Toury M,(0; 3). ll_‘

OKpy:KHOCTH KBagpar
1

1 2

l

4

Nmeer OeckoHeuHOe MHOMKECTBO ocell | MMeer ueThIpe OCHM CUMMETPUU
cumMmMeTpuu (J1000# TuaMeTp SBJISETCSA
OCBI0 CUMMETPUH)

IIpamoyroabHUK Pomo6 TpeyronbHukK
l
L, 1
l2 l3
1, L
ll
HNwmeet nBe ocu cumMme- WNwmeetr nBe ocu cuMMe- WNwmeet Tpu ocu cumme-
TPUU TpUU TpUU
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IToBopor

IIycte O — (purcupoBaHHAA TOUKA IIJIOCKOCTH, A — IIPOM3BOJbHASA TOUKA
(puc. 7.74). 3agaH yroy o um HaAIpaBJieHHEe IIOBOPOTAa — II0 YaCOBOI CTpesiKe WJIu

npotus Hee. Oraoxkum oT jgyua OA B 3aJaHHOM Ha-
npaBaennu LAOA, = o u AO = OA,. Touka A, — obpas
TouKu A mmpu moBopoTe Touku O HaA yroJ o B 3aJJaHHOM
HaIIpaBJIEeHUN.

IIoBOpPOTOM IJIOCKOCTH BOKPYT Touku O Ha yroJa o
B 3aJaHHOM HAaIIpaBJieHUU (II0 YacoBO¥l CTpesKe UJIU
IPOTHB Hee) Ha3bIBaeTCs IMpeoObpasoBaHME ILJIOCKOCTH,
Opu KOTOpPOM ToukKa A oToOpakaeTcsa B TAKYIO TOU-
Ky A, uro OA = OA,, ZAOA, = 0. 1 yroJ OTJIOKEH B 3a-
ITaHHOM HAIIPABJIEHUU.

3apauva 3. ITocTpouTh (purypy, B KOTOPYIO IIE€PEXOIUT
npAMoyroabHblii AABC mpu MOBOPOTE IIPOTUB YaCOBOI
crpenxu Ha 90°.
Pewenue:
IIpu moBopore Ha 90° HmPOTHMB UYACOBOII CTPEIKHU
npamoyroabHbiii AABC mepeiner B OPAMOYTOJbHBIN
AA B C, (puc. 7.75).

ITapannxensHBI MEpEeHOC

B mpamoyrosbHO# cucTeMe KOOPAMHAT Hapajlieilb-
HBIII TEepeHOC, KOTOPBIN NepeBOAUT TOUKy A(x; y)
B TouKy A (x5 y,), 3amaerca Gopmynamu: x, = X + A;
y,=y+ B.

ITpeoOpasoBanie MIOCKOCTHU, TP KOTOPOM KarKaas
Touka A(x; y) nepexoqur B TOuKy A (x + A; y + B), e
A u B — OIHU U Te JKe YucJa AJId BCeX TOUEK IJIOCKO-
CTU, HA3bIBAETCA MapPaJJIeIBHBIM IIEPEHOCOM.

3apauva 4. Jlana ¢purypa ABCDE. IlocTpoutrs Gpurypy
A B,C.DE, B KOTOPYyIO OHAa NEPEXOAUT C IOMOIIbIO
mapaJjjieJIbHOTO IIepeHoca, B3aJaHHOTo (GopMyJIaMu:
x,=x+35y, =y - 10.
Pewenue:
A(l; 3) > A(4; —7)
B(3; 8) — B,(6; —2)
C(6; 6) —> C,(9; —4)
D(4; 5) — D,(7; —5)
E6; 1) - E(9; -9)
IMosyunm durypy A, B,C D E, (puc. 7.76).
3apgava 5. Touka A(—2; 4) npu nmapajjaeJIbHOM IIepeHoce
nepenuia B Touky A,(3; —1). B Kakyio TOUKy IIpu 9TOM
JKe mepeHoce mepeiiger Touka M(—5; —1)?
Pewenue:
Haiinem Qopmyay mapajjielbHOro II€peHOoCca, eCJu
Touka A(—2; 4) mepemta B Toury A,(3; —1).
A=3-(-2)=5;B=-1-4=-5;
X, =x+55y, =y —5.

(0]

AY B
61 c
3 +
1A
1 E
--0 T I3 T T I6 »
1-3
Il c,
1-6
| A,
El
Puc. 7.76
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Torma Touka M mepeiifeT B TOUKY C KOOPAMHATAMIU Xy, = -5+5=0
u Y, =-1-5=-6.
Omeem: M (0; —6).

1.2. TpeyronbHuk

7.2.1. Bbicota, MeauaHa, 6uccekTpuca, CpesHAn NNHNA TPeyroNbHUKa;
TOUKN MepeceyeHna CepefuHHbIX NepneHAuKynApoB, buccekTpuc,
Me[uaH, BbICOT UK UX NPOAOIKEHMUIA

Bbicota

BoicoToli TpeyroibHMKA Has3bIBAeTCS HEePHEHIUKYJISAP, ITPOBEIEHHBIA M3 BepIIU-
HBI TPEYTOJIbHUKA K IIPAMOIi, ComeprKaIieil IPOTUBOIMIOJIOMKHYIO CTOpOoHyY (puc. 7.77—
7.79).

B 11000M TPEYroJIbHUKE MOKHO IIPOBECTH TPU BBICOTHI.

BrbIcoThI TPeyroqbHUKA MM UX IPOJOJIIKEHUS IIePeceKaioTcss B OOHOM TOuKe. JTa
TOUKa HAa3bIBAETCS OPTOILEHTPOM TPEYTOJbHUKA.

PaccmoTpuM mOJIOMKEHME OPTOIEHTPA B 3aBUCHMOCTH OT BHAA TPEYrOJLHUKA.
B oCTpPOyroJbHOM TpPEyroJbHUKE TOUKA II€PeCeUeHns BLICOT HAXOAHUTCS BHYTPH 00-
JacTu TpeyroabHuka (puc. 7.80).

B TymoyroapHOM TpPeyroJbHHKE TOUKA IMePeceueHus IPIMbBIX, COAePIKAIUX BBICO-
THI, HAXOAUTCS BHE 00JACTH TpeyrojbHuUKa (puc. 7.81).

B mpamoyrossHOM TpeyroJbHUKE KaTeThl ABJIAIOTCA BbicoTaMu (puc. 7.82).

AC — BpICcOTa K cTOopoue AB, BC — BbIcOTa K cTopoHe AC, AC — BBICOTA K CTOPOHE
BC, touka C — TOUuKa IIepeceueHns BBICOT.

B

B

B
A H C H C H A C

Puc. 7.77 Puc. 7.78 Puc. 7.79

A
B
A
H
B

A C A0 C B

Puc. 7.80 Puc. 7.81 Puc. 7.82
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MepunaHa

MenmuaHo# TpeyroJbHIUKa Ha3bIBae€TCA OTPE3OK, CO-
eIUHAIONINN BePIINHY TPEYroJbHUKA C CepemuHOm
TIPOTUBOIIOJOKHON CTOPOHBI. B TpeyroibHUKE MOMKHO
npoBectu Tpu meauanbl: AK, BM u CN (puc. 7.83).

MenuaHbl TPeyroJbHHMKA IE€PEeCceKaloTCS B OTHOM
Touke. OGBIUHO 5Ty TOUKY 0003HauamT O0ykBoii G (OT
aHTJI. gravity — cunaa taxectu). Touky G Ha3bIBAIOT
IIEHTPOM TPeyroJbHHKA, U1 IeHTPOM Macc.

(BONCTBO MeMaHbl TpeyrojibHMKa

Touka mepeceyeHHUsI MeJHAH TPEYroJbHUKA [IEJINT
KasKJIyI0 MeIuaHy B OTHomeHuu 2 : 1, cuurasa ot Bep-
IIMHBI TPEYroJIbHUKA:

BG:GM=2:1;CG:GN=2:1; AG: GK =2 :1.

buccektpuca

BuccekTpucoii TpeyroJibHUKa HA3bIBAETCS OTPE30K
OMCCEeKTPUCHI yIJIa TPeYroJbHNKA, COeINHAIOIIUNA Bep-
IINHY TPEYTOJbHUKA C TOUKON ITPOTHUBOIOJJIOMKHOMN CTO-
poubI (puc. 7.84).

B n110060M TpeyroabHUKE OMCCEKTPUCHI ITepeceKaroT-
C4a B OJTHOM TOUKe.

9Ta TOUKa ABJIAETCA IEHTPOM BIIMCAHHOW B Tpe-
YTOJBHUK OKPYKHOCTH.

AM, BN, CK — o6uccexkrpuca AABC (puc. 7.85).
Touxka O — IeHTP BINCAHHOHN B TPEYTOJbHUK OKPYK-
HOCTH.

CBOMICTBO OMCCEKTPHCHI TPEYTOJBHUKA

Buccexkrpuca yria TpeyroJbHHKA TeJUT ero MPOTH-
BOIIOJIOKHYI0O CTOPOHY Ha OTPE3KH, MPOIOPIMOHAJE-
HbIE IIpPUJIeraluuM ctoponam (puc. 7.86):

BD AB
DC  AC’
CepeanHHbIN NepneHANKynAp
CepenuHHBIN TEPHEHAUKYJIAP — IIpAMasi, IPOXO-

IAIIaA Yepes CepefuHy OTPe3Ka, NePIeHIUKYJIAPHOTO
K HeMy.

B TpeyrosbHMKE MOMKHO HPOBECTH CEPEAWHHBIN IIep-
OeHAUKYJIAP K KayKIOW CTOPOHE. ITH TPU CePemuHHBIX
MEePHEeHIUKYJIApa TepeceKarTca B OAHON Touke. Touka
TepeceueHrs CEePeIUHHBIX IEPIeHIUKYJIAPOB — IIEHTP
OKPY:KHOCTH, OIIMCAHHOH OKOJI0 3TOT0 TPEYTrOJbHUKA
(puc. 7.87).

3apaya 1. BuccexkTpuca npoBemeHa K O0OKOBOIl CTO-
poHe PaBHOOENPEHHOTO TPEYTOJIbHUKA U IEJUT ee Ha
orpe3ku 25 cm u 30 cM, cunUTasg OT BEPIIUHEI, IIPOTUBO-
Jexkanieil ocHoBanmuio. HaiiTu nmepumMeTp TpeyrojbHUKA.

B
A M C

Puc. 7.83

B
K
M
(0]
A N C
Puc. 7.85
B
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Pewenue:

B
AB = BC = 55 cm. ITo cBoficTBY OMCCEKTPUCHI: 25
BD_AB 25 55 ., 30-55 g D
DC AC 30 AC 25 30
P .. =55+55+66=176 (cm) (puc. 7.88). A C

Omesem: 176 cm.
Puc. 7.88
3apgava 2. OcHoBaHMe PAaBHOOEIPEHHOI'0 TPEYTOJbHUKA

0oJibIlle ero OOKOBOM cTOpPOHEI Ha 9 cMm. Paccrosanue ot B
TOUKM IIepPeceueHrs MeAUAaH OO OCHOBAHUS TPEYIOJIb-
HuUKa paBHO 3 cM. HaliTm mepumerp TpeyroJbHHKA. M
Peutenue:
AABC — paBHOOeIpeHHLII, 1 Meguana BD saBiser- 3
cA BeIcoTOM (puc. 7.89), . e. BD 1 AC, suauur, OD — : :
A D C

paccTosHNe OT TOYKHU IIepeceueHrsl MeAaH J0 OCHOBA-
HudA. Ilo cBoiictBy Mmenuau BO : OD =2 : 1; rorma BO = Puc. 7.89
=6cm; BD=6+3=9 cm. IIycts AD = x, Torma AC = 2x, HO G0OKOBas CTOPOHA Ha
9 cm MmeHbIle, T. €. AB = 2x — 9. I3 AABD (£LABD = 90°) o teopeme IIugaropa:
AB? = AD?> + BD?; (2x — 9)? = x% + 9%; 4x? — 36x + 81 = x? + 81; 3x% — 36x = 0;
x = 0 ("e mogxomuT mo cMmbicay) uanm x = 12; AC = 2x = 24; AB = BC = 2x — 9 = 15;
P =15+ 15+ 24 = 54 (cm).

Omeem: 54 cMm. A
3apgava 3. KareT mpaAMOYTOJIbHOTO TPEYTOJbLHUKA PaBeH
18 cMm, a Touka, KOoTOpas IMIPUHAMJIEKUT 9TOMY KaTeTy,
ymajeHa OT T'HIIOT€HY3bl M APYroro Karera Ha 8 CM. M
Haittu nomiaas Tpeyroasuuka (puc. 7.90).
Pewenue: 3
IIycts AABC — mpsaAMOyToJibHBIN, ero karer BC =
8 K B

18 cm. Touka K € BC. Touxka K ypmameHa OT THIIO- C

TeHy3bl U APYroro Karera Ha 8 CM, 3TO 3HAYUT, UTO Puc. 7.90

CK 1 ACu KM 1 AB u CK = KM = 8 cm. Touka K paBHOyzajieHa OT CTOPOH
yraa A, smaunt, AK — Ouccektrpuca sToro yria. IIo CBOMCTBY OHMCCEKTPUCHI:
%:E; KB =18 — 8 =10 (cm); £:ﬁzé. IIycts AC = 4x, AB = 5x, Torga
KB AB AB 10 5

BC = 3x (erumeTcKuii TpeyroiabHuk). 3x = 18; x = 6, Torna AC = 4 - 6 = 24. Torga
S, ipe = ACéBC = 24;8 =216 (cm2). Omsem: 216 cm2.

7.2.2. PaBHOGeApeHHblit U PAaBHOCTOPOHHWIA TPeYroNbHUKM.
(BoJicTBa U NPU3HAKN paBHOOEAPEHHOr0 TpeyroNbHUKa

B zaBucuMocTH OT COOTHOIIIEHUA CTOPOH BBIAEJIAIOT TaKN€e BUABI TPEYI'OJIBHUKOB:

B
AAC [::>
Pa3HOCTOPOHHMIT — Bce paBHOOETPEHHBIN — PaBHOCTOPOHHUIT (TIPAaBUJIB-
€ro CTOPOHBI pa3HbIe PaBHBI IBE CTOPOHBI HBI) — BCE CTOPOHLI PABHBI




PaBHOOepeHHbIN TPEYroNbHUK

B AABC ctoponsl AB u BC paBHBI, T. €. OH PaBHOOeIpPEeHHLII. T PaBHBIE CTO-
poubl (AB u BC) HasbIBalOTCA OOKOBBIMH, a TpeThbA cTopoHa (AC) — OCHOBaHHEM

TPEeyroJbHUKA.

CBoiicTBa paBHOOEIPEHHOTO
TPpeyrojibHUKa

IIpu3Haku paBHOOEIPEHHOTO
TPpeyroJdbHUKA

B B

—

A CA C
AB=BC = /A= /B
B paBHOOempeHHOM TPEYTrOJbHUKE
YTJIbI IPY OCHOBAHUU PaBHBI

B B
/\:/\
A CA C

/A =/B = AB = BC
Ecau B TpeyrosbHMKe IBa yriia paBHBI,
TO 3TOT TPEYTOJbHUK — pPaBHOOEIpEeH-
HBINA

kv

A D CA D C
AB=BCuAD =DC = AB = BC,
/1 =2/2; BD 1 AC
B paBHOOegpeHHOM TpPEYTOJNbLHUKE Me-
IuaHa, IpOBeleHHas K OCHOBAHUIO, AB-

JIAeTCA BBICOTON W OMCCEKTPUCON

B B

@1\ /

A ) C
AD=DCI/IBDJ_AC<:>41=42,
AC 1 BD < /1 = /2,
AD =DC < AB = BC
Eciu B TpeyrojbHUKe COBHALAIOT:
a) BBICOTA U MeauaHa;
0) BBICOTA U OUCCEKTPUCA;
B) MenuaHa U OMCCEeKTpuca,
TO TPEYroJbHUK — PaBHOOEIPEHHBIN

Hpumeuanue. TeOPEMBI, 3alrCcaHHbIe B JIEBOW U HpaBOﬁ qacTax T8.6JII/II.IBI, ABJIA-
IOTCA HarJddOAHBIM IIPDMMEPOM IIPAMBIX 1 oﬁpaTme TeopeMm (T. €. TeopeM, B KOTOPBIX
yCJiOBUE U 3aKJIIOUEHNEe MEHAITCA MeCTaMI/I).
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JomosHuTEIbHBIE CBOIICTBA PABHOOEIPEHHOTO TPEYTOJbHUKA:
1. BucceKkTpuchl yriioB IMpPH OCHOBAHUHU paBHLI (puc. 7.91).
Eciun AB = BC, to AK = CM, tne AK u CK — 6ucceKTpucshl, T. e. £1 = /2 = /3 = /4.
2. Menuansl, IpoBedeHHbIe K OOKOBBIM CTOPOHAM, paBHBI (puc. 7.92).
Eciu AM = MB = BN = NC, to AN = CM.
3. BoicoThI, MpOBeAeHHBIE K OOKOBBIM CTOPOHAM, paBHHI (puc. 7.93).
Ecimn AB=BCuAN 1 BCuCM 1 AB, to CM = AN.

B

B

Puc. 7.91

Puc. 7.92

C A C
Puc. 7.93

PaBHOCTOPOHHMII (NPaBUNbHbII1) TPEYrONbHUK

TpeyromrbHUK, ¥ KOTOPOTO BCe CTOPOHBLI PABHBI, HA3BIBAETCS PABHOCTOPOHHUM :

AB = BC = AC.
CBoiicTBa PAaBHOCTOPOHHETO IIpusHaku PaBHOCTOPOHHETO
TPEyroJLHNKA TPEyroJIbHUKA
B B
A C A C

Ecau AB = BC = AC, 10
/A =/B=/C =60°.
B paBHOCTOpPOHHEM TpPEyroJbHUKE BCE
yriabl paBHBI (110 60°)

Ecin yrasl TpeyrosbHuKa paBHBI MEXK-
ny coboit (mo 60°), To TpeyroabHUK —
paBHOocTOpoHHUM. Eciu /A=/B=/C=
=60°, to AB = BC = AC

B

A———c

Bricora, Mmeguana u 6ucceKkTpuca, Ipo-
BeleHHLIe K JI000 CTOPOHE PaBHOCTO-
POHHEro TPeyroJbHNKAa, COBIALAIOT.
Ecau AB = BC = AC, to BD — BrmIcOTA,
MeauaHa U OHCCEeKTpuca

B

A D C

Eciu B TpeyrosbHUKe BBICOTa, Memua-
Ha u OmcceKkTpuca, MPOoBeIeHHbIE K JIIO-
0011 CTOPOHE, PABHEI, TO 3TOT TPEYTOJIb-
HUK — PaABHOCTOPOHHUIA.

Ecau BD — BwIcOTa, MeguaHa u Ouc-
cextpuca, Tto AB = BC = AC




OKxoHyaHUe mabaulbl

CgroiicTBa paBHOCTOPOHHETO

IIpusHaku paBHOCTOPOHHETO

MeKIy COOOIi.

B paBHOCTOpPOHHEM TPEYTOJbLHUKE Me-
IraHbl (OMCCeKTPUCHI, BHICOTHI) PABHBI

Ecau AB = BC =AC, to AN =BD =CM

TPeyrojbHNKa TPeyroJibHUKa
B
M, N M, N
A D C A D C

Ecau Tpu menuambl (0MCCEKTPUCHI, BbI-
COTBI) TPEYTOJbHUKA PaBHBI MeEXKIY
€000, TO 3TOT TPEYTrOJbHUK — PAaBHO-
CTOPOHHUM.

Ecau BD = AN =CM, to AB=BC =AC

» 3apava 1. BricoTa IPaBUIIBHOTO TPEYTOJHHUKA PABHA 12\/5 . Hatitu mepumerp Tpe-
yroabpHUKa (puc. 7.94).

Pewenue:

Pacemorpum AABD (LADB = 90°). Ilycts AD = x,
torga AC = 2x u AB = 2x (BD — BbICOTa U MeauaHa). B
Ilo Teopeme IIudaropa:

2
AB? = AD? + BD?; (2x) = x2 +(1243) 5 4x? = 22 +
+432; x =12 (x>0). P=3-AB=3-12 = 36 (cm).

Omesem: 36 cm.

. 3apauva 2. B paBHOOeApPEeHHOM TPEYyTrOJbHUKE yIroJ, 00-
PasoBaHHBIN BBLICOTOI, IIPOBEAEHHOW K OCHOBAHUIO,
u OMCCeKTpMCOIi yrja NOpuU OCHOBaHWU, paBeH 55°.
Hatitu yrobel TpeyroiabHuka (puc. 7.95).

Pacemorpum AAOD (LADO =90°), ZAOD =55°, 1. K.

Peuwenue:

2x
123

X 0
A D C
Puc. 7.94

cymma yrioB Tpeyroabuuka 180°, to LZOAD = 180° — B
- (90° + 55°) = 35°.

LA =2 ZAOD = 70° (AM — GucceKTpuca).
ZC = /A = 70° (yroisl Ipu OCHOBaHHUU pPaBHOOEIpEH-

HOTO TPEyTroJIbHUKA PaBHBI).

/B =180° — (70° + 70°) = 40°.

Omesem: 70°, 40°, 70°.

» 3apaua 3. Bricora paBHOGEJPEHHOrO TPEYrOJHHUKA,
OomyIlieHHasA Ha OOKOBYIO CTOPOHY, AEJIUT ee Ha JBa OT-
peska 7 cm u 18 cMm, cuuTasg OT BEPIIUHBI, IIPOTUBOIIO-
JOXKHOM ocHoBaHUO. HaliTu miaomiaab TpeyrojabHUKA.

Pewenue:

0]

55° \—|
A D C
Puc. 7.95

B

ITIyets AB = BC, AD 1. BC, BD =7 cm; DC = 18 cm;
AB = BC = 25 (cm) (puc. 7.96). Pacemorpum AABD ¢

(£LADB = 90°). Ilo Teopeme Iludaropa: AD? = AB? —
— BD? =252 - T72=625 — 49 = 576; AD = 24.

18

ILromaas TpeyrobHUKA MOMKHO HAWTH MO hopMy.Jie:

_BD-AD 24-25

S

AABC —

Omeem: 300 cm2.

2

=300 (cm2).

Puc. 7.96
249



@D 7.2.3. NpamoyronbHbiii TpeyronbHuK. Teopema Mudaropa

250

MpAmoyronbHbIi TpeyronbHUK

TpeyrolbHUK HA3BIBAETCS HPSIMOYTOJbHBIM, €CJIU
y Hero oguH yroJ mpamoit (puc. 7.97).

CropoHa, TpOTHUBOJIeKAIIIAA IPAMOMY YTy, HasbiBa-
eTcs TMIOTEHY30M, [Be APYyIr'ie CTOPOHBI — KAaTeTaAMH. b ¢

CBoiicTBa MPAMOYTrOJLHOTO TPEYTroJbHUKA:

1. Cymma ocTpwix yriaoB paBHa 90°: ZA + /B = 90°.
2. T'unorenysa OoJbIlle KaTera: ¢ > a, ¢ > b. C B
3

A

. > a
. Karer, nme:xamuii nporus yria 30°, paBeH HOJIOBU-
Puc. 7.97
He TUIOTEeHY3bI: a = Ec (puc. 7.98).
4. Eciu oguH 13 OCTPBIX YIJIOB 45°, TO TPeyroJbHUK — PaBHOOEIPEHHBLIN HPSIMO-

yroJbHBIHA (puc. 7.99).
5. MenuaHna, IpoBeJieHHasA K TUIIOTEHY3€e, paBHA II0JIOBUHE I'MIOTEeHY3bl U PaBHA pPaau-

. c
YCY OKPY’KHOCTH, OIIMCAHHOI OKOJIO BTOr'0 TPEyTOJIbHUKA: M, = 5 = R. (puc. 7.100).

30° _

a a L 45
Puc. 7.98 Puc. 7.99 Puc. 7.100

3apava 1. Haiitu paccroanue or Touku M o IpAMOH @, €CJIU AJIMHA HAKJOHHOM, IIPO-
BeIeHHOII K MPAMOM 13 9TOM TOUKM, paBHA 10 cM M HaKJOHeHa OHA K IIPSIMOI IOJ
yryiom 30°.

M
Pewenue:

Paccrosume oT TOUKM 4O MPAMOI — IEPHIEeHAUKY-
JAp, IPOBEIeHHBIN U3 9TOM TOUYKMU K nmpamoui. BM 1 a 10
(puc. 7.101). BM — mncxoMoe pacCTOsHUeE.

AAMB — nOpaMOyroJbHbIN, AM — TUOOTEHY-
3a, MB — xarer, Jexamuii upotuB yriaa 30°, a 30°

BM =L AM =5 (cw). A B
D) Puc. 7.101

Omeem: 5 cMm.

Teopema ludaropa

B npaMoyroJbHOM TpeyroJdbHUKE KBAaJapaT TUIIOTe-
Hy3BI paBeH CyMMe KBaJpPaTOB KAaTeTOB: c

Oo6paTHas TeopemMa: eciau B TPEYroJbHHKE CO CTOPO-
HAMH a, b U ¢ BBINIOJHAETCA COOTHOLIeHHe ¢ = a? + b?, b
TO YroJ, JIe;KAI[Uii IIPOTHB CTOPOHBI C, — MPIMOI. Puc. 7.102




TpeyroabHUK co cTopoHamMu 3, 4, 1 5 Ha3LIBAETCA ETHIIETCKUM, YTOJI MeXKIY CTO-
ponamu 3 u 4 — mpaAMOM, T. K. 5% = 32 + 42,

W3 Teopembr [Tudaropa MOKHO MOJYUYUTH YaCTO BCTPEUAIOIMECA COOTHOIIIEHUA:
1. luaroHasb KBagpaTa co CTOPOHOI a: d = a2 (puc. 7.103).

2. Tunotenysa paBHOOEIPEHHOTO IMIPSIMOYIOJILHOIO TPEYTOJIbHUKA: € = a2 (puc. 7.104).

a3

3. BbIcoTa paBHOCTOPOHHET0 TPEYTroJbHUKA: A = 5 (puc. 7.105).
a
d a c
=X a
1l I—
T a a
Puc. 7.103 Puc. 7.104 Puc. 7.105

I'Iponopuuouanbuble 0TPEe3Ku B NPAMOYrojibHOM TPeyrobHukKe

IIycts BbICOTA, IpOBEeAeHHASA 13 BEPIINHBI IIPAMOIO
yTJia MPAMOYTOJBHOTO TPEYroJbHUKA h , NEJIUT THIIO-
TEeHy3y Ha OoTpedKku m u n (m + n = c¢). a
m — MpPOeKInsA KaTeTa @ Ha THIIOTEHY3Y C;
n — mpoeknusdA Karera b Ha runotenyay ¢ (puc. 7.107).
Beanuuwns! a, b, c, hc, m U n CBA3aHBI CJAEIYIONIIMU
COOTHOIIIEHUAMMU:
1. KBagpaTr Kaxagoro KaTeTa paBeH IPOU3BEIEHUIO T'H-
HOTeHYy3bl Ha HMPOEKIINMIO 3TOT0 KaTeTa Ha Hee:
a®> = cm; b = cn.
2. KBagpar BBICOTEI, IIPOBEIEHHON 13 BEPIINHBI IPAMOro yIJja, paBeH IIPOU3BeIeHUI0
OPOEKIINI KATETOB HA T'MIIOTEHY3V:
h? = mn.
3. ITpousBemeHne KATeTOB PABHO IIPOM3BENEHMUIO I'MIIOTEHY3bl Ha BBLICOTY, IIPOBEIEH-
HYIO K Heli:

Puc. 7.106

ah = he.

(» 3apava 2. Meguana TPAMOYTOJBHOTO TPEYTOJLHUKA,
OpoBeleHHAasA K T'UIIOTEeHy3e, paBHa 15 cM, a KaTeTsl
oTHOCATCA Kak 3 : 4. HaliTu KaTeThl TPeyroJbHUKA.

Pewenue:
Menuana m_ = 15 cm, Korja rumorenysa ¢ = 2m, = m
=2 -15 =30 (cm) (puc. 7.107). y
Karetrsr a : b = 3 : 4. Ilycts a = 3x, b = 4x, Torma
TUNOTeHY3a ¢ = 5x (TPEyroJbHUK ETUNeTCKUii). Hx =
=30;x=6;a=6-3=18 (cm); b =6 - 4 = 24 (cm). b
Omeem: 18 cm; 24 cMm. Puc. 7.107

() 3apava 3. BricoTa MPAMOYrONBHOTO TPEYTOJBHWUKA, IPOBEEHHAA K TUIOTEHY3€, Je-
JUT ee Ha oTpe3ku 18 cm u 32 cm. HaiiTu aimuHy OTPEe3KOB, HA KOTOPBIE IEJIUT DTY
BBICOTY OMCCEKTpHca 0O0JBIIET0 OCTPOTO YIJa TPeYTroJbHUKA.

S 2w 25




Peurenue:

Nmeem AD = 18; DB = 32; Torma o TeopeMam
0 IIPOIOPIIMOHAIBHEIX oTpe3kax: AC2=AD - AB =18 x
x (18 + 32) =18 - 50 = 900; AC = 30. CD?> =18 - 32 =
=576; CD =24; CB? =32 - (18 + 32) = 1600; CB = 40
(puc. 7.108).

Haiinem giuHy oTpe3xkoB, Ha KOTOPHIE JEJIUT BHICO-
Ty CD 6uccexkTpuca, npoBeieHHas us3 yraa A (yroa A
JIeKUT 1poTuB OOabimero kKarera CB, 3Hauur,
/A > /B) (puc. 7.109).

ITIyere OD = x, Ttorga CO = 24 — x. Ilo cBoiicTBY
OMCCEeKTPHUCHI:

CO AC 24-x 30 24-x

OD AD’ x 18’ x

72 —3x=5x;8x=72; x=9.
OD=9; CO=24-9=15.
Omeem: 9 cm; 15 cm.
3apava 4. K runorenyse mpAMOYTOJbHOTO TPEYTOJIbH-
Ka IIpPOBeJU BBICOTY U MeAMaHy, PACCTOAHUE MEKIy
OCHOBAHUAMU KOTOPBIX PABHO 7 ¢cM. BBIUMCIUTE ILIO-
miagb TPeyroJbHUKa, eCJIU ero MearaHa paBHa 25 cMm.
Pewenue:

ABC — mpsaMOyYTroJbHBIN TpeyroabHuk, L/C = 90°,
CD | AB, CM — wmenuana (puc. 7.110). DM =7; CM =
= 25, Torga ruroTeHnysa BaBoe 0oJblie, T. e. AB =50 (cm).

W3 ACDM (£CDM = 90°) mo Teopeme Iludaropa:
CD? = CM? — DM? = 25% — 72 = 242; CD = 24. Torga:
S AB-CD _ 50-24 — 600 (ca?).

2 2
Omeem: 600 cm2.
3apgava 5. /Imaronasbr paBHOOOKOII Tpaleliuu ¢ OCHOBA-
HuAMET 25 cM u 39 cM ABJIseTca OMCCEeKTPUCOM OCTPOTro
yrsa. Ha#iTu BeIcOTy Tpamenuu.
Peuienue:

ABCD — rtpanenus, rae AB = CD (puc. 7.111).
AC — oOuccexkrpuca LA, mosromy /1 = £2. Ho /2 =
= /3 KaK BHYTPeHHUe HakpecT Jexainue upu BC || AD
u ceryireit AC. Torma £1 = £3, T. e. AABC — paBHO-
OeIpeHHBIN, T. K. YIJbI IIPU OCHOBAHWUW PAaBHBI, T. €.
AB = BC = 25.

HWwmeem Tpamernuio co croponamu: AB = BC = CD = 25;
AD = 39 (puc. 7.112).

ITpoemem BoicoTy BM | AD u CN L AD.
AD-BC 389-25
2 2

s AMABM (LAMB = 90°) nmo teopeme Ilugaropa:
BM? = AB? — AM? = 252 — 72 = 242; BM = 24.
Omeem: 24 cwM.

5,
3’

OueBungHo, uTo AM = ="1.

A

C
.
18 D 32 B
Puc. 7.108

Puc. 7.109

C

25

7

D M
Puc. 7.110
B

25 C

39
Puc. 7.111
B

25 C

25 25

H
A M 39
Puyc. 7.112

N D




. 3apava 6. IleprieHguKyaAp, IPOBEIEHHBLIN M3 BEPINNHLI yIJia IPAMOYIOJbHUKA, e-

JUT ero AuaroHajb Ha OTPE3KU, PA3HOCTh MeKAY KOTOPBIMU cocTaBisdeT ( cMm. Hatitu
MEePUMETP U ILJIOIAaAb MPAMOYTOJbHUKA, €CJINU JINHA NepHeHauKyadapa 12 cm.

Pewenue:
BD 1| AC,AD=x,DC=x+ 7; BD =12.

Hcnoonb3yeM TeopeMbl O IPOMOPIINOHAIBHBIX OTPEes-
KaX B OPAMOYroJbHOM TpeyrojbHuke (AABC — mps-
MOYTOJbHEIH) (puc. 7.113).

BD?=AD - DC; x(x + 7) = 122%; x2 + Tx — 144 = 0;
x, = 9; x, = —16 (He MOAXOAWT IO CMBICIY 3aJadum).
AD=9; DC=16; AC=9 + 16 = 25.

Torma AB>2=AD - AC =9 - 25; AB=+9-25 =15;
BC?=DC - AC =16 - 25; BC =+/16-25 = 20;
P,..,=2(AB + BC)=2- (15 + 20) = 70 (cm).

S =AB - BC =15 - 20 = 300 (cm?).

ABCD
Omeem: 70 cm; 300 cm?.

@D 7.2.4. NpusHaku paBeHCTBa TPeyroNbHUKOB

IBe Gurypsl Ha3bIBAIOTCA PABHBIMHU, €CJIM UX MOIK-
HO COBMECTUTH HAJOXKEHUEM.

TpeyrombHUKY HA3BIBAIOTCS PAaBHBIMH, €CJIN Y HUX
COOTBETCTBYIOII[I€ CTOPOHBI PaBHBI U COOTBETCTBYIO-
e yribl paBHEI (puc. 7.114):

AABC = APQR & /A = /P; /B = /Q;
/ZC = /R; AB = PQ; AC = PR u BC = QR.
CBoiicTBa PaBHBIX TPEYTOJbHUKOB:

1. B paBHBIX TpPeyroJbHHUKaX PaBHBLI BCE COOTBETCTBY-
[oIl[1e BJIEMEHTHI (YTJIbl, CTOPOHBI, MeJIUaHbI, BHICO-
TBI U T. I.).

2. B paBHBIX TpeyroJbHMKaAX IIPOTHUB PABHBIX YTJIOB
JIesKaT paBHbIE CTOPOHBI, 4 MIPOTUB PABHBIX CTOPOH
JIesKaT paBHbIE YIJIHL.

IIpusHaku paBeHCTBAa TPEYTOJBHUKOB II03BOJIAIOT
YCTaHOBUTL PAaBEHCTBO TPEYTOJHLHUKOB 0€3 HaJIoXKe-
HUA UX OPYT Ha APyra, a CPaBHUBASA TOJBKO HEKOTO-
pble 3JI€MEeHTHI.

IlepBBIii MpU3HAK PaBEHCTBA TPEYTOJbHUKOB — IIO
IBYM CTOPOHAM U YTJIy MEKJIy HUMU.

Ecau gBe CTOPOHBI M yroJ MeXJay HUMHU OIHOTO
TPEYTOJIbHUKA PABHBI COOTBETCTBEHHO ABYM CTOPOHAM
U YyTJIY MeXKAY HUMU APYToro TPeyroJbHUKA, TO TaKue
TPEeYTroJbHUKU pPaBHbBI (puc. 7.115).

Eciu AB=AB; AC=AC u /A= /A, 10 AABC =
=AA BC,.

Bropoii mpu3HaK paBeHCTBA TPEYTOJIHLHUKOB — IO
CTOpPOHAM U ABYM HPUJEKAIUM K Hell yriam.

B C
12 1
,ﬂX
o) D
A D
Puc. 7.113
//g\
A LLL C
Q
p H R
Puc. 7.114
B
A " c
Bl
Al 1T Cl
Puc. 7.115
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Ecnu cropoHa u ABa HpUJIEXKAIUX K HEH yrja OZHOTO TPEYTOJbHUKA PABHBI COOT-
BETCTBEHHO CTOPOHE W ABYM HPUWJIEMKAIUM K Heil yrjaM APYyroro TPeyroJbHHUKA, TO
TaKkle TPeyroJbHUKU paBHBI (puc. 7.116).

Ecmm AC=AB; Z/A=/A, n Z/C = ZC,, To AABC = AABC,.

TpeTnii Tpu3HaAK PAaBEHCTBA TPEYTOJbHUKA — II0 TPEM CTOPOHAM.

Ecnu Tpu CTOPOHBI OZHOTO TPEYTOJbHUKA PABHBI COOTBETCTBEHHO TPEM CTOPOHAM
IPYTroro TPeyroJbHUKA, TO TaKWe TPEeYTroJbHUKM paBHbI (puc. 7.117).

Ecmu AB=AB,; BC=B,C, uAC=AC, 10 AABC = AABC,.

171

A B
) N A/\C
A Bl
A1 ) Cl A1 C1
Puc. 7.116 Puc. 7.117

i 3apava 1. [Jano: AB = AC; /1 = /2; AB =17 cwm; B
CD = 6 cm. JJokazamv: AABC = AADC. Hauimu AD, BC.
Iloxaszamenvcmao: 17

ITo ycmoBuio AB = AC, /1 = /2, cropoua AC — 06-
maga = AABC = AADC 1o mepBOMY IIPU3HAKY PaBeH- C
CTBa TPEYTOJbLHUKOB (puc. 7.118). 6

B paBHBIX TPEyroJbHMKAX COOTBETCTBEHHBLIE CTOPO- 5
HBI paBHBI: AD = AB =17 ¢cm; BC =CD =6 cMm. A | D

Omeem: 17 cm; 6 cm.
 3apava 2. Jano: BC || AD; AB || CD. Puc. 7.118
Horaszamv: AABC = ACDA.
Ilokasamenvcmaeo:

/1 = /2 rak BHYTPEHHHE HaKpecT Jie:xKalllue IIPpu
AD || BC u cerymeit AC.

/3 = /4 KaK BHYTpPeHHUe HaKpecT JiesKalllue IIpu
AB || CD u cexymieii AC.

Cropona AC — oO1ias.

AABC = ACDA 1o BTOpOMY IIPH3HAKY paBeHCTBA Puc. 7.119
TpeyroabHuKoB (puc. 7.119).

» 3apaua 3. Jano: AC = BD; AD = BC. A B
Ilokasamv: /BDC = ZACD.
Iloxazamenvcmao:
AC=BD,AD = BC, DC — o6mias cropoua = ADAC =
= ACBD 1o TpeTbeMy NpU3HAKy PaBeHCTBA TPEYTrOJib- D
C

HUKOB. B paBHBIX TPEYTOJbHUKAX COOTBETCTBEHHBIE
yIJIBI paBHEBI, mosToMy £BDC = LZACD (puc. 7.120). Puc. 7.120
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Mpu3HaKu paBeHCTBa NPAMOYTONbHbIX TPEYToNbHUKOB

YT0o0BI OKA3aTh PABEHCTBO IIPSAMOYTOJBHBIX TPEYTrOJIbHUKOB, JOCTATOYHO HAWTU JBa
OTJIMYHBLIX OT yriia B 90° COOTBETCTBEHHBIX 3JIEMEHTA, OJUH M3 KOTOPHIX — CTOPOHA:
1. ITo nBYyM KaTeTam.

Ecmu AC = A C, u BC = B,C,, To AABC = AA B ,C, (puc. 7.121).

2. Ilo runmoTeny3e U KaTeTy.

Ecniu AB=A B, u BC = B,C,, to AABC = AA B,C, (puc. 7.122).

3. Ilo rumoTeHy3e U OCTPOMY YIJIY.

Ecmu AB=AB u /A= /A (umu £B = ZB,), To AABC = AA B,C, (puc. 7.123).
4. ITo kaTery U ocTpoMy yruay (IIpUJIesKalIeMy UJIN IPOTUBOJIESKANIEMY).

Ecru BC=B,C, u /B= /B wmu BC=B,C u /A= /A, To AABC=AA B C, (puc. 7.124).

A A
C B c B
Al 1 Al
C, B, C, B,

Puc. 7.121 Puc. 7.122 Puc. 7.123 Puc. 7.124
» 3apava 4. B rpeyroasrukax ABC u A B,C, /A= /A =90°. BD u B,D, — Guccexrpu-
cel, npuuem BD = B D, /B = ZB,. [lokasats, uto AABC = AA B/C,.
Iloxasamenvcmao:

Paccmorpum AABD u AA,B D, (puc. 7.125): ZA = ZA, = 90°, TpeyroJbHUKHA IPA-
moyronbHble. /B = Z/B,, Ho BD u B, D, — Ouccekrpucsl, Torga £1 = /2 = /3 = /4.
To ects /1 = 43 u BD = B D,.

AABD = AA B,D, 10 TUTIOTEHY3€ U OCTPOMY YIJIy.

B paBHBIX TpPeyroJbHUKAX COOTBETCTBEHHBIE CTOPOHBI paBHBI. Ilomyumm AB =
= A B, (u3 pasencrsa AABD = AA B D)), /B = ZB, (puc. 7.126).

AABC = AA,B,C, 1o KaTeTy u OCTPOMY yIJIy.

A A

C B C B
Ai 1 Ai 1

¢ B, ¢ B,

B B, B B,
N N f\
A D C A D, C A Cc A C,
Puc. 7.125 Puc. 7.126
@D 7.2.5. HepaBeHCTBO TpeyronbHUKa B
Kaxkmaa cTopoHa TpPeyroJbHHKAa He IPEBOCXOIMT
CyMMYy IBYX OPYTHMX €ro cTOpoH (puc. 7.127): i e
| AB<AC +CB | Pue. 7.127
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JanHoe HepaBeHCTBO HA3LIBAETCSI HEPABEHCTBOM TPEYTrOJbHUKA.
Cnedcmeaus:
1. PaBenctBo AB = AC + CB gocTuraercs TOJbKO TOT/Ja, KOTa TPEeYroJbHUK BBIPOJK-
IeH (Touxka C JexuT cTporo me:xknay toukamu A u B, touku A, B u C jexar Ha
OIHOU ITPSMOIA).

A C B
2. ObpaTtHOe HepaBeHCTBO TpeyroiabaUKa |[AB — BC| > AC.

. 3apava 1. a, b u ¢ — CTOPOHBI TPEyroJbHUKA, ¢ — IleJioe umncJjgo. HaiiTu c.
a)a=8;b=6;¢c>12;6)a=3,17; b =0,75.

Peuienue:
a) s mepaBeHCcTBa TPEyroJbHUKA: ¢ < a + b, ¢ < 8 + a b
+6,c<14,H0 c>12. Tak Kak ¢ — IIeJI0€ YUCJIO, TO
c=13.
4

6) V3 mepaBeHCTBA TpeyroJbHUKA: ¢ < a + b, ¢ < 3,17 +
+ 0,75; ¢ < 3,92. Ho m3 o06paTHOTO HepaBeHCTBa Puc. 7.128
TpeyrojibHuKa ¢ > a + b, t. e. ¢ > 3,17 — 0,75;
¢ > 2,42. Tak Kaxk ¢ — I1eJI0e YMCJIO0, TO OHO PABHO 3.

B
Omeem: a) 13; 6) 3.
. 3apava 2. /[okasaTh, UTO B UETHLIPEXYTOJbHUKE JII00A
CTOPOHA MEHBIIe CYMMBbI OCTaJIbHBIX. A C
Ilokasamenvcmaeo:
Paccmorpum uerbipexyroabHuKk ABCD. W3 Hepa-
D

BeHCTBa TpeyroabHuka AB < AD + DB; BD < BC + CD,
orciona AB < AD + BC + CD, uto u TpeboBaIoCh IO-
KasaTh (puc. 7.129).

Puc. 7.129

@D 7.2.6. Cymma yrnoB TpeyronbHMKa. BHewwHue yrabl TpeyronbHuKa

Teopema 0 cymMMe YIiIOB TPeyroJbHUKA
B ar060M TpeyroapHuKe cymmMma yriaoB paBHa 180° (puc. 7.130):

ZA+ ZB + ZC =180°

Caedcmeus:

B
1. Ecsim nBa yriia ogHOTO TPEeyroJbHWKA PaBHBI COOT-
BeTCTBEHHO ABYM yIJlaM IPYroro TPeyroJbHUKA, TO
¥ TPEeThbU YTJIbI PaBHHI.
. ¥ 11000T0 TPEYTOJbHUKA XOTA OBl JBA yIJa OCTPHIE.
A C

2

3. Bce yriibl paBHOCTOPOHHET'O TPEYTOJIbHUKA paBHEI 60°.

4. Ecau oguH U3 yIJ0B PaBHOOEIPEHHOTO TPEYTOJIbHU-
Ka paBeH 60°, 9TOT TPeyroJbHUK PABHOCTOPOHHUI.

Puc. 7.130

. 3apayva 1. Haiitu yroa B Tpeyroabauka ABC, ecau ZA = o, ZC = 3a.
Pewenue:
ZB =180° — (o + 3a) = 180° — 40, mo TeopeMe O CyMMe YIJIOB TPEYTroJbHUKA.
Omeem: 180° — 4a.
. 3apayva 2. BuccekTpucs!l yriioB A u B Ttpeyroasraunka ABC mepecekaioTcsa B Touke M.
Haiiru L/AMB, eciu LA = 56°, /B = 92°,
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Peutenue:
AN — oOwuccexkrpuca A, mosromy LMAB = 56 : 2 =
= 28° (puc. 7.131).
BK — ouccexkrpuca £B, mostromy L/ MBA =92 : 2 = 46°.
s AAMB: ZAMB = 180° — (28° + 46°) = 106°.
Omeem: 106°.
3agava 3. VYrabl TpPeyroJbHHKA IIPOIOPIIMOHAIbHEI
yucaam 2 : 3 : 5. HaiiTu aTu yriabl.
Pewenue:
IIyers ZA = 2x, /B = 3x, ZC = 5x, Torzga 1mo Teopeme
0 cyMMe yTIJIOB TpeyroJbHUKa (puc. 7.1323):
2x + 3x + bx = 180; 10x = 180; x = 18.
A=2-18=36°% /ZB=3-18=54°% ZAC =5 - 18 = 90°.
Omesem: 36°; 54°; 90°.
3apgava 4. OguH U3 YIJI0B TPEYTrOJbHUKA BABOE MEHBIIIe
BTOpOTO U Ha 12° Oosbiie Tperbero. HafiTu 9Ty yris.
Pewenue:

IIyets LA = x, Torma BTOpOIi yroJ, T. e. ZB BABOe
6osbiie, T. e. /B = 2x, Tpetu#t yroia, T. e. ZC Ha 12°
MmeHbIre, T. e. ZC = x — 12 (puc. 7.133). Ilo Teopeme
0 CyMMe YIJIOB TPeyTroJbHUKA:

A+ /B + ZC =180°% x + 2x + x — 12 = 180;
x=48; 2x = 96; x — 12 = 36.
Omeem: 48°; 96°; 36°.

BHewuHwii yron TpeyronbHuka

BHemrHMM yriiomM TpeyroJibHMKa OPU AAaHHOW Bep-
IIIMHe Ha3bIBAaeTCA YIoJi, CMEeKHBINA C YIJIOM TPEYToJb-
HUKAa IpU 5Toi Bepiuue (puc. 7.134).

BHemrHMii yroa TpeyroJbHHKA pPaBeH CyMMe ABYX
BHYTPEHHHUX YIJIOB, HE CMEKHBIX C HUM.

/1 — Buemuuii npu BepituHe C (puc. 7.135).

/1 =/A+ /B

Cnedcmaue. BHeIIHUY yroJ TpeyroJbHUKA 0O0JIbIIIe
JI000T0 BHYTPEHHEr0, He CMEeyKHOTO C HUM.

3apava 5. Buemauii yros tpeyroibHuMKa paBeH 124°.
OpuH 13 yrioB, He CMEXKHBIN ¢ HUM, B TPU pasa 00Jb-
e BTOPOTO, HE CME:KHOro ¢ HuM yrJya. Haiitu yribl
TpeyroJbHuKA.

Pewenue:

IIyets LA u /B — yriabl, He CMeXKHbIe C BHEIITHUM
yraom BCD (£/BCD = 124°) (puc. 7.136). Torma mo
TeopeMe O BHEIIIHeM yTIJie TPeyroJbHUKA:

A+ /B =/ZBCD, T. e. x + 3x = 124°;
x =31; 3x = 93.

ZC =180° — 124° = 56° (yrabt C mu BCD — cMe:XHBIE).

Omeem: 31°; 93°; 56°.

28°

46°

A

Puc. 7.131

B

/B\
C A

C

Puyc. 7.132

B
2x
x—12 2
A

Puc

BHEITHUN
yroJa

. 7.133

BHYTPEHHUN
yroJ

A

B
3x
x 124°

Puc

. 7134

B
/\<<
C

Puc

. 7135

A

Puc

. 7.136

C
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 3apava 6. OnuH U3 BHEINIHWX YTJIOB DPABHOOEIPEHHOTO D
TpeyrojbHuKa paBeH 112°. HatiTu yribl TpeyroabHUKA. A 112°
Pewenue:

B zamaue He ckasaHO, JaH JIM BHEIIHUN yroJl TIPU
BEPIIIMHE DPABHOOEAPEHHOTO TPEYTOJbHUKA WJIN IIPU
ocHoBaHUU. PaccmoTpum oba ciydas:

a) Ilycts ZDAC = 112°, BHeIIHUY yTroJ IPU BepIIUHE B c

A, rorga /B = /C, T. K. TPEyrOJbHUK PABHOOEIPEH- Puc. 7.137

HBIN U /B + ZC = 112°; /B = ZC = 56°;, LA =

— 180° — 112° = 68° (puc. 7.137). 4
0) Ilycts BHemuuit yron LACM = 112° — yroa npu
ONHOII M3 BEPINWH Hpu ocHoBaHuu. Torma LC =
=180° — 112° = 68°; /B = ZC = 68° (puc. 7.138).
ITo Teopeme 0O BHEIIIHEM yIJji€ TPEYTOJbHUKA:
/4B + LA = LZACM, . e. 112°
/A =/ZACM — /B =112° — 68° = 44°,
Omeem: 56°, 56° u 68° u 68°, 68° u 44°. B CM
Puc. 7.138

@D 7.2.7. 3aBMcMMOCTb MeX[y BENUMYMHAMU CTOPOH W YIIOB TPEeYrofbHUKa

1. B TpeyroibHuKe IIPOTUB OOJbIITEll CTOPOHEI JIEKUT OOJIBIIIUHA YI0J, IPOTUB MEHb-
mreii CTOPOHBLI — MEHBININI yroJi. BepHo 1 o60paTHOe yTBep:KIeHNEe: B TPEYTOJbHU-
Ke IPOTHUB OOJIBITIEr0 yIJa JIEKUT OoJIbIllad cTopoHa (puc. 7.139).

2. B TpeyroibHMKe IPOTUB PAaBHBLIX CTOPOH JIE;KAT PaBHbBIE YIJIbI, 1 OOPATHO: IIPOTUB
PaBHBIX YTJIOB Jie:KaT paBHBIE CTOPOHBI (puc. 7.140).

3. Cymma OBYX CTODPOH TPEyroJbHUKaA OO0JIbIIle TpeThell cTopoHbI. Jliobad cTopoHa
TpeyroJbHuKa 00JIbIlle MOAYJISA PA3HOCTH ABYX APYTUX CTOPOH (pumc. 7.141).

b—cl<a<b+c

o c
Puc. 7.139 Puc. 7.140 Puc. 7.141

» 3apava 1. Moryr Jiu CTOPOHBI TPEYTOJIBHUKA ObITH PABHBIMU:
a)3,6u"7;6)2,3u9;8)3,4u7?
Pewenue:
a) Moryr, 7. K. 1T<3+6; 7>6 — 3.
6) He moryT, T. K. 9 > 2 + 3.
B) He moryr, 1. K. 7 =3 + 4.
. 3apayva 2. CTOpOHBI TPEYTOJNbHIKA PABHBI U TaKkue, 4To a < b < c¢. IIpoTuB Kakux cTO-
POH JIeXKAT YIJIBI 9TOr0 TpeyroabHuka 30° u 60°?
Pewenue:
Benuuwmma Tpetbero yria sroro tpeyroabuuika: 180° — (30° + 60°) = 90°, aT0 60Jb-
IIUH yToJl 9TOTO TPEeyroJbHUKA.
Omeem: yroua 90° JeXUT IIPOTUB CTOPOHEI ¢; 60° — mpoTus cToponb! b u 30° — mpo-
TUB CTOPOHEI d.
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@D 7.2.8. Teopema Daneca A

Ecan nmapaJjJaeJbHbIe IIPAMBIE, IIepeCerarilue CTo-

POHBI YIJIa, OTCEKAIOT HA OTHOI ero CTOPOHe PaBHBIE A, B,
OTpPEe3KH, TO OHH OTCEKAIOT PaBHbIE OTPE3KH U Ha JPy- A %B
roi ero cropose (puc. 7.142): N ]3[ ;
Ecm AA, =AA =AA nAB ||AB,|AB,|AB, Y 2
ro B,B, = B,B, = B,B, Puc. 7.142
Teopema BepHA W B TOM CJy4ae, €CJIU BMECTO CTO-
POH yTila B3ATH JIt0ObIe ABe mpsaMble a u b. Eciu m = n = I L, Ly p
=pul ||, om =n =p (puc. 7.143). a lﬂi*/
a |

lponopuuoHanbHble 0Tpe3Ku

ITapannensHble MpAMbBIE, IepPeCEeKAIONIAe CTOPOHBI
yriia, OTCeKalT OT CTOPOH YrJja IPOIMOPIMOHAJIbHBIE 1 p,
orpe3ku (puc. 7.144):

AB _AB, Puc. 7.143
AC AC A
. 3apauva 1. [Jausr oTpe3ku m, n u k. IlocTpouTh 0Tpe3ok A

: B B,
“%' c / \ ¢
7 \

Ecmm BB, || CC,, To

Pewenue:
Hawmsr orpesku (puc. 7.145):
ITocTpoum mepasBepHYTHINT LA.
Ha oxnoit cropone yria oryno:xxkum AB = m u AC = n. m

1 Puc. 7.144
2.
3. Ha ppyroii cropone yria orioxum AB, = k.
4.
5.

n

Coepuaum Touku B u B,, IOJy4YuM NpAMYIO L .
Uepes Toury C nmposenem npamyio L, || [, ona mepe- k
cexaeT cTopoHy yria AB, B Touke C, (puc. 7.146). Puc. 7.145
CorsiacHO TeopeMe O MPOHOPIMOHAJBLHBIX OTPE3KaX:
£=A31, r.e. 2= k ; AClzn—k,
AC AC n AC, m

nk .
T. e. AC, = x 1 X =— — HCKOMBIA OTPE3OK.
m
. x
Takoil 0OTPE30K HA3BIBAETCS Y€TBEPTHIM IIPOIIOPI[HO-
HAJBHBIM OTPE3KOM.

Cpep,Hﬂﬂ JIUHNA TPEYTroNibHUKA

CpenHasa JUHHUA TPEYTOJbHUKA — OTPE30K, COemu-
HAMINN cepequHbl IBYX ero CTOPoH (puc. 7.147).
Cpennas TUHMUS TPEYTOJbHUKA, COCTNHSIIONIAS cepe- B
JUHBI IBYX TAHHBIX CTOPOH, MapaJjlIeJIbHA TPeThel CTo-
pOHe, U ee JJIINHA PABHA MOJIOBUHE TPETHhEIl CTOPOHEIL:

MN || AC u MN:%AC

Puc. 7.146

M

DTo yTBeps:KAeHHe Has3bIBAIOT TeopeMo# o cpexmeir A C
JIMHUU TPEyroJbHUKA. Puc. 7.147

S T2eomes 2
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B TpeyrosibHUKE MOKHO IIPOBECTH TPU CPEIHIE JIU-
Huu. lIlepuMeTrp TpeyroJbHUKA, COCTABJIEHHOTO U3
cpegHux JIHHPIfI, PaBEH IIOJIOBHMHE IIepHuMeTpa JaHHOI'O
TpeyroabruuKa (puc. 7.148):

1
Pk = E P, pc-
3apauva 2. CpegHsisa JUHUS PABHOCTOPOHHETO TPEYTrOJib-
HHUKa 2,5 cm. HaiiTu mepumeTrp 3TOro TpeyroJbHUKA. K
Pewenue: Puc. 7.148

Cpenussa JUHUS PABHOCTOPOHHETO TPEyroJbHUKA
m = 2,5 cm. Torga mo TeopemMe 0 cpenHell IUHUU Tpe-

YrOJbHUKA: m = %a, T.e.a=2m=2-2,5=5 (cm).

P=3a=3-5=15 (cm) (puc. 7.149). a a
Omeem: 15 cwMm.

3apgava 3. CpegHsasa JUHUA TPEYyroJbHUKA OTCEKaeT OT
Hero Tpamelnuio ¢ OOKOBBIMM cCTOpoHaMu 4 um 5 cMm
U MEeHBIINM ocHoBaHueMm 6,5 cm. HaliTu mepumerp Tpe-
YTOJbHUKA.

a
Puc. 7.149

Pewenue:

Cpenusasa nuausg MN B AABC oTcekaeT OT Hero Tpa-
nenuo AMNC, roe AM = 4 cm; NC = 5 cm; MN =
= 6,5 cm (puc. 7.150).

Torma mo ompezeneHuio cpenHeir jauHuu: AB =
=2-AM=2-4=8(cm); BC=2-NC=2-5=10 (cm).

ITo Teopeme o cpengHelt suHUU TpeyroabHuKa: AC =

Puc. 7.150
=2-MN=2-6,5=13 (cm). B

P ,,.=8+10+13 =31 (cm).

Omeem: 31 cwm.

3apaua 4. IIpamas, napaJjiaeabHasd OCHOBAHUIO PaBHOOE- M N

JIPEHHOTO TPEYTOJLHUKA, IIPOXOIUT YEPE3 CEPEIUHY €T0

OOKOBOI CTOPOHBI U OTCEKAET OT JAHHOTO TPEYTOJHHUKA

Tpanemnuio. HaliTu ee mepuMeTp, ecau IIepUMeTp JaHHO- A C

ro TpeyrojbHuKa 26 CM, a OCHOBaHUE TPAIEIUH OTHO-

cuTcsi K O0OKOBOIT cTopoHe Kak b : 4 (puc. 7.151).
Pewenue:

IIycte AABC rtakoii, uto AB = BC, AM = MB u MN | AC. Torga mo Teopeme
daseca ma cropoHe yria BC TakKe OTJIOMKUINCH paBHBIe oTpesku BN = NC, Torma
MN — cpengasas aunus AABC.

OcuoBaunune AC oTHOCUTCS K 00KOBOI cTopone AB kak 5 : 4. Ilycts AC = 5x, Torma
AB = BC = 4x. Ilonyuum ypaBHeHUe:

5x +4x + 4x =26; 13x =26; x =2. AB=BC=4-2=8; AC=5-2=10.

Paccmorpum tpamenuio AMNC.

ITo ompenenenuio cpenHeir muHuU Tpeyrodbuuka: AM =8 : 2 =4 (cm). NC =4 cm
(Tpamemnusa paBHOOOKAsI).

Puc. 7.151

ITo Teopeme o cpenmeil TuHUMN TpeyroabHuKa: MN = %AC = % -10 = 5.
P, vc=AM + MN + NC+AC=4+5+4 + 10 = 23 (cm).

Omeem: 23 cwm.



@D 7.2.9. Nopobue TpeyronbHUKOB, KOIPGULMEHT NOAO6UA.
Mpu3Hakn nogo6us TpeyroNbHUKOB

ITpeoGpasoBanue Gpurypsl F B purypy F, HaseiBaerT- 1
¢ mpeodpa3oBaHUEM MOAO00USA, €CJIU IIPU STOM IIPeod-
Pa30BAHUM PACCTOAHUA MEMKIY TOUKAMHU HM3MEHSITCS
B OHO ¥ TO Ke KoJmuecTBO pas3 k. Huciyo k HasbpIBaeT-
cda Koadunuentom nomodousa (puc. 7.152). 1

JIBa TpeyroJarHUKa MOTOOHBI, €CJIM OHU II€PEBOIAT- y
cs IPYT B Apyra ¢ IOMOIIbIO IIPeo0pas3oBats MOL00msI Y
(puc. 7.153). Puc. 7.152

CeoiicTBa MOTOOHBIX TPEYrOJIbHUKOB

B
AABC ~ AA B.C,
1. Y mnomoOGHBIX TPEYTOJBHUKOB COOTBETCTBEHHBIE
YIJIBI DaBHBI, & COOTBETCTBYIOIIIUE JIMHENHBIE 3Jie-
A C

MEHTBI ITPOIOPIIMOHATBHBL:
AB __AC _BC _h_R_, B,
AlBl AICI BICI hl Rl
k — Koaddunuent nogodbus, k > 0.
Ecau k£ =1, TpeyroibHUKY PaBHBI.
A M™\C
2. OTHOIlIEHVEe ITepUMEeTPOB MOJO00HBIX (UIYP PABHO 1
OTHOIIIEHUIO COOTBETCTBEHHBIX CTOPOH M PABHO KO- Puc. 7.153

s pUIeHTy Tog00ms:

P AB
‘Pl AIBI
3. OrHoIleHUA IJIOINanell MOJOOHBIX (PUTyp paBHO KBaaparTy Koa(h@UIIMeHTa IIOHO0-

ous:
2
S,anc _ AB X
S A B,

A‘413101
ITomo6ue TpeyroJbHUKOB 00O3HauaeTcs 3HaKoM ~, Hanpumep AABC ~ AMNK.

 3apava1. AABC ~AA BC,. AB, =4cwm; B,C, =6 cm; AC, =7 cwm. ﬁ =5.
Hanitu AB, AC, BC.

11

Pewenue:
=5, rornaAB=5-AB, =5-4=20(cm); BC =

Kosppuiment momodbus k =
11

=5-BC, =5-6=30(cm); AC=AC, -5="7-5=35 (cm).
Omeem: 20 cm, 30 cMm, 35 cm.
() 3apava 2. AABC ~ AMNK. /M = 55°, /K = 65°. Haittu ZA, /B, £C.
Pewenue:
ITo Teopeme o cymme yrioB Tpeyroabuuka: /N = 180° — (55° + 65°) = 60°.
Y momoOHBIX TPEYroJbHUKOB COOTBETCTBEHHBIE YIJIBI PaBHBI, Torma: LA = /M =
=55° /B = ZN =60°, ZC = ZK = 65°.
Omeem: 55°, 60°, 65°.
. 3apaya 3. CTOpOHBI TPEYyroJbHUKA OTHOCATCA Kak 2 : 6 : 7. HaliTu cTOPOHBI IIOL00HO-
0 eMy TPeyTOoJbHUKA, eCJI PAa3HOCTh HAaMOOJBINIel U HauMeHbBIIIel ero CTOPOH 35 cM.

S 2w 26



Pewenue:

Eciu TpeyronbHUKY mOM00HEBI, TO OTHOIIIEHNE UX CTOPOH coxpamsaercsa. Torma cro-
POHEBI ITIOLOOHOTO TPeyroJbHUKA 2Xx, 6x u 7x. PadHOCTh, HAaMOOJBINIEN 11 HAWMMEHbIIIeH
CTOPOH paBHAa 35, T. e. uMeeM ypaBHeHme: 7x — 2x = 35; bx =35; x = 7.

3HAUUT, CTOPOHBI TpeyroiabuHuKa: 2 - 7 =14 (cm); 6 - 7=42 (ecm) u 7 - 7 = 49 (cm).

Omeem: 14 cm, 42 cm u 49 cwMm.

Npu3Haku nogobus TpeyroNbHUKOB

1. IIpusHaK mMog00MUs IO ABYM yTJIaM.
Eciu gBa yriia OOHOTO TPEYTrOJbHUKA PABHBI
IBYM yTJIaM IPYTOr0o TPEYTOJbHUKA, TO TAKUE TPey-
TOJIBHUKY TOMO0HBI (puc. 7.154):

Ecmm /A =/A n ZC=ZC, T0o AABC ~ AA B,C,

Caredcmeus:

1. Bce paBHOCTOpPOHHUE (IIPAaBUJIbLHBIEC) TPEYTOJbHN-
KU IIOLOOHBI.

2. PaBHOOegpeHHBbIE TPAMOYTOJbHBIE TPEYTOJbHU-
KU IIOJO0HEI.

3. PaBHOOepeHHbIe TPEYTOIBHUKY IMTOLOOHLI, €CJIU
OHU MMEIOT M0 OJJHOMY PABHOMY YIJIY MEKIY CO-
OTBETCTBEHHBLIMU CTOPOHAMMU.

4. IIpu nmepeceueHnn AUaroHaJel Tpameluu oo0pasy-
IOTCS ABA IMOAOOHBIX TpeyroJbHuUKAa (puc. 7.155).

L1 =2/2; £3 = Z4. ABOC ~ ADOA.

5. IIpsamas, mapajuieabHas OJJHOM M3 CTOPOH TPEYTOIb-
HUKa, IEPECEKAET JIBe APYTHUe CTOPOHBI I OTCEKAET
TPEeyToJbHUK, IMOA00HBINH ganHOMY (puc. 7.156).
Eciu MN || AC, to AABC ~ AMBN.

2. llpusHak moOmOOMSA MO ABYM IPOIOPIUOHAJIHHBIM

CTOPOHAM M YTJIy MKy HUMHU.

Eciu nBe CTOPOHBI OSHOTO TPEYTOJbHUKA IIPO-
MOPIIMOHAJNBLHBI ABYM CTOPOHAM [IPYyroro, a yIJbI,
00pasoBaHHBIE 9TMMHU CTOPOHAMU, PABHBLI, TO BTU
TPEeyroJbHUKY TOM00HE! (puc. 7.157):

Bern 2B - AC o4 - ZA,, 10 AABC ~ AAB,C,

AB ~AC,

3. IIpusHak momo6ua MO0 TPeM CTOPOHAM.
Eciu Tpu CTOPOHBI OOHOTO TPEYTOJbLHUKA IIPO-
IOPIIMOHAJBHBI TPEM CTOPOHAM IPYTOT0 TPEYTOJIbHU-
Ka, TO TaKkue TPeyroJbHUKU MOAOOHEI (puc. 7.158):

Ecan BC

, 10 AABC ~ AA B,C,

AB _AC
AlBl BICI A‘ICI

. 3apava 4. /IBa paBHOOeIPEHHBLIX TPEYTrOJbHUKA WHMe-
IOT paBHBIE YIJIBI IPU OocHOBaHUAX. OCHOBaHME OIHO-
ro TPeyroJbHUKa paBHO 8 cM, a OOKoOBas CTOpPOHA —
5 cm. Hafitu miomiagb BTOPOTO TPEYTOJNbHUKA, €CJIHU
ero OcHOBaHUe PaBHO 4 cMm.
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B1
/‘\m
A C A1 C'1
Puc. 7.154

Puc. 7.155

M/B\N
/

A C
Puc. 7.156

B
AQC
Bl
Al/\ c,
Puc. 7.157

B
AAC
Bl

Puc. 7.158




Pewenue:

Pacemorpum AABC. AB = BC = 5 cm. IIpoBesnem BbI- B
coty BD, oHa Ke OyJeT sIBJIATCA 1 MeSUAHON, II09TOMY
AD = DC = 4 cm (puc. 7.159). 5 5
AAOD — erunerckuii, Torma BD = 3 (cm). A A
_BD-AC 8-3 A [ C
S unc = 5 =5 = 12 (cm?). D
ILnomaay mogo0HBIX (GUTYP OTHOCATCSA KaK KBaApaTh Puc. 7.159
UX COOTBETCTBEHHBIX CTOPOH (puc. 7.160): B
SAABC _(AC ]2_(§)2_4. 1
SAAIBICI A‘lcl 4
S 12
Suuge, = % == 3 (cm?). A 4 C,
Omeem: 3 cm2. Puc. 7.160

3apauva 5. Ha pucyHkax HaliTu mogo0HBIE TPEYTOJBHUKHN 1 JOKAa3aTh UX IIOH00U1e.
a) B C

6) B 8 C
6 8
19 12
o 18
12/ 2\ 9
A 27 D

A D
Pewenue:
a) /1 = /2; BO _DO. T.e.§:3(6-12=8-9).
oc A0’ 8 12

ABOC ~ ADOA 1o AByM IIPONOPIIMOHAJNBLHBIM CTOPOHAM M YIJIY MEKIy HUMU.

3 12 18 2 BC AB _AC
0) —=— =k, rome k = —. CTOPOHBI IPOHOPIIUOHANBHEI, T. €. —— = .

12 18 27 3 CD AC AD

AABC ~ AACD 10 TpeM IIPOIOPIIMOHATIBHBIM CTOPOHAM.
3apava 6. [Juaromanu Tpamenuu AeJATCS TOUKOI HepeceueHUs B OTHOIeHuUu 3 : 7.
HaititT; ocHOBaHUSA Tpamenuu, ecau cpenuaa JuHusa pasua 40 cwm.
Pewenue:

ABOC ~ ADOA 1o neym yraam. Torma cooTBeTCTBEH-
HBIE CTOPOHBI ITPOIMOPIUMOHANIBHEI (puc. 7.161).
IIyers BO : OD = 3 : 7, Ttorga BC : AD = 3 :
BC =3x, AD = Tx.
. BC+ AD AD I

IIo Teopeme o cpemHeN TMHUY TPAIII[WI:
P P P Puc. 7.161

= cpeaHel JIMHUN; # =40; bx =40; x = 8. BC =

=8-3=24 (cm); AD =8 - 7 =56 (cm).
Omeem: 24 cm u 56 cwm.
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Mpu3Haku nogo6bua npAMoyronbHbIX TPeyronbHUKOB
1. ITo ocTpomy yray (puc. 7.162):

Ecmu ZA = ZA,, To AABC ~ AA B C,
2. Ilo nByM mpomopinoHaJdbHBIM KaTeTaMm (puc. 7.163):
Ecau £ = %, To AABC ~ AA B,C,
BC B(C,
3. Ilo mpomopIuOHAJIbHBIM KAaTeTy M THmoTenyse (puc. 7.164):
Ecan AC = 46 , To AABC ~ AA B.C,
AB AC,
B, B A A B

Bl
B C,_ = B C AC A

C R 1

Puc. 7.162 Puc. 7.163 Puc. 7.164

A C, A C

1

Credcmeue. BricoTa IPAMOYTOJBHOTO TPEYTOJbHU-

C
Ka, MpOoBeleHHAs M3 BEPIIUHBI IIPAMOTO yIJja, XEJIUT
ero Ha IBa MOAOOHBIX TPEYrOJbHUKA, KAaKIBIN 13 KO-
TOPBIX momo0eH mamuHOoMYy (puc. 7.165):
AACD ~ ACBD ~ AABC.
A D B

. 3apava 7. HaGOmromareab, KOTOPBIII HAXOJUTCS B TOU-
Ke A, BUIUT KOHeI] I1lecta B 1 BepXHIOI0 TOUKY OaITHHI
D, nmpuuem Touku A, B u D je:xaT Ha ONHON IIPAMOI. D
Haittu BbIcOTY Oamum, eciu BC = 4 m, AC = 6 m,
AE =90 M (puc. 7.166).

Puc. 7.165

Pewenue: B
OueBunno, uro BC | AE u DE 1 AE, npaMOyroJib-
Hble TpeyroabHuku ABC u ADE momo0HBI II0 OCTPOMY 6 4
yray A (oOuit yroa).
AABC ~ AADE, Torga B—CzE; 4 ¢ 90 E
AC AE Puc. 7.166
DE:BC-AE:4-90260 (). B,
AC 6 B
Omeem: 60 M. 1
() 3apava 8. [IBe oxpy»xHOCTH pasuycamu 4 cM u 6 cm 4 6
BHeEIITHe KacaioTcsa. VIx o0Ias KacaTeslbHas, KOTopas Az Clo %)
He IIPOXOAUT Uepe3 TOUKY IIepecedueHus OKPYIKHOCTEeH, 1 2
mepeceKaeT JIMHUIO IIeHTPoB B Touke A. HafiTu paccros- \U
HHUe OT TOUYKU A [0 IIeHTPOB OKpYyskHOCTHU (puc. 7.167). Puc. 7.167

Peuienue:

ITycrs okpy:xHOCTS ¢ meHTpOoM B Touke O, umeer paguyc O, B, = 4, OKPY’KHOCTb C II€H-
Tpom B Touke O, — paguyc O,B, = 6. B B, — o0masa KacarenbHas. Paguyc, mposezen-
HBIH B TOUKY KacaHWsd, IEPIeHANKYIAPeH KacaTeabHou, . e. OB, | B B,u O,B, | B B,,
trorga AAB O, u AAB,O, — upamoyrosububie, AAB O, ~ AAB,O, (1o octpomy yriy ZA).
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ITycts AC = x, Torna AO, = x + 4; AO,=x +8 + 6 =x + 14.
AO, A0, x+4 «x+14
OB OB 4 6
3x +12 =2x + 28; x = 16. AO, = 16 + 4 = 20; AO, = 16 + 14 = 30.
Omeem: 20 cm u 30 cMm.

s 6(x + 4) = 4(x + 14); 3(x + 4) = 2(x + 14);

7.2.10. CuHYC, KOCMHYC M TaHreHC OCTPOro yrna NPAMOYrofbHOrO TPeyroibHUKa
n yrnos ot 0° go 180°

JlaH IpAMOYTOJNBHBIA TPEYTOJbHUK C TUIIOTeHy30d (& <
c u Kareramu a u b (puc. 7.168). o
CunycoM yrja o HA3bBIBAETCS OTHOIIEHUNE IIPOTHUBOJIE- b
JKaIlero KaTeTa K T'MIIOTEHYy3e: Puc. 7.168
sino = a
c

ROCI/IHyCOM yrJjia o Ha3bIBaeTCA OTHOIIIEHME IIpUJIeXalllero Karera K rmioTeHnyase:

b
cosa = —
c

TaHreHcoMm yriia o HasbIBaeTCS OTHOINIEHNE IIPOTUBOJIEKAINETO0 KaTeTa K IIpUJIesKa-
memy:

a
tgo = —
& b

Koranresncom yriia o Ha3bIBaeTCs OTHOINIEHUE IIPUJIEKAIIero KaTeTa K IPOTUBOJIeKa-
meMy:

ctgazé
a

(BoicTBa C(MHYCa, KOCUHY(a, TAHT€HCa U KOTaHreHca 0CTPOro yriia NnpAMoyrojibHOro TpeyrosibHuKa

1. Cunyc, KOCMHYC, TAHTEHC U KOTAHTEHC 3aBUCAT TOJBLKO OT IPaayCHOI MephI yriia
¥ He 3aBUCAT OT PAa3MEPOB U PACIIOJIOKEHUS TPeyTroJbHUKA.
2. s moboro octporo yria: cos oo < 1 u sin o < 1, mockoapKy a < c u b < c.
W3 Teopemsl Iludaropa u oupesesieHnA CUHyca, KOCUHYCA, TAHIMeHCA U KOTaHTeHca
MOJIyYaeM COOTHOIIIEHUS:

S

a — IIPOTHUBOJIEKAIIUN KaTeT;
b — mpuiesKaluii KaTer

b
HaxosxkneHune runmoTeHys3sbl Haxosxknenue xKarera
c2=a?+b? a’>=c? - b? b%2=c? - a?
a a=csina b=ccosa
c=— b a
sina a= =btga b=——=actga
b ctga tga
C =
cosa
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3HayeHue C(MHY(a, KOCMHYCQ, TaHreHCa U KOTaHreHca HEKOTOPbIX Yr/10B

yroa a
DyHK- 30° 45° 60° 120° 135° 150°
U
. 1 J2 J3 J3 J2 1
sin o — — —_— —
2 2 2 2 2 2
J3 V2 1 1 V2 J3
CcoSs o — — - -
2 2 2 2 2 2
ctg a J3 1 é —g -1 -3

OcHoBHble TpUroHomMeTpuyeckne ToxaecTea

a1 mpsAMOYTOJBHOTO TPEYroJbHUKA C THUIIOTEHY-
3011 ¢ m KaTeraMu a 1 b 1 ocTpeIM yriom o (puc. 7.169)

CIIpaBeIJINBO:
. a a b
sina=—; cosa=—; tga=—; ctga=—
c a

sin(90° — a) =cos a tg(90° — a) = ctg a
cos(90° — a) =sin o  ¢tg(90° — o) = tg a

Puc. 7.169

Hampumep, sin30° = cos60° = %; tg 20° = ctg 70°;

tg 35° = ctg 55°; tg 45° = ctg 45° = 1.

Hnsa yraor ot 0° mo 180° cipaBenjinBo:
sin(180° — a) = sin a tg(180° — a) = —tg a
cos(180° — a) = —cos o  ctg(180° — a) = —ctg a

Hampuwmep,

sin30°:sin150°:%; cos120°=—cos60°=—%; tg150° = —-tg30° = g

OcHoBHoe TPUrOHOMETpUYecKoe ToXKaecTBo

sina +cos?a=1

ITosTomy:

sin?a =1 — cos? a cos?a=1—-sin? a

Kpowme Toro:

sina cosa
tga = ctgo = — tga-ctga=1
cos o sina
1+tg?o=— 1+ctg’o=— tgo =
cos” a sin” a ctg a

L



() 3apava 1. Ogna us guaronaseit pomba B J3 pas Gosbirie apyroii. Hatitu yrasl pomoa.
Pewenue:
IlycTs muaromans BD = 2a, Torma OoJblias guaro-

mams AC = 2a+/3 (pue. 7.170). B ¢
Pacemorpum AAOD: AO = a\/g; OD = a; LAOD =
= 90° (cBoiicTBO pomba).
ga-0D_a 1 _ B . g4
OA a3 V3 3 . 9
Torga LA = 60°. A D
/B =180° — 60° = 120° (cBoiicTBO pomba). Puc. 7.170

Omeem: 60° u 120°.

. 3agava 2. sina = i; 0 < a < 90°. Haiitu cos a, tg o, ctg a.
1 Pewenue:
25 169 25 144

169 169 169 169

.
2

2
1) cos2a=1—sin2(x=1—(ij =1
13

cosazg, T. K. 0° < a0 < 90°, cos a > 0.

sinao 5 12 5-13 5 12
2) tga = =—:1—-= =—; ctga=—.
coso. 13 13 13-12 12 5
12 5 12
Omeem: —; —; —.
13" 12 5

. 3agava 3. tga = —%; 90° < a < 180°. Hatitu ctg a, sin a, cos ao.

5 Peutenue:
1) ctga =——;
) ctg 1
2) 1+tg’a =——, rorma cos’a = 12 = 1 == 1 :i,
cos” a 1+tg’a (4) 1 16 25
1+ -= +§
3

90° << 180° 1. e.cosa<0m cosocz—g;

) 4 ( 3) 4
sina=tgoa-cosa=——:|——|[=—.
3 5 5

3 3 . 4
Omeem: ctgo=——; cosa=—-—; sino=—.
4 5 5

() 3apava 4. CymiecTByer v IPAMOYTOJIBHBIN TPEYTOJbHUK, B KOTOPOM:

2 1 2
a) sino = —; coso = —; t =—; ct =1,5;
) sina 3 o 1 B) tga 3 gao
15 1 2 7
0) sinoo =——; coso =—; t =—; ct =—=7?
) a 1 o 1 r) tga 7 g 3
Pewenue:

IIpoBepum cooTHoienue cos? a + sin® o = 1, KOTOpoe JOJIKHO BBIMOJHSATHCS B JIIO-
00M IIPAMOYTOJBHOM TPEYTOJbHUKE.

S 2w 28
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2 2
a) s1na—g, cosoc—l (gj +(l) #1, T. K. ﬁil. Her.
3 4 3 4 144
2
. J15 1 (V15 1Y’ 15 1
6) sino =——; cosao=—; |— | +|—=| =1, . e. —+—=1. [la.
4 4 4 4 16 16
Hns tg o 1 ctg o JOJIPKHO BBIMIOJNHATECA COOTHOIIeHME tg o - ctg o = 1.
2 2 2 15
t =—; ct =15 —--1,5=—-—=1.
B) tga =3 ctga 3 370 M
2 7T 2 7 2
tgoa=—; ctgo =— —#1. He
r) tga =g ctga=gs oog =y ™

3apaya 5. OcTpslil yroa OpAMOYTOJbHOTO TPEYTOJbHIUKA PaBeH [3, a THIOTeHy3a paBHa
c. HaiiTu mepumMeTp TpeyroJbHUKA.
Pewenue:
. a . b
sinf} = —, moaTomy a = ¢ sin B; cosf} = —, moaTomy c
c c

b =c cos B (puc. 7.171).

P=c+csin B +ccosP=c(l+sinf + cos p). B .
Omeem: c¢(1 + sin B + cos B). b
3apaya 6. YroJ Ipu OCHOBAHHUHI PaBHOOEIPEHHOIO Tpe- Puc. 7.171
YTOJIBHUKA PaBEH O, BHICOTA, OIIyIlleHHAsA Ha OOKOBYIO B
CTOpPOHY, — h. HaliTu mepumerp TpPeyroJbHUKA. BbI-

YHUCJIUTH HepuMeTp npu o = 45° u h = 82 cwm.
Pewenue:
1) Pacemorpum AADC (LADC = 90°, 1. k. AD — BBICO- D
ta) (puc. 7.172).

sinoczgzi, Torga AC = 'h . a
AC AC sina A C
2) Paccmorpum AABK (BK 1 AC) (puc. 7.173). AK = Puc. 7.172
=KC=— ,T. K. BK — BbIcOTAa 1 MeauaHa pPas- B
2sina
HOOeIPEeHHOT'0 TPEYTOJbHNKA, IIPOBEJeHHAs K OCHOBA-
HHo: AK AK h
cosoo=——; AB = = - ;
AB coso. 2cososina
5 o L«
BC=AB=—"—"——. A K C
2cos o sina Puc. 7.173
Haiinem mepumeTtp: ue. 7.
_ h N h h _ hcosa+h _ h(cosa +1)

+ = = .
sinaa 2cosasino 2cosasina  2cosasinoa  2cosasina

‘\/5 .

IIpn h:8\/§; o =45°, cosa:g u sinoc:7

\/_
h(cosa +1) 8\/_( +1
2cosasina £ £

P=

~(8+8v2) (cm).

Omeem: 8 + 8\/§ cM.




@D 7.2.11. PeweHune npAMOYronbHbIX TPEyroNbHUKOB.
Teopema CMHYCOB 1 Teopema KOCMHYCOB

Pemuts npAMOYroJBHBIN TPEYroJbHUK O3HAUYAET B
IO JTaHHBIM JJIEMEHTAM TPEYTOJbHUKA HAUTHU OCTAJb-
HBIE ero 3JIEMEHTHI, T. €. CTOPOHBI W YIJIHL. a
IlycTh maH OpAMOYTOJBHBIN TPEYTOJBHUK C THUIIO-
TEHY30Ii ¢, OCTPBIM YIJIOM O, XU IIPOTHUBOJIEKAIINM €My o
KaTeTOM @, OCTPBHIM YIJIOM [} M ITPOTHBOJIEKAIIUM €My b
karerom b (puc. 7.175). Puc. 7.174

3agaua B 001eM BHIeE

IIpumep

Ilano: runoTeHysa ¢, OCTPBIH YTOJ O.
Haiimu: xaretsl a u b, ocTphIii yroJ f.
Pewenue:

1. B=90° — a;
2. a=csin o;
3.b=ccosa

Ilano: ¢ = 2, a = 20°.
Haumu: B, a, b.

Pewenue:
B =90° - 20° = 70°;
a=csin 20°~ 2 -0,3420 = 0,68;
b=ccos 20°~ 2 -0,9397 ~ 1,88.
sin 20° u cos 20° HaxoguM IO TabJJIHIlE
Bpaauca nau ¢ momMoIso KaabKyasaTopa.
Omeem: 70°; 0,68; 1,88.

Ilano: xaTeTsl a u b.
Haiimu: runoTeHys3y ¢ U OCTPBIE YTJIbI
o u .

Pewenue:

a
1. tga=—.
b
Yroa o maxoaum mo Tabauiie Bpaguca

WJIX C TIOMOIIbIO KAJbKYJISTOPA.
2. =90° - qa.

a
3. c=+va’+?b® umu c =

sin o

Ilano: a =11, b = 60.
Haiimu: ¢, a, B.
Pewenue:

1) tga =2 =1L < 0,1833.

b 60
ITo Tabaune Bpaguca o ~ 10°.
2) B =90° — 10° = 80°.
3)c?=a?+b>=121+3600=3 721; c=61.
Omeem: 10°, 80°, 61.

Jlano: KaTeT a U TUIIOTEHY3a C.
Haiimu: rarer b, ocTpble yIJBL o U f3.
Pewenue:

1.02=¢c2—-a% b=+c*-a’.

. a
2. sino = —.
c

VYron o mHaxoxum mo Tabauie Bpanmuca
WU C IIOMOIIbIO KaJbKYJIATOpA.
3. =90° -«

Hano: a =84; ¢ =85
Haumu: b, a, B.
Pewenue:
1) b2 =c% — a2 =852 - 842 =
=7225-7056 =169; b =13.

9) sina = %= 3% £ 0,0882; o ~ 81°.
c 85

3) B =90° — 81° = 9°.
Omeem: 12, 81°, 9°.

Tano: ®aTeT a W IIPOTUBOJEKAIUI
yTOJ O.

Haiimu: rumoreHysy ¢, Karet b, BTO-
poit ocTpslit yroJ .

Iano: a =9; o = 68°

Haumu: B, c u b.
Pewenue:

1) Bp=90° - 68° = 22°,
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OxoHnuaHue mabdaulbl

3amaua B o0umeM Buae IIpumep
Pewenue:
1. 3=90° - a. 2) c= .a =— 9 ~ 9 ~9,71.
2.b=atgP sina  sin68° 00,9272
3. c=vJa +b’ wm ¢=— 3)b=atg 22°~9-0,4040 ~ 3,64.

sina Omeem: 22°; 3,64; 9,71.

 3apava 1. B npaMOyrosbHOM TPEYTONbHUKE AaHBI TUIIOTEHY3a ¢, OCTPHIH yrox o. Haii-
TH KATeThl, X IIPOEKINN Ha I'MIIOTEeHY3y, BLICOTY, OIYINEHHYIO HA I'MIOTEeHY3y. BhI-
YUCJUTH 9TU 3HaueHusd npu ¢ = 10, o = 60°.
Peuienue:
l.a=csino; b=ccoso; m=asina=csin?o; n=>5cos a=_c cos? a;

h=~m-n =csinacosa. IIpu ¢ = 10, oo = 60° mosyumm:
1) a =10-sin60°=10-§=5J§;

b=10-cos60°=10-%=5.

2
2) m:csinza:10-(§j :10-%:7,5.

2
3) nZCCOSZOLZ].O-(lj :10-122,5.
2 4
4) h=47,5-2,5 = /18,75 = 2,5+/3.

Omeem: a = 5\/5; b=5m=175n=2,5; h= 2,5\/5.

Teopema CMHYyCcoB

CTOopoHBI TPEeyroJbHUKA MPOMOPIUOHAJIBHBI CHHY-
caM IPOTHUBOJEKANINX YriaoB (puc. 7.176):

a b c

sino  sinf} siny

ITornasa dopmyaupoBKa:
a b c
——=——=——=2R,
sino  sinf siny
rge R — pagmyc OKPYKHOCTH, OIIMCAHHOMN OKOJIO TPey-
TOJIbHUKA CO CTOpPoHaMu a, b u ¢ (puc. 7.177).

. 3apgava 2. [Jam TpPOUM3BOJIbHBIN TpeyroabHukK, a = 10;
B =30° y = 45° (puc. 7.178). Haiimu o, b u c.
Pewenue:
1) a = 180° — (30° + 45°) = 105°.

a b
2) Ilo Teopeme cuHYCOB = 5

sinoc_sinB
p_asinp _10-sin30° 10.0,5 .,
sino.  sin105° 0,966 Puc. 7.178
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a c asiny 10-sin45° 10-0,707
3) Ilo TeopeMe CUHYCOB — =——; c=— = = ~
sina  siny sina sin105° 0,966
Omeem: o = 105°;, b =5,2; ¢ = 7,3.
3apgava 3. PaBHOGeIpEeHHBIN TPEYTOJLHUK C OCHOBAHUEM 10v/2 cm u YTJIOM IIPU OCHO-
BaHuU 67°30’ BImcaH B OKPYsKHOCTh. HaiiTu paguyc aToii okpyskHOCTU (purc. 7.179).

7,3

Pewenue: B
IIo Teopeme cuHycoB 2R = — , TIe a — HeKOTo-
sina
pas CTOpOHA TPEYroJbHUKA, 0L — YIOJI, JEKAIIUHA IPOo-
TUB 5TOM CTOPOHBI. [[JI JAHHOTO TPEYTOJbHUKA
R = A—C ZB =180° — (67°30" + 67°30") = 45°.
2sin ZB
__lov2 _1ov2 _ o
2sin45° 2 A 1042 ¢
2
Omeem: 10 cMm. Puc. 7.179

Teopema KOCUHYCOB

KBagpar m1000ii CTOPOHBI TPEYroJbHUKA PaBeH
cyMMe KBaJpPaTOB ABYX IPYTHUX CTOPOH 0e3 YIBOEHHO-
r0 IPOM3BEIEHMS ITUX CTOPOH HA KOCHMHYC yIiia MeK-
ny aumu (puc. 7.180):

c?=a?+ b%— 2ab cos y

IIpumevanue. OueBugHO, uTo TIpU Yy = 90° mMOTyUmm: Puc. 7.180
cz=a’+ b? 1. K. cos 90° = 0.
To ects Teopema Iluparopa ABIseTCA YACTHBIM CJIyYaeM TeOPEMBI KOCHHYCOB. ITo-
sTromy Teopemy Iludaropa erfe Ha3bIBAIOT 00OOIIEHHON TEOPEMOM KOCHUHYCOB.
Credcmeus:
1. Kocunyc yria MOKHO BBIUYHCJIUTE IO pOopMYy.JIe:
a’+b* ¢’
2ab
2. TeopeMa KOCHMHYCOB IIO3BOJIAET ONPEAEJUTh BUJ TPEYTrOJbHUKA.
Ecau B TpeyrojibHHUKE CO CTOPOHAMU d, b u ¢ a? + b? > ¢2, TO yroJ, JexXalluil mmpo-
TUB CTOPOHEI ¢, — OCTPBIH (puc. 7.181).
Ecam a? + b% < ¢2, To y — Tymoit yroj, TpeyroJlbHUK TYMOYTOJbHBIH (puc. 7.182).
Ecau a? + b2 = ¢2, To yroa y = 90°, TpeyroJbHUK MPAMOYTOJbHEIN (puc. 7.183).
3. Ecau a, b u ¢ — CTOPOHBI TPEYroJbHIUKA, TO MeLraHa, IIPOBeJeHHAas K CTOPOHE C

(puc. 7.184), paBHa:
m, = l\/2((12 +b%) —c?.

2
a
c
a ¢ a a ¢
Y op Q Y b

Puc. 7.181 Puc. 7.182 Puc. 7.183 Puc. 7.184

cosy =
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 3apaua 4. CTOpPOHBI TPeyTrOJBHWKA DABHBI 8 ¢M W 13 €M, yroJs, MPOTHBOJIEKAIIAN
OoJIbIlleli U3 9TUX CTOPOH, paBer 120°. HaiiTu mepuMeTp TpeyroJbHUKA.
Peuienue:
IIycTs cTopona a = 8 c¢m, ¢ = 13 cm, v = 120°. O6o-

sHauuM b = x (puc. 7.185).
ITo Teopeme Kocunycos ¢ = a? + b%> — 2ab cos 120°.
YuureiBasd, uto cos120° = —%, OJYyUYUM: a ¢
120°
82+x2—2~8'x'(—%):132; x2+ 8x — 105 = 0. b

Puc. 7.185

Kopuu sroro ypasmenusa: x, = 15; x, = —7 (ae moz-
XOOUT II0 CMBICITY).

Taxkum obpasom, b = 15.

P=8+13 + 15 = 36 (cm).
Omeem: 36 cMm.
» 3apava 5. Cropons Tpeyroapauka 10 cM, 5 cM u 5\/§ cMm. HafiTu yroJs, jemariui
OPOTUB CTOPOHBI H CM.
Peutenue:
ITIyets ¢ = 5; a =10; b= 5\/§. Haiigem yroa, jie:xa-

U TPOTUB CTOPOHEI ¢, T. €. Y (puc. 7.186):
2
a>+b—¢> 10°+(543) -5 ¢ a
COS’Y = = =
2ab 2.10-5y3
b Y

_100+75-25 _ ﬁ; ;= 30°. Puc. 7.186
100v3 2

Omeem: 30°.
 3apava 6. BuccekTpuca Tymoro yria mapajesorpaMma, KOTopblii pasen 120°, meiwt
ero cTopoHy Ha oTtpe3km 15 cm m 10 cM, cuuTas OT BepIIMHBI OocTporo yria. Hatitu
9Ty OMCCEeKTPUCY 1 OOJIBIIYIO AUaroHaJb IapaJjejorpamMmma.
Pewenue:
Z1 = Z2, 7. k. BK — Ouccexkrpuca, £2 = /3 Kax
BHyTpeHHUe HakpecT Jexxamue npu BC || AD u BK —

B C
ceryieii (puc. 7.187). 2
Torma /1 = /3 = 60°. AABK — paBHOOEIpPEHHBIH, 1
HO /1 = /3 = 60°, Torma oH paBHOCTOPOHHUI. AB =
- BK = AK = 15 cwm (puc. 7.188). 8
15 D

Nmeem mapananesorpamMmm co ctopomamMu 15 ecm A 10K

1 Puc. 7.187

u 25 cm u yraom mexay Humu 120° (coleOo = —5)
IIo TeopemMe KOCHUHYCOB:

B 25 C
AC2=152+252—2~15-25-(—%)= 15/ 120°
=225+625+375 =1225; AC = 35.
A D

Omeem: OuccexTpuca mMeer AIUHY 15 cMm, OojabIas
nuaroHajsb — 35 cM. Puc. 7.188
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S 7.3. MuoroyronbHuku

@0 7.3.1. Napannenorpamm, ero cBoiCTBa U NPU3HAKM

YeTbIpexyronbHuK

quLIpexyPOJIBHHKOM Has3bIBaeTCsAa

reoMeTpuyecKas B

(durypa, cocrosdiiasa U3 YeThLIPEX TOUEK W UETHIPEX II0-
cJIeqOBaTeJIbHO COEIMHSIOIINX WX OTpe3kos. AB, BC, A C
CD u AD — cTopoHBI ueThIpexyroabumka. A, B, C

u D — BepiuHb! (puc. 7.189).

Cocemnne CTOPOHBI BLIXOIAT M3 OMHOI BEPIIMHBI, HA-

nmpumep BA u BC.

IIpoTHBOMOIOKHBIE CTOPOHBI He UMEIOT OOIINX TOUeK,

"Hampumep BC u AD.

D
Puc. 7.189

Cocemnue BepmIMHBI — KOHIILI OMHOUW M3 CTOPOH, Hampumep A u D.
IIpoTuBOMOIOKHBIE BEPIIUHBI — 5TO BEPIIUHBI, He ABJIAMONIecsa coceguumu: A u C

uiau B u D.

JduaroHajp 4eThIPEeXyTroJbHUKA — OTPE30K, COeIMHAIONNN TPOTUBOIIOJIOMKHBIE BEP-
muHbl. YeThIpexyroJbHUK uMeeT aBe nuaronanau: AC u BD.
IlepumeTp uyeThIpexyroabHuUKa (cymma Bcex ero ctropoH): P = AB + BC + CD + AD.

CymMa Bcex yriIioB UeThbIpeXyrojibHUKa paBHa 360°.

B C
Mapannenorpamm
ITapannesorpaMM — 35TO UYeTHIPEXYTOJILHUK, CTO-
POHBI KOTOPOTO TOIIapHO HapaJuieabHBI (puc. 7.190): A D
AB || CD u AD ||BC.
Puc. 7.190

AC u BD — pmaroHaju IapaJjijejiorpaMma.

IIpusnaku mapajaaejorpamMmMma

CroiicTBa mapaJjiaejorpaMmMma

B C

0]
A D
Ecau BO = OD, AO = OC, to ABCD —
napaJjesnorpamm. Ecin nuaronanu de-
THIPEXYTOJHLHUKA TOYKOM IepeceyeHus

B C

o)
A 'D
Ecau ABCD — mnapaJjiejrorpaMm, TO
BO = OD u AO = OC. [Quarouayu Ia-
pajiejsiorpamMa TOYKON IIepeceuYeHusd

napaJurejorpaMMm. Ecam — gmarosHasun

OeJIATCS IOI0JaM, TO 3TOT UYeThIpex- | Jgenarcd nomosaM. Touka O — 1eHTD
YTOJIBHUK — TapaJjjiejiorpaMM CUMMETPUHU ITapaJjijaejorpaMMa
B 4 C B C
A/ " / A D
Ecmu AB = CD, AD = BC, to ABCD — | Eciu ABCD — mnapajiierorpaMM, TO

AB =CD u AD = BC. [luarounajib AeJUT
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OKxoHuaHUue mabaulbl

HpI/IBHaRI/I ImapaJnejgorpaMmMa

CeoiicTBa ImapaJjaJjnejgaorpaMmMa

YeThIPEXYTOJLHIKA IIONMAapHO pPaBHBI,
TO 9TOT YeTHIPEXYTOJIbHUK — IapaJiie-
JorpamMM

mapaJjiaejJorpaMM Ha JBa PaBHBIX Tpe-
YTOJIbHUKA, IPOTUBOIIOJOKHEIE CTOPO-
HBI ITapaJjujiejorpaMMa paBHBI

B C

A/ /
Ecau B uyeThIpeXyroJbHUKE [IBE IIPO-
THUBOIIOJIOMKHBIE CTOPOHBI PABHBI U IIa-
paaieabHbl, TO S5TOT YeThIPEeXyIoJib-
HUK — mapaJjaejgorpamMm. Eciu AB =

=CD, AB || CD, to ABCD — mnapaie-
JlorpamMmm

b
d

1

CBs3b MEMKAy CTOPOHAMHU U AUaroHa-
JAMU TapaJjesorpaMMma
CymMma KBaapaToB guaroHaJjieii paBHa
cyMMe KBaJpaToB ero CTOPOH:

d} +d; =2a® + 2v°

B C
A // /D//
Eciu mpoTHBOMOOMKHBIE YIibl 4eThI-
PexXyroJbHMKA PaBHBI, TO 3TOT YeThIPeX-
YIOJBbHUK — IIapaJLIeJIOrPaMM.

Eciu /A=42Cu /B = 4D, tTo ABCD —
mapaJjiaejiorpaMM

B C

A D

Ecin ABCD — mnapasnienorpaMm, TO
A =/Cwu /B = /D.

ZA + ZB = 180°. B mapaJiiegorpamMmme
IIPOTMBOIOJIOKHEBIE YIIbl paBHBI. CyM-
Ma yIJIOB, IPUJIETAIONINX K OJHOM CTO-
poHe, paBHa 180°

Mapannenorpamm BapuHboHa

CepequHBI CTOPOH IIPOMB3BOJILHOTO UETHLIPEXYTOJb-
HUKA SBJAIOTCA BEpPIIMHAMM HapaJuiejsiorpamMma. Ta-
KOH ImapaJjiaejJorpaMM Ha3bIBaeTCA NapaJijieaorpam- N
moMm Bapunwsona (puc. 7.191).

IIycts ABCD — mpou3BOJBHBINA YeTHIPEXYTOJIbHUK. A K
M, N, K u P — cepenuusl cropoa AD, AB, BC u CD
cooTBeTcTBeHHO. Paccmorpum AABD (BD — puaro-
HaJIb YeThIPeXyroJbHUKa). MN — cpenHsas JUHUS, 110 M

Teopeme o cpenHeir auauu MN || DBu MN = %BD. C

P
Anajgoruuno KP — cpenusasa auaua ADBC. D

1 Puc. 7.191
KP | AD n KP=_ BD.

ITo mpusHaky napasnenbHocTy npambeix MN || KP, Ho MN = %BD = KP.

ITo npusnary nmapannenorpamma MNKP — mapaJjijaeaorpaMM.
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 3apava 1. Haiitu yriasl napajienorpaMmma, ecim cyMMa
IBYX ero yrios 156° (puc. 7.192).

Peuwienue:
Cymma ABYX YIJIOB, IPUJIEMKAIIUX K OMSHOM CTO-
pore — 180°, 3HAUUT, 5TO HE MOTYT OBLITH COCEIHIE
YIJIBI, 8 TOJBKO IIPOTHUBOIIOJIOMKHEIE, I OHU PABHBI.
/A + /C =156°, rorga LA = /C =156 : 2 = 78°; Puc. 7.192
/B = /D =180° — 78° = 102°.
Omeem: 78°, 102°, 78°, 102°. B
. 3apava 2. BuccekTpuca TyIoro yrjia napaJjiejorpaMmma 2
IeJUT ero cTOpoHy Ha orpe3ku 15 cm u 10 cm. Haiitu
mepuMeTp HapaJiieorpaMma.
Peuienue: 3
3agmaua umeeT ABa perieHus. Ilycts BK — Ouccex-
15 K 10 D
TpHuca, KoTopas AeauT cropony AD Ha orpesku AK =
=15 cm, KD =10 cm (puc. 7.193). Puc. 7.193
1) /1 = /2 (BK — Owuccekrpuca), Ho /2 = /3 Kak
BHYTpeHHUe HakKpecT Je:xkamiue ipu BC | AD u ce-
kymieit BK. Torma £/1 = /3, AABK — paBHOOeIpeH-
HeIli 1 AB = 15 cm, AD = 25 cm.

.
.

~d

BN

>
L

P.oep=2(AB + AD) = 2 - (15 + 25) = 80 (cm).
2) Boamos:kHa curyanus, korma AK = 10 cm, KD =
= 15 cm. Torma AABK — paBHOOeApeHHBIN u AB =
— 10 o (puc. 7.194). A4 10K 15
P.cp=2AB + AD) =2 - (10 + 25) = 70 (cm). Puc. 7.194
Omeem: 70 cm nau 80 cMm.

() 3apava 3. CropoHbl mapajsesorpaMMa paBHBL 7 CM b
u 11 cm, a guaroHanu oTHocATca Kax 6 : 7. Haiitu d
IuaroHaJu mapaJjJjejorpaMma. 1

PeweHue: a

IIycts B mapaJjesorpaMMme CTOPOHBI PaBHBI 4 =
=T7cwm, b =11 cm, quaronamu — d, : d, = 6 : 7. Torga

d, = 6x, d, = Tx. Wlcmonib3yeM CBOWCTBO: CyMMa KBa- Puc. 7.195
IpaToB AUWAroHAJeH MmapaJiiejorpaMMa paBHa CyMMe
KBaJapaToB ero cTOopoH (puc. 7.195). B ¢
d?+d?=2a%+2b% d,:d, =6:7 Iycrs d, = 6x, /0%
d, = Tx; (6x)* + (Tx)*=2- 7+ 2 - 11% 85x> = 340; x* = 13
=4;x=2.d,=6-2=12;d,=7-2=14.
Omesem: 12 cm; 14 cwm.
A 24—x D

. 3apauva 4. IleprieHAUKYIApP, TPOBENEHHBIN M3 BEPIIIU-
HBI yIJla IapaJijiejorpaMMa K ero AWaroHajaW, IeJIUT Puc. 7.196
ee Ha orpesku 18 cm m 6 cm. Haiitu gmaroHanm ma-
paJiaesorpaMMa, ecJu CyMMa CTOPOH IapaJijesorpaM-

Ma paBHa 48 cwMm. b
Pewenue: d,
IIycts AK | BD. BK = 6 cm; KD = 18 cm. Cymma a
CTOpPOH mapaJsimesorpamma — 48 cm, Torma AB + AD =
= 24. Ilycts AB = x, AD = 24 — x. Hatinem Kater AK
nBaxkabel U3 AABK u AAKD (puc. 7.196): Puc. 7.197
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AK? = AB? — BK? = x> — 62%; AK? = AD? — KD? = (24 — x)? — 182, Torma x% — 6% =
=(24 — x)>? — 182, 48x = 288; x = 6. AB=6; AD =24 — 6 = 18.

ITonyunnau mapasiaesorpaMMm co ctopouamu 6 u 18 u nuaromanbio 24 (puc. 7.198).

a = 6; b =18; d, = 24. Haiinem BTOpYyIO AuaroHanb: d, = y. y> + 24> = 2 - 6% +
+2-18% y=12.
Omeem: 24 cm u 12 cwm.

@D 7.3.2. NpamoyronbHuK, KBagpar, pom6, X CBOICTBA U MPU3HAKM
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MpAmoyronbHUK

ITapannenorpaMMm, y KOTOPOTO BCe YIJIBI IpPAMBIE,

Ha3bIBAETCA MPAMOYTOJBHUKOM (puc. 7.198).

IIpusHaku MpAMOYTroJbHUKA:

1. Ecau gmaromanu mapaJijiejorpamMa pPaBHBI, TO 3TOT 0
mapaJjjiejilorpaMM — IPAMOYTOJbHUK.
Ecniu AC = BD, to ABCD — upAMOYTOJbHUK. A D

2. Ecau y nmapaJiesorpaMMa XOTh OAUH yroJI IIPSIMOM, Puc. 7.198

TO 5TOT HMapPAaJJIEJIOTPAMM — OPAMOYTOJIbHUK. Ecanu
ZA = 90°, ABCD — mnpAaMOYTOJbHUK.
CBoiicTBa MPAMOYTOJBHUKA: B C

. luaronanu npamMoyroiabHuKa paBHBI: AC = BD.

2. lleHTP OKPY'KHOCTH, ONMCAHHOM OKOJO IIPAMO-
YTOJIbHUKA, HAXOAUTCSA B TOUKE IepeceueHus aua- 0O
rouajeii. Pagmyc aToi OKPYKHOCTU pPaBeH ITOJIOBU-
He guaroHanu. O — meHTp okpy:kHOCTU. BO = R A D
(puc. 7.199). \\/

3. Ilpsamble, TpPOXOAAINUE Uepe3 CepeIUHBLI ITPOTUBO-

Puc. 7.199

[y

IIOJIOYKHBIX CTOPOH, ABJJIAIOTCA OCAMM CHMMMETPHH.

[, ml, — ocu cummerpuu (puc. 7.200). L,

3apava 1. MeubIinasa cTOpPOHA IIPAMOYTOJbLHIKA PaBHA
6 cm. HaiiTu quaromany mpaMOYTOJbHUKA U €ro 00Jb- 2
IIyI0 CTOPOHY, €CJU [OUArOHAJU IIePeceKaroTCs o[ o)
yraom 60°.

Pewenue: Puc. 7.200

Jduarosanm npAMOYTroJbHUKA PaBHBI U TOUKOM Iiepe-
ceyeHud meisarcd mnmonosaam, T. e. CD = 0D, ZCOD = 60°
(puc. 7.201). Ecaiu B paBHOOEIPEHHOM TPEYTOJbHUKE )
onuH yroy 60°, To TpeyroJbHUK paBHOCTOpPOHHUI. To ) 60 6
ects OC = OD = CD = 6 cm, Torma AC = BD = 12 cm
(puc. 7.203). LACD = 60°. I3 AACD: AD? = AC? — CD? = A D

=122 - 62 = 144 — 36 = 108; AD = /36 -3 = 6/3. Puc. 7.201

Omeem: 12 cm u 63 cwm. B C
3apauva 2. BuccekTpuca OpAMOro yrJja OpaMOyTOJbHU- 60°
Ka JeJIUT ero AuaroHajJb Ha oTpe3km 15 cm m 20 cw, 12
cuuTasg OT OJMIKANINeNd K 9TOMY yrioy BepiuHb. Haii-
TU AJUHY OTPE3KOB, Ha KOTOpPhIe 9Ta OMCCEKTpuca ne- A D
JUT CTOPOHY HNPSAMOYTOJbHUKA. Puc. 7.202




Pewenue:
IIycts BK —Owuccekrpuca /B (/B = 90°) u menur

C
AC ua orpesxku AO =15 cm, OC = 20 cMm, (puc. 7.203). B 9
. AO AB 15 3 1 20
ITo cBolicTBY OMCCEKTPUCHI: —— = —— = — = —; o)
OC BC 20 14 15
IIycts AB = 3x, BC = 4x, Torna AC = 5x (erumer- 3
ckuit TpeyroabHuK). Ho AC = AO + OC = 15 + 20 = 35; A K D
5x=85; x=T;AB=3-7=21; BC=4 -7 =28. Puc. 7.203

AABK — paBHOOenpeHubii (T. K. Z1 = /2, HO
/2 = /3 kaxk Hakpect Jge:xaiue npu AD || BC u cerymieir BK. Torma /1 = £3).
AB=AK =21, DK =28 — 21 = 1.
Omeem: 21 cm u 7 cM.

Pom6

Pom6 — »sT0 mapaJsiiesiorpaMM, Y KOTOPOTO BCE CTOPO- B , C
HBI paBHBI (puc. 7.204). '
IIpusHaku pomoba:
Ecau B mapasnenorpamMmMe quaroHasu:

a) MepneHIuKYJISAPHEBI,

0) aBisAiOTCA OMCCEeKTpUCAMU YTJIOB,

B) MeJAT TMapajiejiorpaMM Ha YeThbIpe PaBHBIX Tpe- .

YTOJIBHUKA, TO 9TOT IIapaJljaejorpaMM — pPOMO. A ' D
CsoiicTBa pomoba: Puc. 7.204

. Huaronaau poMmba B3aUMHO IEePIEHIUKYJISAPHEIL.

. JIuaroHajau SABIAIOTCSA OMCCEKTPUCAMU YIJIOB. B

. Iuaronanu maenAT poMO Ha UYeThIpe PABHBLIX Tpe-
YTOJIbHUKA.

. duarosanu ABIAOTCA OCAMU CUMMETPUU.

. lleHTpOM OKPYKHOCTH, BINCAHHON B pPOMO, $B-
JsieTcsd TOYKA IIepecedyeHUs AuaroHalieil, pammyc
9TOM OKPYKHOCTH pPaBeH II0JOBMHE BBICOTBI pomOa
(puc. 7.205):

Q

W N~

Ot i~

A D
r=—h. Puc. 7.205

. 3apaya 3. CtopoHa pomba paBHA 12\/5 cM, a Tymoi yroa — 120°, Hafitu guaronanu
pomoba.
PeweHue:
Tymnoit yron, Hanmpumep, ZD = 120°, Torga ocTpuIiit
yron /A = 180° — 120° = 60° (puc. 7.206).
Torma AABD (AB = AD) — paBHOCTOPOHHUI 0
u BD =12.3; BO =0D = 64/3.
Pacemorpum AAOD (LAOD = 90°). ITo Treopeme Ilu-
daropa: 1
2 2 }
AO? = AD* - 0D* = (1243) - (643) =324. A D
AO = 18, torga AC = 36. Puc. 7.206
Omeem: 123 cm u 36 cu.

S B Mweyomws

B C
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 3apava 4. U3 BepmuHBI ocTporo yria pomba Ha HpO-

IOJIYKeHNe CTOPOHEBI OITYIIeH IIePIeHAuKYIap. PaccTos-
HUS OT OCHOBAHMUS 9TOr0 MEPIEHIUKYJIIpPa 4O KOHIIOB
STOM CTOPOHBI OTHOCATCS Kak 32 : 7. HaliTu MeHbBIIYIO
IuaroHaJb pomba, ecau ero OoJbIIas AUAroHAJIb PaB-
Ha 40 cMm (puc. 7.207).

Peutenue:

CK 1 AD; DK : AK =7 : 32. Torma nnycth DK = Tx,
AK = 32x, Torga AD = 32x — Tx = 25x. Halinem nBa-
1e1 kateT CK n3 AACK u ADCK. CK? = AC? — AK? =
=40% — (32x)%

CK? = CD? — DK? = (25x)® — (7x)>.

ITonyuum ypaBHeHwue:

402 — (32x)% = (256x)? — (Tx)?%;
625x2 — 49x% = 1600 — 1024x?%; x = 1.

Torma cropora pomba CD = 25 cm. ITonryuaem pom0O
co croponoit AD = 25; AO = 20 (muaroHajm TOUYKOI
mepeceueHusd AeasaTcs momosaam) (puc. 7.208). LAOD =
90° (AC L. BD — cBoiicTBO pomba).

Ilo Teopeme Ilucgaropa:

OD? = AD? — AO? = 252 — 202 = 225;
OD =15 (OD > 0); BD = 30 (cm).
Omeem: 30 cwm.

 3apava 5. Haiitu yrusr pomba, ecau:

a) BBICOTA BABOE MEHbLIII€ CTOPOHEI;
0) BbICOTA, IIPOBeNeHHAs M3 BEePIIMHBLI TYIIOTO yrIJa,
OTCEeKaeT OT HEero paBHOOEIPEHHBIN TPEyroJIbHUK.

Peuwenue:
a) Ilycrs BeicoTa BK = a, Torma AB = 2a (puc. 7.209).
sinLAzﬁzizl; ZA = 30° = £C;
AB 2a 2

ZB =180° — 30° = 150°; «B = 4D = 150°.

6) Ecau Buicota BM otcexaeTr AABM — paBHOGempeH-
HBIM U TPAMOYTONbHLINA, TO LA = ZABM = 45°.
/C = /A = 45° (puc. 7.210).

Torma £/B = 180° — 45° = 135°. 4D = /B = 135°.

Omeem: a) 30°, 135°, 30°, 150°; 6) 45°; 135°; 45°;

135°.

Keapgpar

KBagpar — »sT0: 1) pomb6, Yy KOTOPOrO BCE YTIJIBI
npAMbie; 2) IPAMOYTOJbHUK, ¥ KOTOPOTO BCE CTOPOHELI
PaBHBI.

KBagpar obsamaer BceMu CBOIICTBAMM HapaJsiiesio-
rpamma, pomba, IpPAMOYTOJbHUKA.

KBagpar numeer yeTsipe OCHM CUMMETPHMHU: IBE JUATO0-
HAJU U IBa CePeINHHBIX MEPIeHAUKYJIIPa K CTOPOHAM
(puc. 7.211).

B C
40
25x
Tx ]
A D Kk
— 82—
Puc. 7.207
B C
20 0
A 25 D
Puc. 7.208
B C
A K D
Puc. 7.209
B C
A K D
Puc. 7.210

4

Puc. 7.211



KBagpar — npaBuIbHBINA YeThIPEXyTOMbHUK. Touka
mepeceuyeHUsT — 9TO IEHTP BOMCAHHOW U OIIMCAHHOM
OKPYIKHOCTU, IIPUUYEM PAAUYC BIKUCAHHON OKPYIKHO-

R
a2

a .
CcTHU r=§, ONMCAHHOU OKPYKHOCTHU RZT’ rae

a — cTopoHa KBazapara (puc. 7.212).

. 3apaya 6. OTpe3oK, KOTOPBIiI COeAUHAET BEPIINHY KBa-
IpaTa ¢ cepequHON IIPOTHBOMIOJIOMKHOM CTOPOHEBI, pa-
ser 3v5 cm. Haiitu IepuMeTp U ILIOIALb KBaLpaTa. Puc. 7.212

Pewenue:
IIycrs BK = KC = x, Torna AB = BC = 2 (puc. 7.2183). B, K _ ¢
AABK — mpsAMOyroJibHBIN, 1m0 Teopeme Iludaropa
AK? = AB? + BK?;

@x) +x* =(3J5) ; Bx?=45; x* = 9; x = 3 (x > 0).
AB =2x =6 cm. Torma P =4AB =4 - 6 = 24 (cm).
S = AB? = 62 = 36 (cm3).

Omeem: 24 cm; 36 cm?. A D

() 3apava 7. B paBHOGeApEHHBIN IPAMOYIONBHBIA TPEY- Puc. 7.213
TOJIbHUK BOMCAH KBaApaT TaK, YTO IBE €ro BEPIIUHBI
JeKaT Ha TUOOTEeHy3e, a [Be NPyTrue ero BepPIIUHBI — C
Ha KareTaxXx. HaiiTu cTOpPOHY KBaapaTa, €CJU T'HUIIOTe-
Hy3a paBHa 18 cwm.

Peuienue: [T ' O

AAMN u ABPK — paBHOOeIpeHHBIE U IIPAMOYT0JIb-
Hble (puc. 7.214), mockoabky NM 1| AB u KP 1 AB, T T
LA = /1 = L2 = /B = 45°. Torma AM = MP = PB = | . 1,

=18 : 3 = 6 (cm). A M P B
Omesem: 6 cm. Puc. 7.214

@0 7.3.3. Tpaneuums. CpefHas nuHuA Tpaneuun; paBHobeapeHHas Tpaneums
T B C
pamenuss — 95TO UYETBHIPEXYTOJbHUK, Y KOTOPOTO
IBe CTOPOHLI IIapajlieJbHBI, a OBe APyrue — He IIa-
pasyiebHbI.
ITapanienbHble CTOPOHBI TpAaNeUU HA3LIBAIOTCS
OCHOBAHUSIMHU. ml
BC — wmensItiee ocHoBaHue, AD — Oojbliiee ocHoBanue. A K D
Henapannaenbubie CTOPOHBI HA3BIBAIOT OOKOBBIMU Puc. 7.215
CTOPOHAMM. B C
AB u CD — 00koBBIe CTOPOHBI (puc. 7.215).
Boicora tpanmenuu (BK 1| AD) — mnepneHIuKyJaAp,
MPOBeIEHHBIN u3 JI000H TOUKM OJHOTO OCHOBAHUSA
K IPAMOM, COAeprKallleil Jpyroe oCHOBAaHUE.
OTpesku, coeIMHAMIINME IIPOTHUBOIOJIOKHBIE Bep-
IIUHBI, — AUATOHAJJU TPAIIEI[NN. A D
AC u BD — puarounanu (puc. 7.216). Puc. 7.216
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CpenHﬂﬂ NIUHNA TpaneLun
Cpe]],'HHH JUHHUA Tpamenmmumm — OTPEe30K, COeINHAIO-

U cepequHbl ee OOKOBBIX CTOPOH.
Ecau AM = MB u CN = ND, MN — cpenuas Jiu-
Husa (puc. 7.217). M N

CpenHsa JIuHHA Tpamelnuu IapaJjejbHa OCHOBa-
HHMAM UM paBHA UX MOJyCyMMe.

Eciu a m b — pgiauHbl OcCHOBaHUII, a M — OJUHA
cpenHen JUHWUU, TO:
a+b A b D
m = 5 Puc. 7.217

ATo yTBEep:KIeHNE HA3LIBAIOT TEOPEMOH O cpegHell JUHUU TPAIeIUn.

. 3apaya 1. OcHOoBaHUA TPAIEIN OTHOCATCA KaK 3 : 5, a cpeaHAsd JUHUSI paBHA 32 CM.
Haiitu ocuoBanme (puc. 7.218).

Peuwienue: a
Ilyers a = 3x, b = bx, Torma mo TeopeMe O cpemHel /
m
a+b 3x + 5x
JUHUN TPanemunn T =m, T. €. T = 32; /
4x =32; x=8,a=8-3=24;b=8 -5 =40. b
Omeem: 24 cm; 40 cMm. Puc. 7.218

"pﬂMOVFOﬂbHaﬂ Tpaneuna

IIpamoyrosbpHasa Tpamemuss — 3TO Tpalenusd, y Ko-
TOpPO# oxHa OOKOBasA CTOPOHA NMEPHEHAUKYJIAPHA OCHO-
BaHUAM (puc. 7.219).

CBoiicTBa MPAMOYTOJBHON TpPaIEIuu:

1. IlnmuHa BBICOTHI paBHA [JINHE MeEHBINEH OOKOBOIM ¥ o
cropousl: CM 1 AD; AB =CM.

2. Ecau mu3 BepHIVHBI TYIIOTO yIJia OIIYCTUTH BBICOTY,
TO OHa pasAeJuT TpaIelli0 Ha IPAMOYTOJbHBIN A_l : L]
TpeyroabHuk (ACMD) n npamoyroabuuk (ABCM), M D
npuuem AM = BC, a MD = AD — BC, T. e. OTPe30K Puc. 7.219
MD paBeH pasHOCTU OCHOBAHUM.

() 3apava 2. Menbmas AuAroHaJab NPSIMOYTOJBHON TPANENUU SABIAETCS OUCCEKTPUCON
nmpsamMoro yria. PasHocTs ocHoBaHmMil Tpamernuu paBHa 30 c¢M, a pasHOCTH OOKOBBIX
ctopoH — 18 cm. HaiiTu mepumMeTp Tpamemun.

B C
Pewenue:

Ilyctsr B mOpaAMOYroJbHOW Tpameniuu IIpoBedeHa 3 x+18
Beicora CM, CM = AB. PasHocTb OCHOBaHUII paBHA X X
30 cm, T. e. MD = 30 (puc. 7.220).

ITIyets AB = CM = x, Torga CD = x + 18, TIOCKOJBKY 1
pPasHOCTh OOKOBBLIX CTOPOH paBHa 18. 2 30

ITo reopeme ITugaropa: CD?*=CM? + MD?; (x + 18)%= A ]—\2 D
=x2+ 30% x%2 + 36x + 324 = x2 + 900; x = 16. Torza Puc. 7.220

AB =16 cm; CD =16 + 18 = 34 (cm).
Haiigem ocmoBanusa tpamenuu. AC — oOuccexkTpuca LA, torga £1 = £2, Ho L2 =
= /3 kak BHyTpeHHUVe Hakpecrt Jexamiue npu BC | AD u cerymeit AC, T. e. L1 = /3.
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AABC — paBHOOenpeHHBIN, T. €. AB = BC =16 cm, AM =16 cm. AD =AM + MD =
=16 + 30 = 46 cm™.

P=AB+BC+CD+AD =16 +16 + 34 + 46 = 112 (cm).
Omeem: 112 cwm.

PaBHoGeapeHHas Tpaneuus

Ecnu 60KOBBIE CTOPOHBI TPAIEIUU PABHBI, TO TPAIEIWI0O HA3LIBAIOT PaBHOOEIPEH-
HOU (paBHOOOKOI, paBHOOOUHOI) (puc. 7.221).
CroiicTBa paBHOOEIPEHHOI TpAMeINu:
1. ¥Yrael mpu ocHOBaHUAX paBHEI (LA = £D; /B = ZC).
2. Nuaronanu paBuHbl (AC = BD), AABD = ADCA.
3. Bricora, mpoBemeHHasa 13 BEPIIUHLI Tymoro yria (puc. 7.222), meaut 00JbIiee Oc-
HOBaHME HA OTPEe3KH M U N IJIUHOMN:

a+b . b-—a
= (paBeH cpenHell JUHUN); N = B

rae b — puimHA OGOJIBINIET0 OCHOBAHUA, @ — JJIMHA MEHBIIIET0 OCHOBAHUA, IIPUYEM
b=m+n.

4. ABOC u AAOD — momobHbIe paBHOOEIPEHHBIE TpeyroabHuKu. L1 = /2 = /3 = /4.
AAOD ~ ACOB (puc. 7.223).

5. Eciin puaroHajy paBHOOOKOW TpallelMy B3aMMHO IIEPHeHANKYJIAPHBI, TO BBICOTA
Tpamenuu paBHa cpeaHeil JUHUU, T. €. IIOJYCyMMe OcHOBaHUi (puc. 7.224):

- a+b
2
B C a B C a
(0]
h
n h m
. v ) 1 4

A D b A D b

Puc. 7.221 Puc. 7.222 Puc. 7.223 Puc. 7.224

IIpusHak paBHOOOKON Tpamenuu
Ecau B Tpamenuu BBINMOJHSIETCA OTHO U3 yTBep:kaeHuii 1—4, To 3Ta Tpaneuusa —
PpaBHOOOKAMA.

3agava 3. JIuaroHajab PaBHOOOKOI Tpamenuu SABJIAeTCA OMCCEeKTPUCOM TYIIOTO yrJia
U JeJUT CPeNHIOI JHUHUI0 Ha OTpe3Km 3 cM m 13 cm. HaliTu BBICOTY Tpalenuun
(puc. 7.225).

Pewenue: B C

MN — cpegasas gunausa, AC — Ouccekrpuca /C. 1 2
MO = 3, ON =13.

MO — cpegasaa nuuaua AABC, torga BC = 6 (1o M 3 13 N
TeopeMe O cpelHell JUHUU TPeyroJbHUKA). %

Anajgoruuao ON — cpenusasa gunus AACD, AD = 3
_ A D
= 26 cm.

Puc. 7.225
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ITockonbry £1=/2u /1 =/3, L2 = /3, ANACD —
paBHOOenpennsriti, AD = CD = 26, AB = CD = 26. Ilo-

B 6 ¢
Jayuum Tpamneinuio, rage AB = CD = AD = 26, BC = 6
(puc. 7.226).
AKZAD;BC:262—6:10 (BK L AD). 26 26
ITo reopeme Iudaropa: BK2=AB?—-AK?=262-10%= =l
K 26 D

= 576; BK = 24. A
Omsem: 24 cwm. Puc. 7.226

Tpaneuml N OKPYXHOCTb B C
1. Ecuu oKoJIO Tpamenuy onucaHa OKPYysKHOCTD, TO 9Ta
Tpamenus — paBHOOOKasi. BepHo u obpaTHOe: OKO-
JIO PaBHOOOKO¥ Tpameiuu MOKHO OMHCATH OKPYIK-
HOCTh (puc. 7.227).
2. Ecuz B Tpamenio BmucaHa OKpysKHOCTH (puc. 7.228),

TO: A D
a) cymMMa OCHOBaHHWII paBHa cyMMe OOKOBBIX CTO-
pou: AB + CD = BC + AD;

0) paguyc r 9TOM OKPYKHOCTU PaBeH IIOJIOBUHE BbI- Puc. 7.297
COTHI Tpamenuu h: r = E; B C
2 S 7
B) €CJIM COEIMHUTHL IEHTP OKPYsKHOCTH C BEePILHU- V\
HaAMU Tpamenuu, TPEeyroJbHUKHN, IIPUJIEKAIINe G
K OOKOBBLIM CTOPOHAM, OYAYT NPAMOYTOJbHBIMU; h
ZAOB = ZCOD = 90°,
AAOB u ACOD — 1upAMOYTOJILHEIE.
. 3apauva 4. HaiiTu mepumMeTp OIMMCAHHOM Tpameliuu, ec- P~
JI1 ee OCHOBaHUA paBHBI b cMm u 11 cM. A D
Pewenue: Puc. 7.228
Ecin Tpamenusi onmcaHa OKOJIO OKPYIXHOCTH, 5TO B C
3HAUUT, YTO B TPAIEIUI0 BIUCAJIU OKPYKHOCTh U BBI-
nosuAeTcA cBoiictBo: AB + CD = BC + AD =5 + 11 =
= 16 (puc. 7.229). .
P=AB+CD)+ (BC+AD)=16 + 16 = 32 (cm). o)
Omeem: 32 cwm.
. 3apauva 5. Koumnsl 6oabiieit 60KOBOM CTOPOHBI IIPSAMO-
YTOJILHOM Tpallenuu yAAJeHbl OT IIeHTpa BIIMCAHHOI A D
B Hee OoKpy:kHocTH Ha 15 cm m 20 cm. Haiitu mepu- Puc. 7.229
meTrp Tpamenuu (puc. 7.230). B M C
Peutenue:
IIycts B Tpamemuio ABCD (AB | AD) Buwmcana 15
OKPYKHOCTBb, TOouKH M, K, N u P — TOYKU KacaHusd. K
ACOD — upamoyroabHbIii ¢ Kareramu OC = 15 P
u OD = 20. 0]
ITo reopeme ITudaropa saxomzum CD = 25. \ 20
ITposegem OK 1 CD, sTo BBICOTA TPEYroJbHHKA
COD u pammyc OKPYKHOCTU, IPOBEAEHHBIN B TOUKY A N D
KacaHud. Puc. 7.230
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Hcnonbayem cBOMCTBO MPAMOYTOJHLHOTO TPEYTOJbHUKA:
OC-0D 15-20

OK - CD =0C - OD; OK = = =12.
CD 25
ITo TeopemMaM 0 IPOMOPIIMOHATIBHBEIX OTPE3KAX B IPAMOYTIOJILHOM TPEYTOJbLHUKE:
coO® 157
CO?=CK -CD; CK =——=—=09;
cD 25 B 9 m9 C
2 2
op* - Dk - ¢D; Dk =22 - 29 _ g, 9
CD 25
AB — BbICOTa Tpameniuu, mostomy AB = 2 - OK = 24. P ° 16
ITo Teopeme o ABYX KacaTeJNbHBIX K OKPYKHOCTH, 9
BBIXOIAMINX 13 OAHOI TOUYKM (puc. 7.231):

CM =CK =9; KD = DN = 16; 9 N 16

AN = AP = PB = BM = 9. A L
IMomygaem: AB = 18; BC = 18; AD = 25; CD = 25. Puc. 7.231
P =18 + 18 + 25 + 25 = 86 (cm). C

B 20
Omeem: 86 cm.
PaccmorpuM 3amauy Ha HaXOMKIeHMNE 3SJIEeMEHTOB
Tpamelun, B KOTOPOM HEOOXOAMMO BBIIOJHUTL JOIOJI- 13 37
HUTEJLHOE IIOCTPOEeHIE.
» 3apauva 6. OcuoBanmsa Ttpanermuum — 20 cm u 60 cwm,
a 60okKoBbIe cTOPOoHEI — 13 cm u 37 cm. HafiTu BBICOTY H

Tpamenuu (puc. 7.232). A 60 K D
Peuwenue: Puc. 7.232
IIpoemem CM || AB. Tpamnenusa pa3buBaeTca Ha ma-
pamaenorpamm ABCM u tpeyroabauk CMD co cTopo- C
mamu CM =13, MD = AD — AM = 60 — 20 = 40; CD =
= 37. Boeicotra CK ACM D siBisieTCsI BLICOTOI TpPAIleIuu
(puc. 7.233). 37
ITo popmyie miomagu TPEYroJbHUKA:
MD-CK S
S.cnp = —, v Torma CK = ﬁ. !
Haiigem nomans S, no dopmyne 'epona: A 20 M K D
S =/p(p - a)(p - b)(p - ©); v
p:a+b+c:13+37+40245; Puc. 7.2338
2 2
Al
S = \/45 -(45-13)(45 —40)(45 — 37) = 240.
Torza CK = 2240 _ 13, A,
40
Omeem: 12 cMm. A,
@D 7.3.4. (ymma yrnos BbiNyKAOro MHOrOYrobHUKa
., A
JlomaHasi HasbIBAeTCA 3aMKHYTOM, €CJIU €€ KOHIIbI A, 3

coBmamamT (puc. 7.234). Puc. 7.934
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Ecau cocemnume 3BeHbS JOMaHOI He JeXKaT HA OJHOM IIPAMOI, TO IpOoCcTad 3aMKHY-
Tas JIoMaHas HA3bIBAETCSI MHOTOYTOJbHUKOM.

Bepiiunbl JoMaHO# Ha3BIBAIOT BEPIIMHAMM MHOTOYTOJBHMKA: A, A,, A, ...

3BeHbs JIOMAHOW — CTOPOHBI MHOTOyroJbHUKa: A A5 AA,; ...

OTpesku, COeAMHAIOINE HEeCOCeJHNEe BEePIINHLI MHOIOYTIOJbHNKA, HA3BIBAIOT JHA-
roHajamu: A A, AA ur. n.

MHOroyroJibHIUK Ha3bIBA€TCSA BBIMYKJBIM, €CJIM OH JIEKUT B OJHOM ITOJYILJIOCKOCTH
OTHOCHUTEJILHO JII000M MPAMOIi, comepsKalleil ero cropony (puc. 7.235).

Tak, muoroyronbauk ABCDEF — BBITYKJIBINA, a MHOrOyroibHuK A B.C D E F, —
HEeBBINYKJBIH (puc. 7.236).

¥YTJIOM BBIIYKJIOTO MHOTOYTOJBHUKA TIPU JAaHHOII BepPIIIMHE HA3bBIBAETCS yIOJ, 00-
pasoBaHHBIN ero cropoHamu, Hanpumep LABC, /BCD u 1. g (puc. 7.237).

BHemIrHMM yrJaoM BBLIDYKJIOTO MHOTOYTOJbHUKA IIPU JaHHON BEPINUHE HA3bIBAETCS
YToJI, CMEKHBINT BHYTPEHHEMY YIJIy MHOTOYTOJIbHUKA IPU 9TOM BepPIIUHE.

CymMMa yriioB BBINYKJIOTO N-yroJbHUKA PaBHA:

Y., =180°-(n -2)

CyMMa BHENIHMX YIJIOB BBIMYKJIOTO N-YTOJBHUKA, B3ATHIX 110 OMHOMY IPU KaXKI0HN
BepInuHe, paBHa 360° (puc. 7.238).

B D B c
A
F
B A
E
F E ‘p E D
c 4 v B
D 1 K
Puc. 7.235 Puc. 7.236 Puc. 7.237 Puc. 7.238

() 3apava 1. Haiitu cyMMy yrioB BBIILYKJIOTO:
a) IecCTUyroJbHUKA; 6) BOCBMUYTOJbHUKA; B) ABEHAAIATUYTOJIbHIKA.
Pewenue:
a) n = 6; 26=180°-(6—2) =180°-4 =720%

6) n=8; > =180°-(8-2)=180°-6 = 1080°;
B)n=12; > =180°-(12-2)=180°-10 = 1800°.

(D 3apava 2. OnpesenuTh KOIMYECTBO CTOPOH BBIIYKJIOTO MHOTOYTOJBHUKA, €CIM CyMMa
ero yrJjios pasHa: a) 540°; 6) 900°; B) 1260°.
Peuwenue:
a) 180°(n — 2) =540°,n —2=540:180; n — 2=3; n = 5;
6) 180°(n — 2)=900°,n—-2=900:180; n —2=5;n="T;
B) 180°(n — 2) =1260°;, n —2=1260 : 180; n — 2="7; n = 9.
Omeem: 5; 7; 9.
. 3apauva 3. /IBa yryia BBIIIYKJIOTO IMATUYTOJbHUKA TIPA-

Mble, a OcTajJbHbIe PaBHbI. HaliTu UX rpafyCcHYIO Mepy A B
(puc. 7.239).
Pewenue:
Haiigem cyMMy yrJyioB BBIOYKJIOTO IISATHYTOJBHUKA: E ¢
25:180°-(5—2)=180°-3:540°. D
Puc. 7.239
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LA =2ZB=90°% ZLC + 4D + ZE = 540° — 90° - 2 = 360°.
£ZC=2/D = ZE = 360° : 3 =120°.

Omesem: 120°.

160°. HafiTu KOJIMYeCTBO CTOPOH MHOTOYTOJbHUKA.
Pewenue:

» 3apaua 4. Tpu yruia BBIIYKJIOrO MHOTOYTOJIBHUKA PaBHBI 10 80°, a OCTAJIbHBIE — IIO

IIycTh MHOTOYTOJLHUK MMEET 7 YIJIOB, X cymma pasHa 180° - (n — 2). Torzma mo-

JYYUM ypaBHEHUE:

80 -3+ 160(n — 3) = 180°(n — 2); 4 - 3 + 8(n — 3) = 9(n — 2);

12 +8n —24 =9n — 18; n = 6.

Omeem: 6.

@D 7.3.5. NpasunbHble MHOTOYTONbHNKM

BBIOYKJIBIN n-yroJbHUK HA3LIBAETCS MPABHJIBHBIM,
ecjay y Hero BCe CTOPOHBI PABHBI U BCE YIJIbI PaBHBI
(puc. 7.240):

AA,=AA =AA =..=A A
LA =LA, = /A, = .= LA

Hampumep, paBHOCTOPOHHUU TPEYTrOJbHUK, KBa-
IpaT 4 T. J.

CymMa Bcex yIJiOB MPaBUJIBHOTO N-yroJbHUKA PaB-
Ha (n — 2) - 180°, a KasKObIil ero yroj paBeH:

_180°-(n-2)

n

n

HOCTPOEHME HeKOTOPbIX NPaBWIbHbIX MHOTOYrojibHUKOB

ILHH IIOCTPOEHUA IIPaBUJIBHBIX MHOI'OYI'OJIBHMKOB
YI00HO MCIIOJIb30BAThL OKPYKHOCTD, OIMCAHHYIO OKOJIO

MHOTOYTOJIbHUKA.
IleHTpanbHBIH yroJ BEIUKCIAEM IIO (popMyIe:
., _360°
: n

Hamnpuwmep, npu n =6, o = 60°; pu n = 3, a. = 120°.

ITosToMy pmns1 TOCTpPOEHUS MPABUJIBHOTO IIECTH-
YTOJIbHUKA OJHY U3 BEPIIWH A, OTMeYaeM IIPOU3BOJIb-
HO, a U3 Hee cTpouM Xopael A A ), A A, u T. I., paBHBIE
pazuycy.

Eciu coemuHUTh 5TU BepIIUHBI Uyepes OOHY, MOJIY-
YUM IIPABUJILHBIA TPEYroJbHUK.

[ mocTpoeHUsA MPAaBUJILHOTO BIMCAHHOTO YeThI-
pexyroabHuKa (KBaapaTra) IPOBOAUM Uepes IEHTP ABa
B3aMMHO MEPIeHAUKYIAPHBIX AuaMerpa. Ecim Kax-
OB 13 IPAMBIX YIJIOB IIPU 9TOM IIOAEJNUTH IIOMIOJIaM,
TO BMECTE C BepIInHaMU KBaApaTa IIOJYUUM BePIITUHBI
IPaBUILHOTO BOCBMUYTOJIbLHIKA.

hN

Puc. 7.241

n=4un=8
Puc. 7.242
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 3apava 1. Haiity yribsl IpaBUJIBHOTO N-yTOJBHUKA, €CJIH:
a)n=5;0)n=6;8)n=12; 1) n=18.

Pewenue:
a) a5::1§9—é§i:29::108% B) am::1§9—j%;£:29::150%
6) o = 180(6-2) o, r) o, = 189°-08-2) ;660
6 6 18 18

. 3apava 2. CKOJIBKO CTOPOH MMEEeT HNPABUJILHBLIA MHOTOYTOJBHUK, €CIU KaXKIBbIN ero
yroJ paseH: a) 60°; 6) 90°; B) 135°?

Pewenue:

a) 189772 _ ga0 180(n - 2) = 60m; n = 3;
n

6) 120022 _ 900 180(n — 2) = 90m; 2(n — 2) = n; 1 = 45
n

p) 29902 _ 350 180(n - 2) = 135m; 4(n - 2) = 3n; 4n — 8 = 3n; n = 8.
n

» 3apaua 3. CKOJIBKO CTOPOH MMeeT IPABUJIbHBIN BIUCAH- \

HBIII MHOTOYTOJIbHUK, €CJIN Ayra ONNCAHHOU OKPYKHO-
CTH, KOTOPYIO CTATMBAET ero CTOPOHa, paBHa: a) 30°;

6) 36°; B) 72° (puc. 7.243)? 4
Pewenue: o)
360°
OueBUIHO, UTO N = .
o Puc. 7.243
a)n:360 =12; n=12; 6)n:360 =10; n = 10; B)n:360 =5; n=>5.
30° 36° 72°

(DOPM)IﬂbI ONA HaX0XAeHNA NnepuMeTPoB 1 nnowanen NpaBWIbHbIX MHOTOYTr0JIbHUKOB

IlepumeTp IPaBUIBHOTO N-YTOJBHUKA CO CTOPOHOM a4 MOXKHO BBIUMCJIUTH II0 (POP-
myJe:

P =a-n
n

Hanpumep, nmepumerp mpaBUJIBHOTO TpeyroabHUKa: P, = 3a, mepumMeTp KBaapara:
P, = 4a, nepumerp npasuabHOro 12-yronpauka: P, = 12a.

IInomans MpaBUIBHOTO N-YTOJLHUKA CO CTOPOHOM @ MOYKHO BBIUMCJIUTH IO (POP-
myJe:

B na’

S = 180°
4tg( j
n

e n — KOJHUUYECTBO CTOPOH (BEPINNH), & — CTOPOHA.

Hanpuwmep:
1) maomiangb TpeyroabHUKA: S, = 3-a” = az\/§°
T 4tg60° 4’

2) momanab KBagpara: S, = 4'—‘12 =a’

"t 4tg4abe ’

6-a’ 3a%\/3
3) miomanb NPaBUIBLHOIO IIECTUYTOJbHUKA: Sy = = .
4tg30° 2

2 e



. 3apava 4. Haiitu 1mromanb 1 IepuMeTpP IIPAaBUJIBHOTO IMIECTUYTOJbHUKA CO CTOPOHOM

2\/§ CM.

Pewenue:

_3a°\3 :3-(2\/5)2-\/5 1843
2

2

P,=6a=6-2J3=12J3. S,

Omeem: 12\/5 CM u 18\/5 cMm?2.

S 7.4. OKpyHOCTb 1 Kpyr

@D 7.4.1. UenTpanbHblil, BIUCAHHDII Yron, BENYNHA BMMCAHHOMO YrNa

Yros pasOuBaeT MJIOCKOCTb HA ABe YaCTH, KamKmas
13 KOTOPBIX HA3LIBAETCS IJIOCKHUM yrjom (puc. 7.244).

a
IInockme yrabl ¢ OOIIUMU CTOPOHAMU HAa3bIBAIOTCS
JOIIOJHUTEJIbHBIMM.
IleaTpadabHBIM YIJIOM B OKDYKHOCTU Hal3bIBaeTCHA Puc. 7.244

IJIOCKUII YTOJI C BepPIINHON B ee 1eHTpe (puc. 7.245).

YacTb OKPYKHOCTH, KOTOPasA PACIIOJOMKEHA BHYTPU ILJIOCKOTO yIJja, HA3bIBAETCS
IyTOi OKPYsKHOCTH, COOTBETCTBYIOIIEll 9TOMY IIeHTPATbHOMY YIJIy.

I'pagycHoii Mepoil Myru OKPYKHOCTH Ha3bIBaeTCsS I'palycHasi Mepa COOTBETCTBY-
IOIero ed IeHTPaJbHOTO yIJa, T. €. IMeHTPAJbHBIN yroJl M3MepPseTcsa AYToil OKPYIK-
HOCTH.

Hamnpuwmep, ecaiu WAnB = 72°, To aTto 3HauuT, uto LAOB = 72°,

Yrojy, BeplinHa KOTOPOTO JIEKUT HA OKPYIKHOCTH, a CTOPOHBI IIepeceKaroT 3Ty
OKPYKHOCTb, Ha3bIBA€TCsS BIMCAHHBIM B OKPY:KHOCTH (puc. 7.246).

/ABC BmimcaH B OKPYKHOCTb, IOCKOJIBKY €r0 BepIlInHa B JeKUT Ha OKPYKHOCTH,
a cropoubl BA u BC mepeceKamT OKPYsKHOCTb.

/ZABC n ZAOC onuparorcsa Ha nyry AnC (unu Ha xopay AC). I'opopsar: «Xopay AC
BugHo u3 Touku O mox yriom AOC» nan «Xoppa AC crarupaet nyry UAnC».

Teopema 1. ¥YT0JI, BHIUCAHHBII B OKPY:KHOCTh, PABEH ITOJIOBUHE COOTBETCTBYIOIIIE-
0 IEeHTPAJbHOTO yIJia WU MOJOBHHE TyTH, HA KOTOPYIO OH omupaercsa (puc. 7.247):

LABC:%AAOC:%UAnC

B B
N\ O
A C
A C
A B
n n n
Puc. 7.245 Puc. 7.246 Puc. 7.247
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Credcmesuas:
1. Bce BumcaHHBIE YIJIbI, ONMPAIOIIMECS HA OGHY U Ty jKe OYry W JIesKall[ue II0 OLHY
CTOPOHY OT Hee (WM omMpaloIuecs Ha OOHY U Ty Ke Iyry), paBHEBI (puc. 7.248).
2. Ecau gBa BIOMCAHHBIX yIJia OMKPAIOTCS HA OOHY U TY K€ XOPAY, 4 MX BEePIIUHBI
JIesKaT II0 pasHbIe CTOPOHBI, TO CyMMa 3TuX yrjoB paBHa 180° (puc. 7.249):
/ABC + LADC = o + [ = 180°.
3. Bce yribl, onuparoiiecsa Ha guaMeTp, mpamseie (puc. 7.250):
LA = 4B = ZC =90°.
4. a) IleHTp OKPYIKHOCTU, OIMMCAHHON OKOJIO OCTPOYrOJBHOr0 TPEYTOJbHUKA, JIEMKUT
B cepennHe TpeyroabHukKa (puc. 7.251).
0) IleHTp OKPY'KHOCTHU, OIIMCAHHON OKOJIO MPSIMOYTOJbHOTO TPEYTOJIbHUKA, JEKUT
Ha cepeanHe I'MIoOTeHy3bI (puc. 7.252).
B) IleHTp OKPY’KHOCTM, ONMCAHHON OKOJIO TYIIOYIrOJbHOIO TPEYTrOJbHUKA, JIEMKUT
BHe TpeyroJbHUKa (puc. 7.253).
5. Meanana mpAMOYTroJbHOTO TPEyroJbHUKA, IPOBEJeHHAA K I'MIOTeHYy3e, paBHa II0-

JIOBUHE TUIIOTEHY3blI 1 PaBHA pPaguycy OoKpy:KHOCcTU (puc. 7.254):

AO = BO = CO; Rzmczg.

6. 'pagycHbIle MepBI AYT OKPY!KHOCTEl, PACIOJIOMKEeHHBIE MEXKAY ABYMS Mapalijieib-
HBIMM Xopaamu, paBHbI: UAB = UCD (puc. 7.255).
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Teopema 2. ¥YroJ, 00pa30BaHHBII KacaTeJbHOM U XOP/0il, pABeH IMOJIOBUHE TYTH,
CTATMBaEMOIl 3TOil xopmoi (puc. 7.256):

p=Luap-1 408
2 2

Teopema 3. ¥YroJs, 00pa30BaHHBIN NEePECEKAIOINMNICA X0PAaMi, ¢ BEPIINHONA BHY-
TPH OKPY:KHOCTH, PaBe€H IMOJyCyMMe COOTBETCTBYIOIIMX myT (puc. 7.257):

B= %(UAB +UCD)

Teopema 4. ¥Yros, 00pa3oBaHHBIN CEKYIIUMHU K OKPY:KHOCTH, ¢ BEepPIINHON BHE
OKPYSKHOCTH, PaBeH IOJYPAa3HOCTH COOTBETCTBYIOIIMX nyr (pumc. 7.258):

B= %(UDC —UAB)

. 3apauva 1. Xopga AB crarusaet ayry B 105°, a xopaga AC — nyry B 35°. Haiitu L BAC.
Pewenue:
Haiinem Bennuuny nyru BC, Ha koTopyio onupaercsa L BAC (puc. 7.259):
wBC = 360° — (105° + 35°) = 210°.
ITo Teopeme o Bonucanubix yriax: LBAC = % UCB =210:2=105°.
Omeem: 105°.
. 3apava 2. Xopael AB u CD mepecekaiorcs B Touke E. UCD = 44°, UBC = 82°. Haiitu
/BEC (puc. 7.260).
Pewenue:
ITo Teopeme 3 yroa mexxny xopmamu /BEC = %(UAD +UCB) = %(44O + 82°) = 63°.

Omeem: 63°.

Puc. 7.257
35°
A 2
C . A

82 44°

105 B D

B
Puc. 7.258 Puc. 7.259 Puc. 7.260
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 3apava 3. U3 TOUKHU OKPYKHOCTU NPOBEIEHBI JBE XOD-

B
nel. Ogaa us3 Hux craruBaer ayry 100°. Haiitu noyry, >
KOTOPYIO CTATMBAET BTOpPasA XOPHa, €CJU YroJ MEXKIY
xopmamu 90°.
PeweHue:

ITycTh 13 Touku B nposesu xopabl AB u BC. UAB = A ¢

100°; ZABC = 90° (puc. 7.261). ITockoabrry LABC =
= 90°, on onupaerca Ha mguamerp AC, 1. e. LAOC =
= 180°. UABC = 180°; UBC = 180° — 100° = 80°. Xop-

o
() 3apava 4. U3 TOYKM OKDPY’KHOCTU IIPOBEAEHBI XOPJBI, C
IJUHBI KOTOPBIX 8 CcM U 4\/§ cMm. KoHIIBI aTUX XOpX
COeIMHEHbl OTPE3KOM, KOTOPBIN cTarmBaerT ayry 60°.
Haiitu guameTp OKPYsKHOCTH, €CJIM OTPE30K M TOUYKA
JIeJKaT O pa3HbIe CTOPOHBI OT IIEHTPA OKPYKHOCTU
(puc. 7.262).

PeweHue:
W3 Touku C mposenu xopabel AC = 4\/§ cm u CB =
= 8 cm. WAB = 60°. Ilo TeopemMe 0 BOMCAHHBIX yIJIaX: )

o o 60
ZACB = AB = 30°. Haiizem jummsty xopast AB 1o Puc. 7.262
) i3

2
TeopeMe KOCHHYCOB (cos 30° = > : AB® + AC* +CB? = (4\/§) +82-2.443-8- 73 =

=48+64-96 =16;AB = 4 cwm.

Hyra AB cocraBaset 60°, s3Hauur, u rneaTpainbubiii yron LAOB = 60°, Ho AO = OB,
T. e. AAOB — paBHOOeApeHHBIN ¢ yraom 60°, T. e. TPeyroJbHUK PABHOCTOPOHHUI,
T. e. paguyc AO = AB = 4 cm. [luametp paBeH 8 cMm.
Omeem: 8 cm.

@ 7.4.2. B3aumHoe pacnonoeHue npAMON U OKPYKHOCTH, d
[IBYX OKpYXHOCTEil o——=4
R

IIpamMas m OKpPYKHOCTh MOTYT HMMETH JBe OOIIue

TOUKU, OMHY OOIIYI0 TOUKY UMW He UMeTh UX BOOOIIIe.
IIycTs mpsiMasi m He TPOXOAUT Uepes MEeHTDP OKPYIK-

HOCTH pazuyca R, a HaxoauTcsa OT IeHTPa HA PACCTOs- Puc. 7.263

HUU d:

1) d < R. Ecau paccrosgHue d OT IIeHTPa OKPYKHO-

CTH J0 TPSAMOII MeHbIe paamyca OKpysKHOCTH R,
TO TIPAMAasA M OKPYsKHOCTH MMEIOT JBe O0IIe TOUKHU R
(puc. 7.263); 0]

2) d = R. Eciu paccrosuue d OT IeHTPa OKPYIKHO- d
CTH [0 MPSMOM PaBHO pPammycy OKpy:KHOcTU R, TO
npaMasd U OKPYIKHOCTh MMEIOT OMHY OOIIYI0 TOUKY m
(puc. 7.264);

Puc. 7.264
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3) d > R. Eciu paccrosaHue d OT IeHTPa OKPYIKHOCTU
o mpAMoil 6GoJibIlle pagmyca OKPYy:KHOCTH R, TO
npaMasg U OKPYMKHOCTH HE HMEIOT OOIIUX TOYeK
(puc. 7.265).

3apgaua 1. IIycts d — paccTosiHNE OT IEHTPA OKPYHKHO-
ctu paguyca R mo npamoit m. KakoBo B3aumMHOe pac-
OJIOXKeHNe IPAMON m m OKpy:kHOocTH: a) R = 16 cwm;
d=15cm; 0) R=Tcm; d =70 mm; B) R=5cm; d =
=5,1 cm.
Pewenue:
a)d =15 cm; R =16 cm; d < R, 1Be TOUKHU Ilepeceye-
HUS;
6) R=Tcm =70 mm; d =70 mm; R = d, ogHA TOUKa
mepecevueHns;
B) R=5cm; d = 5,1 cm; d > R, HET 00IIUX TOUEK.

Teopema. JIuHUA LIEHTPOB IEePeCEeKAIOUINXCA OKPY-
SKHOCTEH MEePHeHINKYJIIPHA UX 00IIeld Xopae M JeJIUT
ee IoImoJiam,

T.e.eciu R—r<00, <R+,
T0o AB 1 OO, u AK = KB (puc. 7.266).

3apgava 2. Paguychl OBYX IIepeceKaloniuXcsa OKPYIKHO-
creii paBHBEI 13 ¢cm u 15 cm, a obimas xopza 24 cw.
HaiitTm paccrosHme Mexay IEeHTPaMH OKPYKHOCTEMH.
Peuenue:

BosmosxHBI ABa ciiyvasi: IEHTPBI OKpy»KHOCTel O,
u O, JeaT 10 pa3Hble CTOPOHKI OT OOITell XOPABI U 110
OIHY CTOPOHY OT Hee (puc. 7.267).

ITycts oxpy:xHOCTH pagmyca 15 cm ¢ mentpom O,
U OKPYKHOCTb paauyca 13 cm c¢ menTpom O, mepece-
kKaworcsa B Toukax A u B. Torma 0,0, 1 AB, u ups-
masa O 0, mpoxoautr depes cepeauny M orpesxka AB
(puc. 7.268).

W3 npamoyronbHbIX TpeyroabHukoB AO M u AO,M
mo Teopeme Iludaropa Haxomum:

15* -12% =

13° -12° =5
a) Eciu touku O, u O, nesxaT 1Mo pasHble CTOPOHBI OT
npamoit AB, To 0,0, = MO, + MO, =9 + 5 = 14 (cm).
0) Eciu trouku O, m O, ynexar IO OQHY CTOPOHY OT
npamoit AB, to O,0,= MO, - MO, =9 — 5 =4 (cm).
Omeem: 14 cm unu 4 cMm.

Puc. 7.267

N

N/

Puc. 7.268

B3anumHoe pacnonoxeHue ByX OKpyxHoCTeil
ITycts manbl nBe OKpyskHOCTH ¢ paguycamu R u r, OO, — paccTosaHue MeXIy UX

IeHTPaMMu.
BoamosxHBI cayuau:
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1. Okpy:xHOCTH HEe MMEIOT OOIINX TOYEK:
a) OKPYKHOCTHU JIeKAT OJHA BHe Opyroii. PaccTrosnue Mexxay uUX IeHTpaMu 00Jb-
I1e CyMMbI paguycoB (puc. 7.269):
R +r<00,.
0) ogHA OKPY:KHOCTHh JIEKMT BHYTPH ApPyroi. PaccrosHue Me:xAy UX IEeHTPaAMH
MeHbIIIe Pa3HOCTU pamsuycoB (puc. 7.270):
OO0, <R-r.
2. OKpY:KHOCTH UMEIOT TOJHKO OTHY OOIIyI0 TOUKY (KacaroTcs).
B sToM cayuae Touka KacaHUA JEKUT HA JUHUU IEHTPOB (JIUHUS IIEHTPOB —
npAMas, IPOXOaAIIaa Uyepes IeHTPhI OKPYKHOCTEN):
a) OKPYKHOCTHM KacaloTcs BHelIHe. PaccTosgHue MeXKIy UX IMeHTPaMU PaBHO CyMMe
pazuycoB (puc. 7.271):
OO0, =R +r.
0) OKPYKHOCTH KacaioTcsi BHYTpPeHHe. PaccTodHue Me:XKIy UX IIeHTpaMu PaBHO
pasHocTHu pagmycoB (puc. 7.272):
00, =R -r.
3. Okpy:KHOCTH TepeceKaloTcA. PaccTogHue Me)KAy UX IeHTPAaMU MeHbIIIe CYMMBbI
pamuycoB u 0oJbllle UX pasHocTu (puc. 7.273):
R—-r<OO,<R+r.

. 3apaya 3. OxHA OKPY'KHOCTH HAXOQUTCSA BHYTPHU Apyroi. MIx paamychl paBHBEI 28 cMm
u 12 cm, a KpaTuaiilllee pPacCTOSHNE MEMKIY TOUKAMU STHUX OKPYKHOCTEH pPaBHO
10 cm. HatiTu paccrosanme mexay meuTpamu (puc. 7.274).
Peutenue:
Kparuaiimniee paccrosHme Me:KIAy TOUKAMHU ABYX TAaKUX OKPYKHOCTEH pPaBHO
HauMEHbBIIIeMY U3 IBYX OTPE3KOB JUHUU I[eHTPOB, 3aKJI0OUEHHBIX MEXKIY OKPYIKHO-
CTAMU.

o) m
——
R m \_/ oR \ro
A
R
Puc. 7.269 Puc. 7.270 Puc. 7.271
/%\ /\

w

Puc. 7.272 Puc. 7.273 Puc. 7.274




ITycts O 1 O, — UEHTPBI COOTBETCTBEHHO GOJIbIIEN
U MeHbINlel oKpys:KHocTel. IIpoBegem mmamerp 0O0JIb-
el OKPYKHOCTU TaK, YTOOBI OH IIPOIIIE] UYepes3 IeHTP
MeHbIell. TOUKU ero mepeceueHHA C OKPYIKHOCTIMU
obosumauum A, B, C u D. Ecau DC = 10, to AB = 56 —
— 24 - 10 = 22 (cm), AO, = 12 + 22 = 34 (cm), OA =
= 28 cm, 00, = 34 — 28 = 6 (cm).
Omeem: 6 cMm.

OKpY:KHOCTH, UMeIoIue OOMNIl IeHTP, Ha3bIBAIOT-
Puc. 7.275
csA KOHIleHTpuueckumu (puc. 7.275).

KoHIleHTpHUUYeCKe OKPYKHOCTH IIPU PABHBIX pa- A
IUycax COBMeINAoTcA. KCam pamgumychbl PAasiMUYHBL, TO D
OKPYXHOCTH HE UMEIOT OOIUX TOUYeK. 2
B
@D 7.4.3. KacatenbHas M CeKywas K OKPYXHOCTH,
PaBEHCTBO OTPE3KOB KacaTefbHbIX, NPOBeAeHHbIX
13 O[HON TOUKU
IIpamasi, ©UMeIasa ¢ OKPYXKHOCTBIO TOJBKO OJHY

OOII[YI0 TOUKY, HA3LIBAETCA KACATEJbHOM K OKPYIKHO- Puc. 7.276
CTU, a UX 00Ias TOUKA Ha3bIBAETCA TOUYKOW KacCaHUS
IPAMOUN U OKpy:KHOCTHU (puc. 7.276).

Teopema. KacaTtembHasd K OKPY:KHOCTH IePIIEHIHN-
KyJdpHA K paguycy, IPOBeIeHHOMY B TOUKY KaCaHUS
(OD 1 AB).

BepHa m oOpaTtHas Teopema: ecaM mMpAMAas IPOXO-
IUT uepe3 KOHeIl paguyca OKPYKHOCTH M MePIeHTuKY-
JSIpPHA 3TOMY paguycy, TO OHA ABJIAEeTCA KacaTeJIbHOI.

HnuHOIT KacaTeslbHOI, BBIXOAAINEH W3 TOYKU A
K OKPYsKHOCTHU C TOUKOM Kacauus D, ABJIsgeTCs OTPE30K
AD.

Teopema o0 AByX KacaTeJbHBIX,
BBIXOOAIIUX U3 OJJHOM TOUKH:

1. [InuHBI KacaTeabHBIX, BRIXOMAINX M3 OJHON TOUKU Puc. 7.277
K OKPY:KHOCTH, paBHBI (puc. 7.277). B
AB = AC.

2. BuccekTpuca yria MeXIy KacaTeJIbHLIMU, BBIXOI-
IIUMU U3 ONHON TOUKU, IPOXOIUT Uepes IIeHTP.
AO — o6uccexkrpuca (£1 = £2).

. 3agava 1. Touka KacaHWA BIIMCAHHON B paBHOOEIpEH-
HBINl TPEYTOJbHUK OKPYKHOCTH OEJUT OOKOBYIO CTO-
pouy Ha otpe3ku 10 cm u 8 cm. HaifiTu mepumeTtp Tpe-
YTOJIbHUKA.

Peutenue:
OueBUIHO, UTO 3aJaUa MMeEET IBa PelIeHusd:
a) Ilyects AB=BC u BN =10; NC = 8, torna BM = 10;
MA =8, T.x. AABC — paBHOOenpeHHBIN (puc. 7.278). Puc. 7.278
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ITo Teopeme 0 IByxX KacaTesbHBIX, BBIXOAAMINX 13 omHou Toukm: AM = AK = 8; CN =

=CK=8.AB=BC=18; AC=8+8=16. P=18 -2+ 16 = 52 (cm).
6) Ecau BN = BM =8 u MA = NC = 10, To 1o TeopeMe 0 IByX KacaTelbHbIX AM =

=AK=CK=CN=10.AB=BC=18; AC=20.P=2-18 + 20 = 56 (cm) (puc. 7.279).
Omeem: 52 cm nnu 56 cm.
3apava 2. IleHTp BrCcaHHOII B paBHOOEIPEHHBIN TPEYTOJbHUK OKPYIKHOCTHU JEJIUT €T0
BBICOTY, ITPOBEIEHHYIO K OCHOBAHMIO, Ha oTpe3Ku 12 cm m 20 cM, cuuTas OT OCHOBA-
HudA. HaliTu mepuMeTp TpeyroJabHUKA.

Pewenue:

ITo Teopeme o AByX KacaTeJbHBIX, BBIXOAAIINX W3 OTHON TOUKHU, OMCCEKTPHCA

yrJjia MeKy KacaTeJbHBIMU IIPOXOAUT uepes meHTp (puc. 7.280). 3uauut, AO — Ouc-

CeKTpuca U II0 CBOICTBY OuccexkTpuchl B AABD (BD 1 AC) numeem:
E=£=@=§; TOT A £=§ u AB = b5x; AD = 4x.
OD AD 12 3 AD 3

AABD — erunerckuii. BD = 4x; 4x =32; x=8. AB=5-8=40; AD=4 -8 = 32;
AC=32-2=64. P=2AB+AC=2-40 + 64 = 144 (cm).

Omeem: 144 cwm.

MponopuuoHanbHOCTb 0TPE3KOB XOPA, KacaTeNbHbIX, CEKYLYUX B Kpyre

Xopmoit Ha3LIBAETCA OTPE30K, COeTUHAIONINI IBEe TOUKHN OKPYKHOCTH:
CD, MN, AB — xopzbl (puc. 7.281). [IluameTrp Tak’Ke ABJIAETCA XOPAOIi, IpUUYEM
caMoil 0OJIBIIION B Kpyre.
Cekyieil HasbIBaeTCA IIPAMAasi, UMeIONad ¢ OKPYKHOCTHIO ABe 00Ie TOUKHU, T. €.
CeKyIas IIepecexaeT OKPYKHOCTb.
CroiicTBa O0TPE3KOB XOP, KACATEIbHBIX M CEKYIIUX
1. Ecau xopast AB u CD niepecexaiorcs B Touke S, To0 AS - BS =CS - DS (puc. 7.282).

B
20
(0]
12
D C

A
Puc. 7.279 Puc. 7.280
' c B
N
C A
; /
D D
Puc. 7.281 Puc. 7.282




2. Ecm n3 Toukm P K OKPYKHOCTH IIPOBEJEHBI JBE CEKyIlHe, KOTOpPhbIe IIePeceKaroT
OKPYsKHOCTBb B Toukax A, B u C, D cooTBercTBeHHO, TO PA - PB= PC - PD (puc. 7.283).

3. Eciu cexyiiasa BeIXOAUT 13 HeKOTOPoi Touku C, To oTpe3oKk AC Ha3bIBAIOT BHEII-
Hell 4acThio ceKyImeii, AB — BHyTpeHHen (puc. 7.284).
Ecnu 3 oqHO TOUKM K OKPYYKHOCTU IPOBECTU CEKYIIYI0 U KacaTeJbHYI0, TO KBa-
IpaT AJUHBI KacaTeJbHON pPaBeH MPOM3BENEHMIO CEKYINEH Ha ee BHEITHIOIO YaCTh:
CD?=AC - BC.

4. Ilycte AB — nmameTp OKPY:KHOCTH, ToukKa C — Jrobasg TOUKa OKPYsKHOCTH,
CD 1 AB, torma CD? = AD - BD (puc. 7.285).

5. Teopema IlTomemesi. Bo BmucaHHOM 4eTHIPEXYroJbHUKE IIPOM3BeIeHHe JuaroHa-
Jeil paBHO CyMMe ITPOM3BeEeHUI ITPOTUBOJIEKANUX CTOPOH (puc. 7.286):

AC -BD =AB -CD + AD - BC.

3apauva 3. Xopaa gauaoit 40 cM IlepecekaeT APYIYIO XOPAYy U IEJUT €e Ha OTPe3KU
B orHomieHuu 3 : 8. HaliTu nAimHy OTpPEe3KOB IIEPBOM XOPAbI, HA KOTOPBIE IEJIUT ee
BTOpas XOpha, ecJii Pa3sHOCTh OTPE3KOB BTOPOM xopawl 20 cMm.
Pewenue:

IIycrs xopma AB = 40 cm (puc. 7.287). Ona penut xopay CD ma orpesku CS u SD
rakue, 4To CS : SD =3 : 8 u SD — CS = 20 cmM.

IIyers CS = 3x, SD = 8x, Torma 8x — 3x = 20; 5x = 20; x = 4. SC = 12 cwm;
SD = 32 cwm.

ITo Teopeme 0 IBYX mepeceKarmoIuxcsa Xopaax:

AS - SB=CS - SD.
ITycte BS =y; AS=40 —y. y(40 —y) =12 - 32; y* — 40y + 384 = 0; y, = 24, y, = 16.
Tornma ecau BS = 24, To AS = 16 u ecam BS = 16, To AS = 24.

Omeem: 24 cm, 16 cMm.
C

Puc. 7.283 Puc. 7.284
B C B
C
A
A
C
A D B
D D
Puc. 7.285 Puc. 7.286 Puc. 7.287
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. 3apava 4. I3 TouKu BHEe OKPY’KHOCTH IIPOBEIEHA CEKY-
miasi, ImepeceKamlnas OKPYsKHOCTh B TOUKaX, yAaaeH-
HBIX OT JaHHOM ToukKu Ha 12 cm u 20 cm. Paccrosanue
OT 9TOM TOUKHU OO ITleHTpa paBuo 17 cm. Haiitu paguyc
OKPYKHOCTH.

Pewenue:
ITycTh 13 TOuKu A mpoBeaUn CeKYITYIO TaK, uTo AB =
=12 cMm, AC = 20 cm (puc. 7.288).
AO = 17. Ilycts OFE = x, Torma AD = 17 — x, AE =

=17 + x.
ITo Teopeme o maByx cerymux: AD - AE = AB - AC.
17+ x)(17 - x) =12 - 20; x = 23. Puc. 7.288

Omesem: 23 cMm.

. 3apgava 5. I3 TOuKmM BHe OKPY/KHOCTH IPOBeIeHa ce-
KyIlllasi, BHYTPEHHASA UM BHEIIHAS YacThb KOTOPOM OT-
HOocATcA Kak b5 : 4. Halitm aaumHy BCell ceKyIlei,
eciy KacaTejlbHas, IIPOBeJeHHAs M3 STOM Ke TOUKU
K OKpY:KHOCTU, paBHa 12 cMm.

PeweHue:
W3 Toukum A mpoBemena KacartenbHasd AB = 12 cm
u cerymasa AD, nmpuuem CD : AC =5 : 4 (puc. 7.289).
Torma CD = b5x, AC = 4x, AD = 9x. YuursiBas, 4To
AB? = AC - AD, nonyuum: Puc. 7.289
4x - 9x = 122; 36x% = 144;
x=2.AD=2-9=18

Omeem: 18 cMm.
@D 7.4.4. OKpyXHOCTb, BNNCAHHAA B TPEYrONbHUK
OKpPY’KHOCTh HA3BIBAETCS BIMCAHHON B TPEYroJib-
HUK, €CJIM OHA KacaeTcs BceX ero cTopoH (puc. 7.290).
ITleHTp OKPYKHOCTHM, BIIMCAHHBI B TPEYTOJbHUK,

SABJISETCS TOUKOI IepeceueHns OMCCEeKTPUC YIJIOB TPe-
YIoJIBHUKA.

B 1060t TpeyroJibHUK MOSKHO BIIMCATH OKPYK-
HOCTB, U TOJILKO OJHY.

Pagmyc BOmcaHHOI OKpPYKHOCTH, KaK IIPaBUJIO,

obo3HauaeTcd 7.
ITonosxenue 1meHTpa BIUCAHHON OKPYKHOCTU 3aBH-

CHUT OT BH/IA TPEYTrOJbHUKA:

1. B paBHOOeapeHHOM TpEYroJbHUKE OHUCCEKTPHU-
ca, IpOBeIeHHAass K OCHOBAHHMIO, COBIIAJaeT C Me- M K
OUAHON U BBICOTOW, Ha 9TOI OMCCEKTPUCE JICIKUT r| L
IEeHTP BIUCAaHHOIN OoKpy:KHOCcTU. Ecium AB = BC, To

Puc. 7.290

O € BD (BD — oOuccexkTpuca, Menuama, BLICOTa). O,
OM = OD = OK = r (puc. 7.291).

2. B paBHOCTOPOHHEM TPEYTOJbHUKE COBHALAIOT TOU- A
Ka mepeceyeHUs MeauaH, O0MCCEeKTPUC, BBICOT, IIEHTD Puc. 7.291
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BOMCAHHONW ¥ ONMCAHHOU OKPYIKHOCTH. JTa TOUKA B

Ha3bIBaeTCA IEHTPOM TpeyrojabHukKa (puc. 7.292).
Pagmyc BmmcaHmHOR B PaBHOCTOPOHHMUII Tpe-

YTOJBLHUK OKPYKHOCTU BBIUMCISAETCA IO (hopMyJIe:

a3
r=——

a a
6 o
rlle @ — CTOpPOHAa MIPABUJIBHOIO TPEYTOJbLHUKA.
(0]
3.B TPSIMOYTOJIBHOM TPEYTONbHIKE (puc. 7.293) pagmyc r
BIIMCAHHON OKPYKHOCTH BBIUMCJIAETCSI O (hopMyJie:
L_at b-c A a C
- 9 Puc. 7.292
rame a u b — KaTeThbl, ¢ — TUIOTEHY3a IPAMOYTOJb-
HOT'O TpeyroJIibHUKA.
Kpowme Toro, cipaBenimBo paBeHCTBO:
c
a+b=2R+2r a r
rme R — paguyc OKPYsKHOCTU, ONUCAHHOM OKOJIO r
IPAMOYTOJBHOTO TPEYTOJbLHUKA. r
4. B mpou3BOJBLHOM TPEYTOJBLHUKE CO CTOPOHAMU a, b -
u ¢ (puc. 7.294) pagumyc BIHNCAHHOH OKPY:KHOCTHU b
BBIUHUCJIAETCS IO hopMy.Jae:
bopmy Puc. 7.293
S
r=—
p
a+b+c
rme p = T’ T. e. IOJyIIepuMeTp, a S — IJIo-
28
maab TpeyroiabHuKa. To ectb 7 = ——.
a+b+c
» 3apaua 1. BricoTa HPaBUJIBHOTO TPEYrOJBHUKA DABHA
12 cm. Haiitu paguyc BOUCAHHOH OKPY'KHOCTH. Puc. 7.294
Pewenue:
ITIyete BM 1 AC, 1. e. BM — BBICOTa, OHA K€ U Me- B

IraHa PABHOCTOPOHHEI'O TPeyroJibHUKAa, a MeIuaHbl
TOUKOM mepeceuenusa peaarca BO : OM = 2 : 1 (vme
O — meutp Tpeyroabuuka) (puc. 7.295). OM = r =
=12 :3 =4 (cm).
Omesem: 4 cwm.
() 3apava 2. Ilepumerp paBHOGEAPEHHOIO TPEYrOJbHUKA
128 cm, OOKOBas CTOPOHA OTHOCUTCS K BBICOTE, IIPO- 0
BeleHHOII K OCHOBAHUIO, Kak b : 4. Halitu guamerp
BIMCAHHOU OKPYKHOCTH.
Pewenue: A M C
AB =BC; AB : BD =5 : 4 (BD 1 AC) (puc. 7.296). Puc. 7.295
IIycts AB = 5x; BD = 4x, Ttorga AD = 3x (eruneTcKuii TPeyroJabHUK).
AC = 6x. Ilepumetrp AABC: 6x + bx + bx = 16x, a mo ycaoBuio sTo 128 cm.
16x =128; x =8; AB=BC =5 -8 =40 cwm;
AC=6-8=48 cm; BD =4 -8 =32 cm.
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HJia HaxXOoMKIeHUA pagnyca MCIoJab3dyeM (PopMyIy:

2S
r=——om——,
a+b+c
rge S = BD-AC _32-48 ,4q (cn2).
2 2
28 2.768

b

"TAB+BC+AC  40+40+ 48
IraMeTp paBeH 24 cM.
Omeem: 24 cwM.
3apauva 3. Touka KacaHUSA BIIMCAHHOW B IPSAIMOYTOJIb-
HBIII TPEYTOJbHUK OKPYKHOCTHU OEJUT ero Ha OTpes-
Ku 12 cm u 8 cm. Halitu guaMeTp 3TOM OKPYsKHOCTU
(puc. 7.297).
Peuwienue:

ITlycTh TOuKa KacaHWSA BIMCAHHON OKPYKHOCTH Ie-
aut ero Ha otpesku AK = 8, KB = 12.

ITo Teopeme 0 ABYX KacaTeJlbHBIX, BBIXONAIIUX U3
oxuoii Touku: AK =AM = 8; BN = BK = 12.

ITycTe paguyc Bnucaunuoii okpysxHocT OM =ON =x,
HO CMON — kBagpatr u CM = CN = x.

ITonyuum: AC = x + 8; AB=20; CB=x+ 12.

IIo Teopeme IIugaropa:

AB? = AC? + BC?, . e.
(x + 8)% + (x + 12)2 = 20% x2 + 20x — 96 = 0.

YpaBHeHUe UMeeT KOPHU X, = —24 (He IOAXOAUT 10
CMBICTY), X, = 4.

Wrak, paguyc paBex 4 cM, guaMeTp paBeH 8 cM.
Omeem: 8 cwMm.

@D 7.4.5. OKpyXHOCTb, ONMCAHHAA OKONO TPeyrofibHMKa

OKpysKHOCTH Ha3bIBAaeTCA OMUCAHHON OKOJIO Tpe-
YrOJbHHUKA, €CJIM OHA IPOXOAUT Uepe3 BCe ero BepIIu-
HHI (puc. 7.298).

ITerETpOM OKPYSKHOCTHM, OIIMCAHHOW OKOJIO Tpe-
YTOJIbHUKA, SABJIAETCA TOYKA IIePeceueHUus CepeanH-
HBIX IEePHEeHIAUKYJISIPOB K CTOPOHAM TPEYroJbHUKA.

OM, OK u OP — cepeauHHbIe TePIEHINKYIIPBI
K cropouam AB, BC u AC, OA = OB = OC = R, rne
R — paanyc OIMIMCAaHHON OKPYKHOCTH.

Okoyio J060T0 TpPEeyroJbHUKa MOJKHO OIIHCATH
OKPY’KHOCTh, I TOJIBKO OJHY.

ITono:xkeHue 1MeHTPa ONMMCAHHON OKPYsKHOCTHU 3aBU-
CUT OT BUJA TPEYTOJbHUKA:

1. B ocTpoyroibHOM TpPEyroJabHUKE IIEHTP ONMCAHHON

OKPYKHOCTU JIEXKUT BO BHYTpeHHeIl o0jiacTu Tpe-

yroabHUKA (puc. 7.299).

B
0
A D C
Puc. 7.296
A
8
K
0
M——7 12
x-—\—-x
L1 ]
C x N B
Puc. 7.297

B
7S &
O
7 B C

Puc. 7.298

Puc. 7.299




[\

. B TymoyroansHOM TpeyroibHUKE IIEHTP ONMCAHHOUN OKPYIKHOCTH JIEKUT BHe 00Ja-
ctu TpeyroabHuka (puc. 7.300).

. B IpsaMoyroapHOM TpeyroibHUKE IIeHTP OMMCAHHON OKPYKHOCTU COBIALAET C Ce-
penuHO runoteHnyssl (puc. 7.301).

. B paBHOOeIpeHHOM TPEYroJbHUKE IIEHTD OMUCAHHON OKPYKHOCTH HAXOAUTCA Ha
BbICOTE (MenuaHe, OMCCEKTpICe), IPOBeIeHHO K ocHOoBauHuio (puc. 7.302).

. B paBHOCTOpOHHEM TpPEYyroJIbHMKE IIEHTPHI BIIMCAHHOM M ONMCAHHON OKPYXXHOCTHU
coprazaior (puc. 7.303), paguyc onMCaHHON OKPYKHOCTY BBIYUCJIAIOT IO (hopMy.Jie:

a3

R=——
3

rle @ — CTOPOHA PAaBHOCTOPOHHErO TPEYyroJbLHUKA.
. B npamoyroisHoM TpeyroJbHUKE Pagnlyc OMUCAHHOI OKPYsKHOCTHU (puc. 7.304):

R=£=mc
2

rge ¢ — TUIOTEHy3a, M, — MeluaHa, IPOBeJeHHasA K TUIIOTeHYy3e.
a+b=2R+ 2r, rie a u b — KaTeThl, I — PagNyC BINCAHHON OKPYKHOCTH.

. B mpou3BoJILHOM TpPEyroJbHUKE CO CTOPOHAMU a, b u ¢ (puc. 7.305) paguyc omu-
CaHHOUM OKPYKHOCTHU BBIUMCJsSIETCA 10 (hopmyJie:
abc
R=2"
4S
rae S — ILJIOMIAAL TPEYTOJbHUKA MU
a
R=—
2sina
rie o — yroJji, IPOTUBOJIEKAIIUII CTOPOHE d.
R = S
2sinoasinfsiny

&

Puc. 7.300

Puc. 7.303 Puc. 7.304 Puc. 7.305
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Tamu a u b, runorenysoi ¢ (puc. 7.306). Paguyc Briu-
CaHHOII OKpy:KHOCTH I = 6 cM, a ommcaHHOd — R =
= 15 cm. 'mnmorenysa ¢ = 2R = 30 cwm.
Wcnonb3yeM COOTHOIIIEHUE:
a+b=2R+2r=2-6+2-15=42.

. 3apava 1. Pagmnychel BOuCaHHOU M ONMMCAHHOM B IPAMO- A
YTOJIBHBIA TPEYroJbHUK OKPYsKHOCTEe paBHBI 6 cM
u 15 cvm. HaiiTu nepumerp TpeyrojbHUKA.
Pewenue:
ITlycTh ecTh IPAMOYTOJNBHBIA TPEYTOJBHUK C KaTe-

PA:a+b+C:42+30:72(CM). Puc.7.306
Omeem: 72 cm.
. 3apava 2. Bricora, mpoBemeHHasA K OCHOBaHHIO Tpe- B

YTOJLHUKA, PaBHA 72 CM U JeJUT ero Ha oTpe3ku 30 cum
u 96 cm. HaiitTu pagmnyc onmMcaHHON OKPYKHOCTIH.
Peuwienue: 79
AABD n ABDC — npsamoyrojabHble (puc. 7.307). Ilo
Teopeme Ilugaropa:
AB? = AD?> + BD?> = 302 + 722 =6 084; AB = 78;
BC? = BD? + DC? = 962 + 722 = 14 400; BC = 120.
BD-AC 72-(30+96)

S = = =4 536 (cm?).
une = = : (c?)
Haiinem pammyc ommcaHHON OKPYKHOCTU IO (op-
myJe:

abc _AB-BC-AC _78-120-126 _

48 45 4-4536
Omeem: 65 cwm.
() 3apava 3. B paBHOGEIPEHHOM TPEYTOJIHHUKE YTOJ IIPH

R=

ocuoBanuu 30°, a ocHOBaHUE PaBHO 10\/5 cMm. Hatitu
pazuyc omucaHHOI okpysKHOCTU (puc. 7.308).
Peuwienue:
AB = BC; /A = /C = 30°,
Torga /B = 180° — (30° + 30°) = 120°.

Wcnonssyem popmyny R = — , a=120°, Puc. 7.308
2sina
sin120° = ﬁ; R= AC = 10V3 =10 (cm).
2 2sin120° 9 J3
2
Omeaem: 10 cMm. R
. 3apava 4. PaBHOOeApPEHHBIA TPEYroJbHUK C BBICOTOI,
IPOBEIEHHON K OCHOBaHMIO 16 cM, BOHCAH B OKPYXK- O
HOCThL pammyca 12,5 cm. HaliTu mepumeTp Tpeyrojb- D
HUKA. C
Peuitenue:
IIycts AB = BC, 1eHTD OKPYsKHOCTH, OIHCAHHON \y
oxkoso AABC, maxozurca Ha Bwicore BD, BK — pua-

MeTp oKpy:KHOCTU, BK =12,5 - 2 =25 cMm (puc. 7.309).
BD =16 cMm, Torga DK =9 cwm. Pue. 7,309
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Coemuaum Touku A m K. AABK — mpsaMOyroJbHBIHA, T. K. Z/BAK omupaercsa Ha
nuamerp u ZBAK = 90°.
ITo TeopemMam 0O IIPOTIOPIIMOHATIBHBIX OTPE3KAX B IPAMOYTOJBHOM TPEYTOJbHUKE:

AD?=DK -DB=9-16; AD=+9-16 =3-4=12 (cm);

AB?=BK - BD =25 -16; AB=+/25-16 =5-4 =20 (cm);
AB = BC = 20 cm; AC = AD - 2 = 24 (cm).
P .. =20+ 20 + 24 = 64 (cm).
Omeem: 64 cwm.

@D 7.4.6. BnncanHble M ONUCAHHBIE OKPYKHOCTM NPABUALHOTO MHOTOYrONbHUKA

BeInyKabIfI MHOTOYTOJIBHUK Ha3bIBAETCA NMPaBUJIb-
HBIM, €CJII y HEero BCe CTOPOHBLI M BCE YTIJILI PABHBI
(puc. 7.310).

OKpPY’KHOCTb HAa3bIBAETCA BIIMCAHHOM B MHOIO-
YIrOJBHUK, €CJIM OHA KacaeTcs BCeX ero CTOPOH, T. €.
CTOPOHBI MHOTOYTOJbHUKA SABJIAITCA KacaTeJbHbIMU
K 9TOM OKPYKHOCTH.

OKpPYKHOCTh HA3LIBAETCA OIMMCAHHOW OKOJI0O MHOTO-
YrOJIBHUKA, €CJI OHA IIPOXOUT Yepe3 BCe er0 BEPIITUHEI.

IIycts R — paguyc ONMCaHHOM, & I' — Pajuyc OKPYsK- Puc. 7.810
HOCTU, BIIMCAHHOI B MPABUJIbHBLIN MHOTOYTOJbHUK.

B AAOB /AOB = 360 = 180
2n n

, 'Je n — 4YMCJIO CTOPOH MHOI'OYI'OJIBHUKA.

a
AB = —, rie a — CTOPOHA MPaBUILHOTO MHOTOYTOJbHUKA.

2
Torma R = a a

S = .
180 2tg180

2sin

HYCTL Sn — ILIomaAgb IIPaBUJIBHOI'O MHOTI'OYI'OJIBHUEKA, Pn — IIepuMeTp IIPaBUJIb-
HOI'0 MHOT'OYTOJIbHUKA.
Ceasp mexny P, R, r, S na

Koxa-Bo cropon R . g
MHOTOYTOJbHUKA
a a 180° 1
—_— — —P
n —180° 2 ctg - r
2sin
n
5 a3 a3 a3
3 6 4
a
4 & = a’
2 2
a3 3a%\/3
6 a e
2 2

S ampmewwy 30



3aBHCHMOCTb CTOPOHBI @ MPABUJILHOTO N-yTOJbHUKA OT R u r

Koma-Bo cTopou 3aBHUCHMOCTH 3aBuUCHUMOCTb @, OT I
MHOTOYTOJBHUKA a orRun un

n a, :2Rsin180 a, =2rtg 180

n n
3 a, = R\/g a, = 2r\/§
4 a, = R\/E a,=2r

2

6 (16 =R ag = 5 r\/§

(» 3apaua 1. B kBajgpar co CTOPOHO! @ BIMCAHA OKPY’KHOCTh. HaliTh CTOPOHY IpPaBUIIb-
HOTO TPeyroJbHUKA, BIUCAHHOTO B 3Ty OKPYKHOCTb.

Pewenue:
IIycts cTropona KBagpata paBHa a (puc. 7.311).
a
B kBagpaT BImcaHa OKPY2KHOCTb, €e PainuyC paBeH 5" .
a
Jra Ke OKPYKHOCTb II0 OTHOIIEHWIO K TPEYrOJbHUKY (0]
SIBJISIETCS OIMCAHHOI, M €r0 CTOPOHA BBIUMCJISIETCS II0 \a3/

a3
5 "

opmyne: a, = R\/_ =
a
@. Puc. 7.311

Omeem:
D 3apava 2. Paguyc OKpy»KHOCTH, BIUCAHHON B IPABUJIb-
HBII INEeCTUYTOJbHUK, paBeH 12 cm. Halitu pamuyc
OKPYKHOCTHU, OIMCAHHON OKOJIO 9TOT0 IIIeCTUYTOJbHUKA.
Pewenue:

OKPY’KHOCTBL C IIeHTPOM B Touke O mMeeT pagumyc
OC =12 cm (puc. 7.312).

Bokpyr aToli OKPYKHOCTU OIMHCAH INECTUYTOJbHUK
co cTopoHoit AB.

AOAB — pasuoctoporuuii. OC 1 AB.

ZAOC = 30°. AC =0C -tg30° =

AB = 843. B
Bokpyr IimecTuyroinbHHKAa OMNMCAHA OKPYKHOCTD,
paguyc KOTOPOU paBeH CTOPOHE IIeCTUYTOJbLHUKA. N /\ K
Omeem: 83 cm.
 3apava 3. CropoHa KBampaTa, BIOWCAHHOTO B OKDYIK-
HOCTb, paBHa a. HaiiTu CTOPOHY HIPaBUJIBHOTO Tpe- a N
YIOJIbHHAKA, BIIMCAHHOIO B DTy K€ OKPYKHOCTb. 0]
Peutenue: \/
Cropona kBaapata MNKP MN = a (puc. 7.313). A C
a M a P

2
Torma pagmyc onucaHHON OKPYKHOCTH R =——.
2 Puc. 7.313
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B 3Ty :Ke OKpPYsKHOCTH BIIMCAH TPEYTOJbHUK, €0 CTOPOHA BBIUUCIAETCS IO (popMy.Jie:
av2-3 a6
a3 = R\/7 = 2 = .

2

Omeem: o .
2

G 7.5. M3mepeHua reomeTpuYecKuX BeNMYMH

@D 7.5.1. [lnvHa oTpeska, ANMHA NOMAHOI, NEPUMETP MHOTOYTONbHIKA.
PacctoAHue oT Touku Ao npAmon

OTpes3ok — YacTh MPAMOIT, KOTOpPas COCTOUT M3 BCEX TOUEK ITOM MPAMOIi, JerKa-
IUX MEXIY ABYMS ee TOUKaMU — KOHI[AMHU OTpe3Ka.
s nsMepeHUs OTPE3KOB CAYsKAT PA3JNUHbIEe MHCTPYMEHTBI, TPOCTEHIIINHI 13 KO-
TOPBIX — JINHEHKa C IeJIeHUAMU.
AKCHUOMBI H3MEPEHUA OTPE3KOB
1. Kasxapiii OTPEe3OK HuMeeT OIpeeseHHyo [IJINHY,

6osbiryio myada (puc. 7.314): a
AB=a>0. ) A M B
2. nmHa oTpe3ka paBHA CyMMe IJIWH YacTeil, HA KO- Puc. 7.314

TOpbIe OH pasdmBaeTcs 000 ero TOUKOM:
AB =AM + MB.

. 3agava 1. B xaxkowm cayuae Touku M, K u C jexart Ha OZHOM IIPAMOii?
1) MK = 3 cm; KC =10 cm; MC = 8 cwm;
2) MK =12 cm; KC =1 cm; MC =12 cwm;
3) MK =15; KC =5 cm; MC =10 cwMm.
Omeem: 3), mockonbKy MK = KC + MC, t. e. 15 =5 + 10.

JlomaHasgs — reomMeTpuueckas (purypa, CoCTOSIIas B
13 TOUEK, He JeKall[uX Ha OJHOM HPSIMOM 1 COeIMUHEH-
HBIX oTpes3kamu (puc. 7.315). A,

BepumHbl TOMaHON — 3TO TOYKH, KOTOPBIE COEIMHA-
forca orpeskamu: A, B, C, D, ...

3BeHbA JTOMAHOII — B5TO OTPE3KI, M3 KOTOPBIX CO- C
crourt Jiomanas: AB, BC, CD, ...

Yrobbl HaWTH AJMHY JOMAaHOW, HEOOXOZUMO CJIO-
JKUTH JJINHBI BCEX €€ 3BEeHbEB.

. 3apava 2. /lana somanass ABCDEF, npuuem AB = 3 cwm;
BC = 2,3 cm; CD = 5,1 e DE = 6,2 em; EF = 3,7 M. Puc. 7.315
Hatitu niuny jgomaHOi.

F E

PeweHue:
AB+BC+CD+ DE + EF =3+ 2,3+ 5,1 +6,2+ 3,7=20,3 (cm).
Omesem: 20,3 cm.
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JlomaHass MOKeT MMeTh camoliepeceuenusi. Ecau mepBas U IIOCHEIHSA TOYKHU JIO-
MaHOW COBIIAJalOT, TO JIOMaHas Ha3bIBaeTcs 3aMKHYTOu (puc. 7.316).

3aMKHYTYIO JIOMaHYIO TaK:Ke HasbIBAal0OT MHOTOYTOJbHUKOM (puc. 7.317).

MHOTOYTOMBHUK HA3BIBAETCS BBIMYKJIBIM, €CJIU KaKAasd ero MUaroHaJb JIEXKUT
BHYTPH MHOTOyTOJbHUKA (puc. 7.318).

Yucao quaroHajeil BbITYKJIOI0 MHOTOYTOJbHUKA BBIUMUCASIETCA IO (hopMyJie:

n(n - 3)
2

Tie n — KOJUUYEeCTBO CTOPOH MHOTOYTOJbHUKA.
IlepumeTp MHOTOYTOJBbHUKA PAaBEH CyMMe IJIUH €ro CTOPOH:

P =AA+AA +..+A A

A A, A A

6 5 5
Puc. 7.316 Puc. 7.317 Puc. 7.318

() 3apava 3. Haiitu mepumerp OATHYTrOJBHMKA, €CIM OLHA W3 €ro CTOPOH paBHA 7 €M,
a KakJaasd MOCJIeIyIoIasa CTOpoHa Ha 1 cM GoJIbIlle MpeabIayIeii.
Pewenue:
OueBUAHO, UTO AJHHA CTOPOH HATUYTOJbHUKA: 7, 8, 9, 10, 11.
P=7+8+9+10+ 11 =45 (cm).
Omeem: 45 cwMm.

PaccTrosiHMe OT TOYKH J0 MPAMOIl — 5TO AJWHA MEPUEHAUKYIAPA, OMYIIIEHHOTO U3
TOUKHU HA IPAMYIO.

 3apava 4. U3 Toukm K OpAMON IpPOBemeHBI HakJOHHBIE 23 cM u 33 cm. Haiitu pac-
CTOSTHUIE OT dTOU TOUKHU IO IIPSAMOIT, €CJaU IPOEKIINY HAKJIOHHBIX OTHOCATCA Kak 2 : 3.
Peutenue:

IlycTh HaKJIOHHBIE, TIPOBeAeHHBIE K IpAMoit MA = M
= 33 cm, MB = 23 cm (puc. 7.319). Paccroanue or
Touku M po mpamoit AB — aauHa IepIeHIuKYJIsapa
MC (MC 1 AB). Ilpoerknuu HakJouHBIX CB : AC =
=2:3, 1. e. CB=2x, AC = 3x (MeHbIllell HAKJIOHHON
COOTBETCTBYET MEHbIIAA ITPOEKIINI).

HBaskner Beipasum MC? mo teopeme Iludaropa us
AAMC u AMCB: A C B
MC? = 332 — (3x)> u MC? = 232 — (2x)>. Puc. 7.319

ITonyuum ypasuenme: 33% — 9x2 = 232 — 4x2; x2 = 112.

Torma MC? = 232 — 4x2 =232 -4 -112=81; MC = 9.

Omeem: 9 cwm.

U .

33 23

3x r2x




@D 7.5.2. [lnvHa oKkpyxHOCTH

Okpy:kHOCT, — (QUTYPA, COCTOAIIAA U3 BCEX TOUEK
MJIOCKOCTHY, PaBHOYIAJEHHBIX OT AAHHOU TOUKHU (II€H-
Tpa) (puc. 7.320).

Pagnyec — oTpes3oK, COeIUHAIONINN IIEHTD, ¢ JII000H
TOUKOI oKpy:kHOCTU (0O03Hauaercsa R uau r). OA = R.

Xopaa — OTpPesOK, COeAUHSIOIUII IBe TOUKM HAa
OKpyskHOCTU. DE — XOpaa.

Jduamerp — Xopna, IPOXOAAINas uepe3 IIEHTP
OoKpy:kHOCTH. BC — mmamerp.

Oo6os3uauaercsa D nau d. OueBugHO, UTO: Puc. 7.320

D =2R

Jlyra — 4JacTb OKPY:KHOCTHU, 3aKJIOUeHHAA MeK Iy nByMsa Toukamu: JAC; UAB; UEC.
OTHoOllIeHNe JIWHBI OKPY:KHOCTH K ee JuaMeTpPy ecThb OJHO W TO Ke UMCJIO IJA
BCEX OKPYsKHOCTeI. ITO UMCJIO 0003HAUAETCA I'PeuecKoil OYKBOM T («IIm»).

o+
| F
=
Q

c
ITocKOaBKY T = SR’ moayuaeM (GOPMYJIy OJIS BBIUKCICHUS AJUHBI OKPYIKHOCTH:
C = 2nR

Yucyo © aBasAeTCA OECKOHEUHOI HellepruoandYecKoll NecATUYHOMN Apobbio, T. €. Up-
PanmOHAJIBHBIM YMCJIOM. HpI/I BBIUNCJIEHUAX O6I:I‘-IHO IIOJIB3YIOTCSA HpI/I6JII/I)ReHHI:IM
3HayeHUeM 1 ~ 3,14.

. 3apava 1. HafiTu gjivHy OKPY*KHOCTH, OIIMCAHHOUN OKOJO:
a) IPSMOYTOJILHOTO TPEYroJbHUKA C KaTeTaMu a u b;
0) PaBHOCTOPOHHETO TPEYTOJbLHUKA CO CTOPOHOH a;
B) HIPaBUJIBHOTO IIECTUYTOJbHUKA C IO b0
12V3 cm?.
Pewenue:
a) Haiinem runorenysy c = va® +b® (puc. 7.321).
c ~a®+?b?
2 2

271:\/(122 +b? ey Puc. 7.321

Paguyc onucannoil okpy:xHOCcTU: R =

2

(@

Torga C = 2nR =

6) B paBHOCTOpOHHEM TPEYTOJbHUKE

ax/g 2na\/§

R=——, torga C = 2nR =
3 3
2 2
3a \/g; 3a\/§:12\/§;
2 2
a=2J2; R, =a=2J2; C=2nR=2n-2J2 = 4/2n.

Omeem: a) mva® + b*; 6) 2na\/§; B) 4+/27.

3 Puc. 7.322
. 3apauva 2. HaiiTu nivHy OKPYsKHOCTH, BIIMCAHHOM B:
a) IPSIMOYTOJBHBIN TPEYrOJbHUK C TUIIOTEHY30M ¢ M OCTPBLIM YIJIOM O}
6) poM0O cO CTOPOHOM a 1 ocTpuIM yraom 30°.

(puc. 7.322).

B) S, =12V/3 cm?, HO S =

G |
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Pewenue:

a) a = c¢ sin a, b = ¢ cos a. Paguyc BIimcanHoO# OKPYIK- ¢
. a
HOCTHU HalimeMm mo opmyJe (puc. 7.323):
r_a+b—c_csinoc+ccosa—c_ o
2 2 b
c, . .
= E(sm o +coso —1); C = 2nr = ne(sin o + cosa — 1). Puc. 7.323
0) Haiimem BbICOTY poMmba, eciu CTOpOHAa paBHaA 4,
a octpelil yroa 30° (puc. 7.324): a/ |,
a
h =asina =asin30° = —.
2 o / r
Pagnyc BumcanHOW B poMO OKPYsKHOCTH: m
h a a Puc. 7.324
r=—=—. C=2n=—.
2 4 2
na

Omeem: a) ne(sino + coso —1); 0) 5

. 3apauva 3. AsromoOuns mpoexan 450 m. Haiitu npmamerp Kojieca aBTOMOOUJIS, €CJIU
M3BECTHO, YTO KoJieco caesayo 250 o6opoToB.
PeweHue:
Hanaa okpy:xHOCTH Kojeca paBHa: 450 : 250 = 1,8 m = 180 cm. C = nD, Torma

18(:1 ~ 57,3 (cm).

C
D = — u gmametp Kojeca: D =
Y ’

Omeem: 57,3 cMm.

@D 7.5.3. TpapycHas mepa yrna, COOTBETCTBUE MeXAY BENNUMHOI yrna
N ANMHONM YT OKPYXKHOCTY

¥Yroa — 3T0 QUrypa, CoCTOAIasI U3 TOUKN — BEPIIUHBI yIJja, U IBYX PasIUUHBIX
Jyueil, UCXOASAIUX U3 9TOU TOUKU, — CTOPOH yrJa (puc. 7.326; 7.327).

VYribsl u3MepAT B rpagaycax. [[1a namMepeHus yrjoB UCHOJL3YIOT TPAHCIIOPTHUP.

1
o _
1 180 pasBepHYTOTO yrJa.
AKCHUOMBI H3MEPEHUA YIJIOB:
1. KaxapIii yroJa uMeeT OIpeesIeHHYIO TPaflyCHYI0 Mepy, OOJBIITYI0 HYJIA:
Z(ab) = n° > 0.
. PasBepuyTsIiit yroa pasen 180°.
. I'pagycHas mMepa yriia paBHa cyMMe IpafyCHBIX Mep YIJIOB, Ha KOTOPbIE OH pas3du-
BaeTcs JIIOOBIM JIy4OM, ITPOXOIAIIIMM MEXKOY ero cropoHamu (puc. 7.328):
Z(ab) = Z(am) + Z(mb).

w DN

B c n
ZABC Z(mn)
Puc. 7.325 Puc. 7.326 Puc. 7.327
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 3apava 1. Mexay croponamu yria (ab) mpoBeau Jyd a
TaK, YTO OAWH 13 00pa30BaBIINXCS YIJIOB B 5 pas 00Jb-

me apyroro. Haiitu atu yrisel, ecau Z(ab) = 66°. c
Pewenue:
IIycrs Z(bc) = x, Torma Z(ac) = 5x (puc. 7.328).
ITo akcuoMe U3MepeHHUS YIJIOB: b
Z(ac) + Z(cb) = Z(ab). Puc. 7.328

Bx + x =66; x = 11; bx = 55.
Omesem: 11° u 55°.

A
dyra — »92TO dYacTh OKPY/KHOCTHU, 3aKJIIOUeHHAA
Mex Iy AByMsA Toukamu (puc. 7.329).
I'pamycHoii Mepoil Iyru OKPYsKHOCTH HAa3bIBAETCS '

rpagycHasi Mepa COOTBETCTBYIOIIEro IeHTPAIBHOTO yIJIa.
UAB = ZAOB = o°.
OueBUAHO, UTO AJMHA AYTA B 1° cocTaBUT:
_ 2nR _ nR
Y 360° 180°°
Torma mauHa Tyru B o°:

B
Puc. 7.329

| - nR-a°
¢ 180°

. 3apayva 2. HaliTu rpagycHYIO MepPy AYTH OKPYKHOCTU paguyca 5 ¢cM, ecJau ee rpagyc-
Hasa Mepa pasHa: a) 30°; 6) 45°; B) 60°; r) 90°; o) 72°.
Peutenue:
s pernieHusA 3aJaHUN @ )—e2) OPOINEe BBIUUCIAUTH AJUHY OKPYMKHOCTU U OIpee-
JUTH, KAKYIO ee YacTh COCTaBJISIET Ayra.
C=2nR=2n-5=10nt~ 31,4 cm.

a) 360° : 30 =12; T. e. 30"—i yacTh OKpyskHOCTH; C, = 31,4 : 12 = 2,62 cm;
12
6) 360° : 45=28; C,., = 31,4 : 8 = 3,925 cm;
B) 360° : 60 = 6; T. e. 60°— l yacTb oKpysHocTu: C,, = 31,4 : 6 = 5,2 cm;
6

r) 360°: 90 =4; 1. e. C,, = 31,4 : 4 = 7,85 cm;
n-5-72°

n) C,. = ~180° =6,28 uanm 180 : 72 =5; 31,4 : 5 = 6,28 cwm.
» 3apava 3. HaiiTu giuHy MasTHUKA CTEHHBIX 4acOB, €C- A
JU YTOJI ero KoJsebanmsa 38°, a AmmHa OYru, KOTOPYIO 38°
OH ommchIBaeT, paBHa 48 cMm.
Pewenue:
OueBUIHO, YTO AJINHA MAATHUKA — BTO PASUAYC IYI'I
OKpy:xkHOCTHU B 38° u mauHoit 48 cm (puc. 7.331), T. e. 48 M
ecau l:_nR-oc , To R= 180° = 180°-48 ~ 40,5 cm.
180° no’ 3,14 -38 Puc. 7.330

Omeem: 40,5 cm.
. 3apava 4. Haiitu gawHy Oyru, KOTOPYIO ONHCHIBAET KOHEI MUHYTHOM CTPEJKHU 3a
11 muH, ecau gauHAa cTpearu 12 cm.
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Pewenue:

360°

MunyTrHasa crpesnka 3a 11 MUH IPOXOIUT YToa O = -11 =66°.

Torma ee KoHeI[ IPOXOAUT pPacCTOAHUE [ = nk-a® _3,14-12-66 13,8 cm
P P 180° 180 & o

Omeem: 13,8 cm.

@D 7.5.4. NMnowapab u ee cBoiicTBa. Mnowaab NpAMOYroNbHUKA

IInomaas — reoMeTpHUUECKOe IMOHATHE, PasMep IIJIOCKOH (purypsl.

IInomaas MHOTOYTOJIBHUKA — 5TO BEJIMUYMHA TOW YaCTH IIJIOCKOCTH, KOTOPYIO 3a-
HAMAaeT MHOT'OYTOJIbHUK.

Enunnia msmepeHus Ijomiagu — KBaApaT CO CTOPOHOM, PABHOUW eNUHUIIE W3-
MepeHUusA OTPe3KOB, T. €. ILJIOINALb U3MepAeTCA, HAIIPUMEP, B KBAAPATHBLIX CAHTUME-
Tpax — 1 cm?; KBagpaTHBIX MeTpax — 1 mM? u T. 1.

OcHoOBHBIE CBOMCTBA ILJIOLIAXEH:
1. PaBuble GUrypsl MUMEIOT PABHbBIE ILJIOIIALM.
2. Eciy MHOTOYTOJIbHIUK COCTABJEH M3 HECKOJLKHX MHOI'OYTOJbHUKOB, TO €TI0 ILIO-

magb paBHA CyMMe ILIOIIaAel 9TUX MHOTOYToOJbHUKOB (puc. 7.331):

S=8+8,+8,
3. Ilmomans KBagpaTa paBHA KBaApaTy ero CTOPoHEI (puc. 7.332).

Hamnpumep, miaomans KBagpara co cTopoHoi 1 mm paBHa 1 mm2.
IInomams KBagpaTa cO CTOPOHOM a W AUATOHAJIBIO d BBIUUCIAETCA II0 (hopMyJie:

d2
S, =a*um S =—
d
T. K. @ = —.
J2
ILnomaas MpsAMOYTOJBFHUKA PaBHA ITPOM3BEIEHUIO CMEKHBIX CTOPOH a u b (puc. 7.333):
S =ab

ILromanae NPAMOYTOJLHUKA MOYKHO BBIUMCINTD, €CJIM M3BECTHA IJINHA €ro Juaro-
HAJU W YyroJl MeXKay auaroHaaamu (puc. 7.334):

1
S ==d’sin
2 )

@urypbl Ha3bIBAIOTCSI PABHOBEJINKHMM, €CJIM OHM MMEIOT OSUHAKOBYIO ILIOIIALb.
Hanpumep, KBagpaT co cTOpoHoit a = 6 cM (S = 86 cM?) 1 IPAMOYTOJBLHUK CO CTOPO-
HaMmu a =9 cm, b =4 cm (Snp = 36 cM?) ABIAIOTCA PABHOBEIMKNMU.

. 3apgava 1. Ilepumerp mpsaMoyroJbHUKAa paBeH 34 cM, a nfuaroHaas 13 cm. Haiitu miro-
m1agb IpAMOyroJabHUKA (puc. 7.335).

A y a a d
s | : :
a b

Puc. 7.331 Puc. 7.332 Puc. 7.333 Puc. 7.334
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Pewenue:

P=2a+b =34, tormaa+b=34:2=117. d
Ilyets @ = x, Torma b = 17 — x.
ITo Teopeme IIugaropa a® + b* = d?, Torga: a
x2+ (17— x)?=13% x2 - 17x + 60 = 0; b .
x, =95;x,=12.
Ecmmx=5,17017T—x=12; eciiu x =12, To 17 — x = 5. Puc. 7.335

Cropousl npsamoyroabauka b u 12. S =5 - 12 = 60 (cm?).
Omeem: 60 cm2.
3apava 2. [Juaronanp npamMoyroabHUKa 20 CM 1 COCTaBJISET C €T0 CTOPOHOM yroJ 15°.

Haititu nioomanes npaMmoyroabauka (puc. 7.336).

Pewenue:
ZCAD = Z/BDA = 15°, torga:
ZCOD = 15° + 15° (kax BHemrHu# yroa AAOD). B ¢

Bocnoabsyemcs (popmysio Ay HaAXOMKIAEHUS ILJIO-
magn IIpAMOYTOJIBHMKA 4Yepe3 ero AuaroHaJjb:

O
1 9 . oo, O
S_EAC sin, rme ¢ = 30° 15 15
A D
1 1 1 400
sin30°==. S==-20%-==""=100 (cMm?).
2 2 3= (cm?) Puc. 7.336

Omeem: 100 cm2.

3apaua 3. Ilepumerp npamoyroapauKa 140 cM, a IepIeHAUKYIAP, TPOBEIEHHBIN U3
€ero BepIINHBI K AUaroHalu, JeJUT ee B oTHolneHnu 9 : 16. HaifiTu miaomanb mpsamo-
yroabHUKA (puc. 7.337).

Pewenue:
BK 1 AC, AK : KC =9 : 16, torga nyctb AK = 9x, B C
KC =16x, AC = 25x.
ITo TeopeMe 0 IPOIOPIIMOHAJBHBIX OTPE3KAX B IPs- 6 "

MOYTOJIBHOM TPEYyTOJLHUKE:

AB? = AC - AK = 9x - 25x; AB=+9-25-x* =15x; Ny 7
BC?=KC -AC=6x - 25x; BC=20x. AB+BC=P: 2=
=140 : 3 = 70. ITonyuum ypaBuenue: 15x + 20x = 70;
x =2. AB = 30; BC = 40. S, = 30 - 40 = 1200 (cn?). Puc. 7.337
Omeem: 1200 cm?2.

ILiomans MPOM3BOJBHOTO BBIMYKJIOr0 YeThIPeX- Ab

yroasHuUKa (puc. 7.338) MOKHO Ha¥WTu 1Mo Gopmy.Jie:

S, = %dld2 sin @

rae d, u d, — JAWAarOHAJN YETHIPEXYrOJbHUKA, ¢ —

yroJl MeXKIy AUATOHAIAMU. Puc. 7.338

3apgava 4. Haiitu nomiaab 4eThIPEXYTOJMbHUKA ¢ AUaroHaaamMu 12 u 12\/5, ecJu’ yroJa
MeKOy HUMU paBeH 45°.

Pewenue:
d, =12, d, =122, ¢ = 45°, sin45° = g; S = %dldz sing = %12-12@-? =72.
Omeem: 72.
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@D 7.5.5. NMnowaab napannenorpamma

IImomaas mapaJjeaorpaMMa PaBHA MPOU3BEIEHUIO €r0 CTOPOHBI Ha BBICOTY, IIPO-
BeIeHHYIO K 3Toii cTopoHe (puc. 7.339):

S =b-humS =a-h
ap b nap a

ut

Canedcmeue. B mapasienorpamMmme GoJbnieil 6yZeT BbICOTa, IPOBEJEHHAA K MeHb-
nreil BbICOTe, & MEHbIIIell — BBICOTA, IIPOBEJEeHHAA K 0OJBIIeH CTOPOHE.

IInomanp mapaJjiielorpaMMa paBHa IIPOM3BEIEHUIO CTOPOH HA CUHYC yIJIa MEXIY
HuMu (puc. 7.340):

S p:absin(x

naj

IIaomaap mapaJesorpaMMa paBHa IOJIOBMHE NIPOU3BENEHUSA AUaroHaseil Ha CHU-
HyC yria Mexay Humu (puc. 7.341):

dd
S =-—1Zgin
2 ¢

ap
b |
]
a A
Puc. 7.339 Puc. 7.340 Puc. 7.341

IInomans pomoba:
a) ImIpousBeIeHNe CTOPOHBI HA BBHICOTY (puc. 7.342):

S =ah
p
0) mpousBeleHNe KBaJpaTa CTOPOHBI Ha CUHYC yrJia pomba (puc. 7.343):

Sp =a®sin a

B) IIOJIOBMHA IIPOU3BeAeHUs auarouaseir (puc. 7.344):

1
S, =5 dd,
@
L a N
Puc. 7.342 Puc. 7.343 Puc. 7.344

. 3apava 1. BuccexkTpuca yria mapaJjjiejgorpamMma, KOTOpbIii paBeH 150°, meaut ero
CTOPOHY Ha oTpe3ku 24 cm m 16 cM, cumTass OT BEPIINHBI ITPOTUBOJEKAIIETO YTJIa.
Haititu niomanp napaiaeaorpamma (puc. 7.345).

Peutenue: B C
BK — Ouccexkrpuca u 1 = /2, Ho /2 = /3 Kak 2

BHyTpeHHUe Hakpect Jje:xariue (AD || BC, BK — ce- 1

kymas). Torma £1 = 43 u AABK — paBHOOeIpeH-

Helli, AB = AK = 16. Umeem: AB = 16 cm, BC =

_ AD = 16 + 24 = 40 cm, /B = 150°, sin150°= = 16 35 24

. 2" A K D
S =AB-BCsin ZB=16-40- 5= 320 (cm?). Omesem: 320 Puc. 7.345

310




 3apauva 2. BeicoTsl mapaiesorpaMMa, IPOBeeHHBIE U3 BEPIIUHBI OCTPOTO yTJIa, PaB-
HBI 5 cm u 12 cMm, a yroa mexay mumu 120°. HafiTu miomaabs mapaJjjiesorpamMMa.

(puc. 7.346)
Pewenue:

IIpoBenmem BBIcOTHI mapasiesnorpamma CM u CN us
BepmmuHbl C Ha TIpomoJIKeHre cTOPOH AB u AD.

ZMCN = 120°. CymMa yIJoB YeThIPEeXYyTOoJbHUKA 12
AMCN pasaa 360°, Torga:

ZA = 360° — (90° + 90° + 120°) = 60°. BK B
IIposegem BK 1 AD, BK=CN =5 (cm). sin ZA = B 1?/

BK _ 5 _ 5 _10 103
sinZA  sin60° ﬁ J3 3

1043 ’ 4 K
S,., = AB- CM_— 12 = 404/3 (cm?). Puc. 7.346

T. e. AB =

.
b

[T

Omeem: 40\/§ cm?.
» 3apaua 3. Yruer pomba otHOCATCA Kak 1 : 5, a cropora pasna 12 cm. Haiitu mromazns

pomba (puc. 7.347).
Pewenue:

ZA: /ZB=1:5. Torga LA =x, /B = 5x, ux cymma

180°. x + 5x = 180°; x = 30°.
S, = AB?sin /A =12%sin30° = 144 % =72 (cm?).
Omeem: 72 cm?.
() 3apava 4. Bosabiuas guaroHanb pomba AeIUT ero BHICO- x
Ty, IPOBE/IHHYIO U3 BEPINUHEI TYIIOTO yIiia, Ha OTpe3- '
Ku 75 cm u 21 cm. HaiiTu nmomians pomoba (puc. 7.348).

Pewenue:
Huaronans pomba sBIsAeTcA OMCCEKTPUCON €ro yr-

B C
aa. ITostomy B AABP (BK 1 AD) 110 CBOIICTBY OHCCEK-
TPHUCHI: BK _A4B E 25 ; AB:AP=25:1. 75
KP AP 21 T’
IIycts AB = 25x, Torma AP = Tx. K21
ITo Teopeme ITudaropa BP = /(25x)* — (Tx)* = 24x. N
D

24x =75 + 21; x = 4. A
AD=AB=25-4=100 cm; BP =175 + 21 = 96 cmMm. Puc. 7.348

S BP - AD =96 - 100 =9 600 (cm?2).

Omeem 9 600 cm?.

a
@0 7.5.6. Mnowaab Tpaneuuu
h
Ilnomiage Tpamenuy paBHA IIPOU3BEIEHUIO IIOJIY-
CYMMBbI OCHOBAHUU Ha BbICOTY (puc. 7.349):
b

STp=a+b-h
2

Puc. 7.347

Puc. 7.349
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Credcmesuas:
1. ILmommans Tpamenuy paBHA IPOM3BEAEHUIO ee cpeauell JuHUY Ha BeIicoTy (puc. 7.350):

S =m-h

™

a+b
rame m = T — CpeoHAd JINHUA Tpalenun.

B uacTHOCTH, B paBHOOOKOII Tpameruu, e BhICOTA IeJUT 6OJIbIllee OCHOBAHUE
Ha oTpe3ku m u n (puc. 7.351):

a+b b-a
= sy n=——3S =m-h
2 s
rage m — OOJIBININI U3 OTPE3KOB, HA KOTOPbIE BLICOTA MEJUT 0OJIbIlIee OCHOBAHUE.
2. Ilmomians Tpamemuu MOXKHO HAWTH KaK IIpousBeleHne OOKOBOII CTOPOHBI HA IJIU-

HY IEePHeHIUKYJIAPAa, OINYIeHHOr0 Ha Hee U3 CePeIrHbI APYroil O0OKOBOII CTOPOHEBI
(puc. 7.352):

S,, = MN - CD

3. Ilycte a u b — ocHoBauuda Tpanenuu, a orpe3ok MN || BC || AD Takoii, 4To JeauT
IJIOIIanhL Tpamernuu momoJsam (puc. 7.353), Torma:

/az +b®
KL = 9 3 Saxrp = Sgaer

4. Ecau B paBHOOOKOI Tpallenuy JHArOHAJNM B3aMHO HEePHEeHIUKYJIAPHBI, a BhICOTA
Tpanenuu paBHa h (puc. 7.354), To:

S =h?
™

() 3apava 1. OcuoBanus pasHOGOKO# Tpamenyuu 50 cm u 14 cm, auaroHans pasaa 40 cMm.

Haiitu nomans Tpanernuu (puc. 7.355).

Pewenue:
BK | AD, KD = BC;AD - 14;50 - 32.

IIo Teopeme IIugaropa:
BK? = 40% — 322 = 242; BK = 24. STp =BK - KD = 24 - 32 = 768 (cm?).
Omeem: 768 cm?.

a N
B C
n h
h
n m
\/
b A D

Puc. 7.350 Puc. 7.352
B _a C B 14 C
K \ L
40
o
A ul b D . A K 50 D
Puc. 7.353 Puc. 7.354 Puc. 7.355




 3apava 2. OcHoBaHUMs PaBHOGOKOM Tpanenuu paBHBI 13 ¢cm u 37 cm. [luaroHanau B3a-
VMHO IepIeHANKYJIAPHLI. HaliTu miomaas Tpamenun.
Peuienue:
IIposenem BricoTy MN uepe3 TOUKY IIepeceueHusd
muaronasieii — Touky O (puc. 7.356).
ABOC u AAOD — paBHOOeApPeHHBIE IIPAMOYTOJIb-
Hble, Torga mu AOMC u AOND — paBHOOeZpeHHBIE
npamoyroabHble (L1 = L2 = /3 = /4 = 45°).
OM = MC, ON = ND, torga:
MN = MO +ON = BC;AD - 13;37 -
Ilnomiank Takou Tpameun: A N i D
S, = MN? = 25% = 625 (c™?). Puc. 7.356
Omeem: 625 cm2.
. 3apayva 3. OcHoBauua Tpamernuu 8 cm u 42 cm, guaronanu 30 cm u 40 cm. Hatitu
mIoians Tpamnenuu (puc. 7.357).

25.

Pewenue:

ITIposemem CD, || BD, noayuyum TOYKy D, — TO4-
Ky nepeceuenusa CD, u NIpPOJOKeHUA CTOPOHEI AD. B_8 C
[Momryunwm: napannenorpamm DBCD,; BD = CD, = 40; ' 40
BC = DD, = 8 u tpeyronbauk AACD, co cTopoHamMu 40
AC = 30, CD, = 40 u AD, = 42 + 8 = 50. 9roT Tpe-
YTOJBHUK — MPSAMOYTOJbHBIN IO Teopeme, 00paTHOI B
Kk Teopeme ITudaropa (502 = 302 + 40?). Haiizem BBI- 4 49 P D8 D
COTY BTOTO TPeyTroJbHUKA (OHA JKe BBICOTA TPATIEI[UN). !

B mpamMoyrosbHOM TpeyroJbHUKE: Puc. 7.357

CP-AD =AC - CD,, rorga:
cp-AC-CD _ 305'040 =24 (cm). S, = W-CP _8+42 54 _ 600 ().

Omeem: 600101\/12.

. 3apava 4. BoKoBBIe CTOPOHEI U BBICOTA TPAIEIU COOT-
BeTCTBEeHHO paBHEI 25 cM, 30 cm u 24 cm. BuccexkTpu-
ChbI OCTPBIX YIJIOB IIE€PECeKAaoTCs Ha MEeHbIIIeM OCHOBA-
Huu. Halitu miromaab Tpamemnuu.

Pewenue:

AABK nu AKCD — paBuobenpeunbsie (L1 = £2 —
OouccexTpuca, L2 = /3 — BHYTPEHHNE HAKPECT JiexKa-
mue, /1 = /3, amamoruuno £5 = £6) (puc. 7.358).

AB = BK = 25; KC = CD = 30, Torza:
BC = 25 + 30 = 55 (cw). B 9% ¢

IIpoBenem BBIcOTHI (puc. 7.359). BM = CN = 24 (cm).

s AABM: AM? = 25% — 242 = 7%; AM = T.

Puc. 7.358

N3 ACND: ND? = 302 — 242 = 18%; MD = 18. 25/ 124 24 30
AD =AM + MN + ND =T + 55 + 18 = 70 (cm),
BC = MN.
S, = (BC + AD)- BM _ (55 +70)-24 1500 (ca?). ] u
2 2 A M N D
Omeem: 1500 cm2. Puc. 7.359
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@D 7.5.7. NMnowaab TpeyronbHUKa

314

Ilnomane Tpeyroabuuka (puc. 7.360; 7.361) BbI-

yucadaeTcda mo popmyiam:

S = laha = lbhb = lchc
2 2 2

S = 1bsiny = lbcsinm = lacsinB
2 2 2

Cnedcmaue. CTOPOHBI TPEeyroJbHUKA OOPATHO IIPO-

HOPIIMOHAJbHBI €TI0 BBICOTAM:
1 1 1

a:b:c=—:1—:—.
ha hb hc

IATO 03HAUAET, UTO UEeM OOJBIIE CTOPOHA TPEYTOJIb-
HHUKAa, TeM MEHbIIIe BLICOTA, IIPOBEIeHHAsI K Hel.

. ®opmyna I'epoHa (Haxo:kIeHUe ILJIOMIAAN IO TPEM

CTOPOHAM TpeyroJbHuKa) (puc. 7.362):

S =p(p—a)p-b)p-c)

a+b+c
rme p = T — MOJIyIePUMETP, WJIN

S:i\/(a+b+c)(—a+b+c)(a—b+c)(a+b—c)

. Ilnomags TpeyroabHMKA MOYKHO HAWTH, €CJIU U3-

BECTHBI PaJNyChl ONMMCAHHOM M BIIMCAHHON OKPYK-
HOCcTEe R u r:

S =i—§§ umu S = 2R”sin o sinBsiny

R — paauyc OIMCaHHON OKPYYKHOCTH.

. Ilmomans TpeyroabHMKA MOYKHO HAWTU, €CJIU MU3Be-

CTeH pajnyC BIIMCAHHON OKpy:KHOCTHU (puc. 7.364):

S=p-r

a+b+c o
rae p = T, r — pamuyc BIHCAHHOM OKPYIK-
HOCTH.

. Ilnomangs paBHOCTOPOHHErO (IIPaBUJIBHOIO) Tpe-

YTrOJBHUKA CO CTOPOHOM a:
a’\f3
4
ILmomaas MPAMOYTOJBLHOTO TPEYTOAbHUKA C KaTeTa-
MU @ u b, TUTIOTeHY30H ¢ u BbIcOTO# h (puc. 7.365):

Szlab; Szlch; S:lbcsinazlacsinﬁ
2 2 2 2

S =

£

Puc. 7.360

Puc. 7.361

/\
C

Puyc. 7.362

N
Y
R
§ o
w

Puc. 7.363

/a@b\
C

Puc. 7.364

Puc. 7.365




JomoHutenbubie GOPMyYIBI AJIA HAXOKIEHUT
IJIOIIAN TPEYrOJbHUKA:
1. Meguaubl TpeyroJbHUKA NEJAT €r0 Ha IEeCTh PaB-

HOBEJUKUX (MMeIOINNX OJNHAKOBYIO ILJIOIIAIb) Tpe- )
YrOJIBHUKOB (puc. 7.366): S\ S,

S, =8,=8,=85,=85,=85; Puc. 7.366
Cnedcmsus: B
a) OTpe3ku, COeTUHAIONINE IIEHTP MAacC TPEyroJb- m ! m
HIKA C ero BepIINHAMU, LeJAT ero Ha TPU PaBHO- 2 !
BeJIMKHe YacTH. A mg C
6) Menuana TpeyroJbHUKA [JEJUT ero ILIOIaAb I10- 1 1

moJiam.
2. Ilnomiansk TpeyroabHUKA, 00pa3soBaHHOTO MeauaHa-

3
MM JAHHOT'O TPEeYIr'OoJIbHUKA, COCTAaBJIAET Z IIoia-

IU 9TOTO TpeyroJbHuUKa (puc. 7.367; 7.368):
3

ABC, T Z S 45c

Ecnu usBeCTHBI MequaHbl TPEYTOJAbHUKA M, M, Puc. 7.368
U m,, TO €ro IJIOAJb MOKHO HalTH 10 (hopmyJie:

1
S = g\/(m1 +m, + my)(-=m, + m, + my)(m, —m, + m,)(m, + m, —m,)

3. Ecmu h,, h, u h, — BBICOTBI TPEYTOJILHUKA, TO €T0 ILIOAb MOYKHO HAUTH 10 (popmyie:

1

1 1 1) 1 1 1)1 1 1)1 1 1
||+ -+ ||+
ho hy h 0\ h h, hy)\h hy, hy)\h h, h,

MeToa miaomiamei — 3TO METOJ, IIPWM KOTOPOM, BbIpaskKad ILIOMIANb (PUTYPHI
IBYMS PasHBIMU CIIOCO0AMM, MOYKHO IOJIYUUTL PABEHCTBO, KOTOPOE CBA3BLIBAET OC-
HOBHBIE 3JIEMEHTHI (PUTYPHI.

Hanpumep, HalifeM 5TUM METOLOM BBLICOTY TPEYTOJbHUKA, €CJIH M3BECTHEI TPU
eTr0 CTOPOHBI:

S =

=— - um S =4p(p-a)p-d)p-c)
s ";’ S =Jp(p-a)p-b)p-o)

oo p=9FOTE o =28 _2JP(p-a)p-b)p—0)
2 a a
 3apava 1. HaliTu HauMeHBIIYIO BBHICOTY B TPEYrOJbHUKEe cO cTopoHamu 12, 39 u 45.
Peuienue:
Haumensbmiasa BeicoTa OyaeT mpoBegeHa K HAM0OJIb-
el CTOpoHe, T. €. K CTOPOHe, paBHoit 45 (puc. 7.369). 12 39

Haiinem monrymnepumerp:
_a+b+c 12+39+45

p= =48.
2 2
Haiigem mimomanes mo ¢popmyse I'epoHa: |
45
S = \/48(48 -12)(48 —39)(48 —15) = 216. Puc. 7.369

e Y, 515
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. 28 2-216
Torgma BBICcOTaA, IPOBEAEHHAS K CTOPOHE, paBHOI 45: h = — = 5 =
a

9,6.

Omeem: 9,6.
3apauva 2. IlepneHguKyJIAp, OIPOBEAEHHBIN 13 CePEeAMHBI OCHOBAHUS K OOKOBO# CTO-
poHe paBHOOEIPEHHOI'0 TPEYroJbHUKA, NEeJUT ee Ha oTpe3ku 18 cm m 32 cm, cum-
Tasi OT BEePIINHLI, IIPOTUBOJIEKAIell ocHOBaHM0. HaliTu miomaab NpaMOyroJbHUKA
(puc. 7.370).

Pewenue: B
ABDC — npamoyroabHbiii (BD 1. AC, DK 1 BC). Ilo 18
CBOMCTBY IIPOIOPIMOHAJLHBIX OTPE3KOB B IIPAMOYIOJIb- K
HomTpeyroabauke: DC?2=CK-CB=32-(32+18)=32-50= 32
=1600; CD =40; BD?>=BK - BC =18 - 50 =900; BD =
~30. S, =224 _ Bp.DC=30-40=1200 (cm?). A D ¢
2 Puc. 7.370

Omeem: 1200 cm?2.
3apgava 3. [luameTp OKPY’KHOCTU, BOIMCAHHON B IPAMOYTOJBHBINA TPEYTOJbHUK, PABEH
8 cMm, a xarer — 24 cMm. Haiitu miaomagek TpeyroabHUKA.

Peuwenue: A
HuamMeTp BIUCAHHON OKPYKHOCTHM 8 cM, T. €. pa-
nuyc paBeH 4 cm. OM = OK = MC = CK =4 cwm, T. K. x

CMOK — xBagpar (puc. 7.371).

ITo Teopeme 0O ABYX KacaTelbHBIX, BBIXOAAIINX W3 X N
onuoi#t Touku: BK = BN = 20 (BK = 24 — 4 = 20).
IIycrs AM = AN = x. Ilonryuaem AABC co cTopoHa- M 4 O 20

IIugaropa: AB? = AC? + BC?; (x + 20)? = (x + 4)* + 24%; 41
x =6. Torma AC =6 +4 =10.

mu: AC = x + 4; BC = 24; AB = x + 20. Ilo Teopeme &\4
-

C 4 K 20 B
Spase = AC2BC = 10224 =120 (cv?). Puc. 7.371
Omeem: 120 cm?. B
3agava 4. BoKOBBIE CTOPOHBI TPEYrOJbLHHKA PaBHBI
25 cm u 40 cm, BBICOTA, TPOBEIeHHAST K OCHOBAHUIO, —
24 cm. HatiTu mmomagu yacTeil TpeyroJbHUKA, HA KO- 25 40
TOpBIE €r0 NeJUT OUCCEKTPHCa, ITPOBEeIEeHHAd K OCHO- 24
BaHUIO (puc. 7.372).
Peutenue:
BD 1 AC. AABD u ADBC — npaMOyTOJbHBIE, TOTIA A D_l C
AD?> =AB? — AD?=252-242=T%,AD =T,
DC? = BC? — DC? = 402 — 242 = 322 DC = 32. Puc. 7.372
AC =17+ 32 =39 (cm). B
IIycTs GuccextTpuca BK nmenut AABC Ha TpeyroJib-
Huku ABK u KBC (puc. 7.373). 40
YT06BI HAWTH ILIOIIAIN 3TUX TPEYTOJbHUKOB, HY K- 25
HO HaliTu AauHbI oTpeskoB AK u KC. Ilycts AK = c,
Torma KC = 39 — x. Ilo cBO#icTBY OMCCEKTPUCHI:
AK AB 25 5 AK 5 x 5 -
KC BC 40 8 KC 8 39-x 8’ A D K C
8x =539 — x); x =15; AK = 15; KC = 39 — 15 = 24. Puc. 7.378




_AK-BD 15-24

S =

AABK

S =

KC-BD 2424

=180 2);
2 (cm?)

=288 (cm2).

AKBC

@D 7.5.8. NMnowapap kpyra. Mnowaab cexktopa

Kpyr — »sT0 Qurypa, cocrodlinas u3 BCeX TOUEK
ILJIOCKOCTH, PACCTOSHNE OT KOTOPBLIX 0 NAHHON TOUKU
He 0oJbllie JAaHHOTO. JTAa TOYKA HA3BIBAETCA IEHTPOM
Kpyra, paccTossHue — paagmycoM Kpyra (puc. 7.374).

Hpyrumu cioBaMu, KPyr — 3TO YaCTh ILJIOCKOCTH BHY-
TPU OKPYIKHOCTHU, BKJIIOUAS TOUKI CAMOM OKPYsKHOCTH.

ILmomanp Kpyra BeIUHCIAAETCA IO (popmyJie:

2 2
Omeem: 180 cm? u 288 cm?.

_ 2
S,, =R nin

2

roe R — paguyc kpyra, D — ero guamerp. Puc. 7.375
Kpyroeoii ceKkTop — 4YacTb Kpyra BHYTPH COOTBET-
CTBYIOIIETO0 IleHTpaJbHoro yria (puc. 7.375).
ILioma b KPYroBOrO CEKTOPa BBIUUCISAETCS 0 (op-
MyJe: o
s - nR® - a°
cexT 3600
rme o° — rpagycHas Mepa COOTBETCTBEHHOI'O IIeH-
TPAJLHOTO yTJIa.

KpyroBsiM cerMmeHTOM Has3bIBaeTCA 00IIas YacTh KPY- Puc. 7.376
ra m moJyiiockoctu (puc. 7.376). Ilmomans cermenTa,
He PaBHOTO HOJIYKPYTY, BBIUUCIIAETCA 110 (hopMyJie:

cerm 3600

nR?

(o]
~a’x S,

rae o° — rpagycHas Mepa IeHTPaJIbHOTO yIJia, KOTO-
PRI COIEPIKUT AYTY BTOTO KPYTrOBOTO CETMEHTA;

S, — miomans TpeyroJbHUKA C BEePIIMHAMU B IIEHTDE
Kpyra m B KOHIIAX PaJUyCOB, OT'PAaHUYMBAIOIIUX CO-

:

OTBETCTBYIOIIIUHA CEKTOpP. 3HAK «—» Hamo OpaTh, ecau Puc. 7.377
a’ < 180°, a sHak «+», ecau a° > 180° (puc. 7.377).

() 3apava 1. Haiitu miomajgs Kpyra, OINMCAHHOTO OKOJIO
KBaJpaTa co CTOPOHOM a (puc. 7.378).

Paguyc onmcanHoll OKPYsKHOCTH:

a2

rR=22,
2

na’®

Omeem: —.
2

=y

Peuwenue:

2 2

S=TER2=TE(

Puc. 7.378
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. 3apgava 2. Haiitu mromanpk Kpyra, BIIMCAHHOTO B IIPABUJIBHBIA TPEYTOJIbHUK, €CJIN €Tr0
CTOPOHA a = 2\/§ (puc. 7.379).

Pewenue:
a3 2343
Pagmyc BumcanHoro kpyra: r = 6 = 6 =1.

Torga maomans Kpyra: S = nr? = 7.
Omeem: © cm? = 3,14 cm?2.

. 3agava 3. Bokpyr Kpyrioii KayMmMObl, pagnyc KOTOPOIi
4 M, mpoJokeHa Aoposkka mmpuuoil 1 M. CKOJBKO
HY)XHO IIecKa, YTOOBI IIOCHIIATH JOPOKKY, €cJM Ha r
1 m? goposxku Tpedyercs 0,9 nm® mecka?

Pewenue:

HoposkKa mpeacTaBiasgeT cob00il KOJbII0, 0Opa3soBaH-
HO€ KOHI[EHTPUUECKUMU OKPYIKHOCTSIMU C PagUyCaMU
R =4wmuR,=5 M (puc. 7.380). Puc. 7.379

Ilnomanes KoabIia:

S, =nR; -nR’ =n(R} - R’) =
= (5> —4%) = 91 ~ 28,26 Mm2.
Torma gys sToit JOPOKKY moHamoourcs: 28,26 - 0,9 =

= 25,434 (am?), T. e. 26 gmM® mecka XBaTHUT, YTOOBI IIO-
CBHINIATDH ATy JOPOIKKY.
Omeem: 26 nm?®.

121
() 3apava 4. Ilnomans kpyra paBHa ——. Haiitu guuny

e
OKPYKHOCTH.
Pewenue: Puc. 7.380
Sxp — nR? = 121; R? = 1221; R:E;
T T T

C =27k =272~ 29, /
Y
Omeem: 22. 4
. 3apava 5. HaiitTm miomiazs cexTopa Kpyra pagmyca /
18 /

T CM, IIEHTPaJbHBIH yroJ KoToporo pasen 120° /
T
(puc. 7.381).
Pewenue:
2 Puc. 7.381
18 o
R2 o T T -120 324 3
S, =% VT =222 108 (cm?).
360° 360° 3
Omeem: 108 cm?.
 3apava 6. Knymba npeacraBasger coGoil KBaapaT pas-
mepoMm 3 x 3 M. Cektop ¢ ayroir 90° 3acamgmuiu TIOJIb- 3
maHaMu, OcTaJbHOEe — Haplumccamu. HaiTtu miomanb,
3acasKeHHYyI0 Hapiuccamu (puc. 7.382).
Pewenue:
R? 3,14-9
S, =84 =S, =8 - =9- ~2 ().
4 4
Omeem: 2 m2. Puc. 7.882
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@D 7.5.9. Oopmynbl 06bema NpAMOYroNbHOro nNapannenenuneaa, Ky6a, wapa

IIpaMoyroabHbBIi MapaJjiejienuies — 35TO 00beM- \

Haa Gurypa, y KOTOpPO# IlleCTh IpaHell, KasKIbIN u3
KOTOPBIX ABJIAETCA IPAMOYTOJIbHUKOM (puc. 7.383).

IIpumepaMu TPAMOYTOJbHBIX TMapaJIeenuneon
CJOYIKaT cIiMmuevHass KOpoOKa, KOMHAaTa U T. I.

HnauHbl Tpex pebep, BBIXOAAIIUX U3 OMHOM TOU- ;< 3
KM — BepIINHBI, HA3LIBAIOT M3MEPEHHAMH IIapaJiie- 4 S \
Jenunena: a, b u c. / NN a

06BeM NpPAMOYTOJIPHOTO IIapaJjiiesieNuIena pPaBeH / ~
IIPOM3BEeHNI0 TPEeX ero M3MepPeHMUIl: b

V = abe Puc. 7.383
p

Ia;

IInomamxs MOBEPXHOCTH MapaJliesiemuIena:
S = 2(ab + bc + ac)
IoB

KBagpar auaronanu d mpAMOyTOJIbHOTO IIapaJiyeJie-
nuIesa paBeH CyMMe KBaJpaTOB €ro U3MEpPeHM!t:
d?=a®>+ b+ c2.
IIpamoyronbpHBIN mapajiejienunes ¢ PABHBIMU U3- / a
MepeHusIMHU Has3bIBaeTcA KyooM (puc. 7.384). ’
Bce mrecTh rpaneit Kyb6a — paBHBIE KBaApPaThI. y
0O6Bem KyOa paBeH KyOy ero CTOPOHBI:

Vs = @% S, = 6a’ Puc. 7.384
Cdepoit HasbIBaeTCsa ITOBEPXHOCTb, COCTOSAINAA U3
BCEeX TOUYEK IITPOCTPAHCTBA, PACIOJIOKEHHBIX Ha JaH-
HOM PACCTOSAHUHU OT HJAHHOU TOUKU (puc. 7.385).
Hannada Touka (Touka O) HasbIBaeTcA IEHTPOM ce-
pBI, a TaHHOE paccTosgsHUe — paguycoMm chepsi. OTpe-
30K, COEIUHSIONIUN Be TOUKU c(ephbl U IPOXOAAITII
yepes IeHTP, HA3bIBAETCS AUaMeTpoM cdepbl:
D = 2R.
Teno, orpaHmueHHOe cepoii, Ha3LIBAETCA LIAPOM.
IlenTp, paguyc W AUaAMeTpP IIapa ABIAIOTCA U IEH-
TPOM, PAINYCOM U AUAMETPOM C(epHI. Puc. 7.385
S =4nR?% V = §ER3

chepsr mrapa

 3apava 1. OrHomenue mwiomanei moBepxHocTell AByx cdep pasHo 9. Yemy paBHO OT-
HOIIIeHWEe ero 00'beMOB?

Pewenue:
4 s
S, 2 2 Vv — 1R, 3
Par AR o o (B} L9 o B3 Tomma cmet o8 1 _[B) g og
Sepn 4R, R, R, Viapa 2 ; nR; R,

Omeem: 27.
» 3apaua 2. CKOJBKO KOKM IOWZET Ha MBTOTOBJEHHME NMOKDPBIMIKH (QPyTOOIBHOTO MAUA
paguyca 8 cm (Ha mBbI gobasiasiercda 10 % oT miomagy IOBePXHOCTH Msa4a)?
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Peutenue:
Haiinem niomans moBepxuocTu chepsl R = 8 u gobasum 10 % = 0,1 ma 1mIBwI, T. e.
S ...=4nR*+ 0,1 -4nR*=4,1 -1 - R*=4,1"-3,14 - 8 ~ 824 (c™’).
Omeem: 824 cm?.

. 3apauva 3. Ceuenue 1apa ILIOCKOCTBHIO, YAAJIEHHOHN OT
merTpa Ha 12 cM, mmeer miomank 25n cm?. Haiitu
o0beM IIapa.

Peuwienue:
IIycts 1map mepeceksiz maockocThio (puc. 7.386).
B ceuennu moayumiica kpyr pammyca r. Paccroanue
d =12 (paccTosiHMEe — 9TO HEePHEHAUKYIAP, IPOBEICH-
HBIN U3 IeHTpAa INapa K 3TOU MJIOCKOCTH).
RP=d’>+r*=122+52=13% R=13.

v Aip ot o 8T88T (.
S 3 3 Puc. 7.386
Omeem: 8788n cm’. B c,

() 3apava 4. Haiitu 06beM IPAMOYTOJIBHOTO HapasLiese-
mumena, ecju CTOPOHBI ero ocHoBaHUA 6 cM u 8 cwm,
a IuaroHaJib HaKJOHEHA K IJIOCKOCTY OCHOBAHUSA TIO[

yryiom 45° (puc. 7.387). A S D
Pewenue: ! Bk---\-‘----i- C
ITycTs ABCDAIBICID1 — TPAMOYTOJIbHBINA IIapaJi- AN ‘\
nenenunen. AD = 6 cm; DC = 8 cm. ZBDB, = 45°. ) S 45
ITo Teopeme IIudaropa us AABD: BD = 10 cm, HO ) \4'/\\ \
ZBDB, = 45°, torga AB,BD — paBHOGeLPEHHBI IpPsA- / b
moyroasHb U BB, = 10. A D
Vip=BB,-AD - DC =10 -6 - 8 = 480 (cm3). Puc. 7.387

Omeem: 480 cm?®.
 3apava 5. VlsmMepeHus NpAMOYTOIBHOTO apajiesenunesa pasasl 18 cm, 12 cv u 8 cu.
Haititi pedbpo paBHOBeIUKOTO eMy Kyba (T. e. Ky0a, MMEIOIIero Takoi ke o0beM).
Pewenue:
Vip=0bc=18-12-8=9-2-4-3-8=27-8-8.

nyﬁaz 27-8-8=a% a=%27-8-8=38-2-2=12 (cm).
Omeem: 12 cm.

. 3apgaya 6. ILmomazns moBepxHocTu Kyda 150 m2. HaiiTu ero o6seM u AuaroHajb.

PeweHue:
S}cy6a = 6a? = 150 M2, Torga a®> =150 : 6 = 25; a = 5.
VKy6a =a®=5%5=125. Iuaronans d>=a?+a?+a?=3a2=3 -256=T75; d = 5\/5.
Omeem: 125 m® u 5\/5 M.

. 3agava 7. Komuara umeer pasmepsl 5 M, 4 M u 3,2 M. BeluucauTh ILjaomnagb CTeH,
Ha KOTOpPbIe HEOOXOAMMO HOKJIEUTL 0001, €CJIM ILIOIaLb OKOH UM ABepeil coCTaBJIAET
0,2 miomiany CTeH.

Pewenue:
OueBUIHO, UTO JaHHBIE D M, 4 M 1 3,2 M IIOKas3bIBAIOT, UTO BHICOTA KOMHATEI
3,2 M. OrkjaeuBaTh OyOyT TOJIBKO CTEHEI, T. €. IBe CTeHbI 5 - 3,2 u 4 - 3,2.

§=5-3,2+4-3,2=9-3,2=28,8wm%.

.



OxHa u aBepu cocrasiasaioT 0,2 mioianu, T. e. OKJIenBaeMad miomaas pasua 0,8,
T.e. S=0,8 28,8 =23,04 (m?).
Omeem: 23,04 m2.

O 7.6. BekTopbl Ha MNOCKOCTH

@D 7.6.1. BekTop, anvHa (Moaynb) BeKTopa

Ecau HexoTopas BeJnMUNHA IOJHOCTHIO XapaKTepU3yeTCsa CBOMM YKCJIOBBIM 3HAUE-
HUEeM, TO ee Has3bIBAIOT CKAJSAPHON, MU cKajxapoMm. Hampumep, CKaISIPHBIMU SBJIS-
IOTCA BEJIMUYUHBI: MaACCA, memnepamypa, 0iuHa, naou,adv, 006seMm.

MHoecTBO (GU3NUYECKUX BeJINUYNH MMEIOT He TOJbKO UKMCJIOBOE 3HAUEHHEe, HO 1 Ha-
mpasiaenne. TaKkne BeJUUYNHBI HA3HIBAIOT BEKTOPHBIMH, MU BEKTOPAMM.

Hampumep, BeKTOpaMu SBJISIOTCA: CKOPOCMb, CUlA, JagjeHue U T. I.

BekTop — 9TO HalpaBJIE€HHBIN OTPE3OK, T. €. OTPE30K, IJISA KOTOPOTO YKAa3aHo, Ka-
KOIi M3 KOHIIOB OTPe3Ka ABJAETCS HAYAJIOM, a KAKON — KOHIIOM.

BexTopbr 0603HAUAIOT:

a) AByMs OoabIuMu OyKBaMH JIATUHCKOTO ajdaBuTa: X C
E, ﬁ, E), npuueM mepBas OykBa oOO3HAUaeT / B ‘\F CD
HaUajgo, a BTopas — KOHeIl BeKTopa (puc. 7.388); A AB KF

0) MajleHbKMMHK OyKBaMM JIATHHCKOro ajndasura: a, D
m, i, 0 (puc. 7.389). Puc. 7.388
0 — HyJIeBOH BEKTOD, €ro HA4YaJI0 ¥ KOHEI] COBIA- a
ZaIoT. ./;1)
AO06CoII0THOI BeJIMUYNHOM (MOIyJieM) BeKTopa a Ha- I 2

3bIBaeTCA IJIMHA OTPe3Ka, KOTOPBIN m300paskaeT BeK- n _

Top. OGosuauaercs: |al. 0
AGcosoTHasA BeJIMYNHA HYJIEBOTO BEKTOPA CUUTAET- Puc. 7.389

cs paBHO# Hym0: 0] = 0. B 8 C

() 3apava 1. B npamoyroasauke ABCD AB = 6, BC = 8. A
M — cepenuna cropoHbl AB. HaiiTu qJIMHBI BEKTODPOB: 6.1
AB, BC, DC, MC, MA, CB, AC (puc. 7.390). M
Peutenue: 1
Ouesuzmo, uto |AB| =6, |[BC|=8, |DC|=6. -
_ A
Tlockombky AM = MB =3, To |[MC| = /3 + 8% = 73. Puc. 7.390
\MA| = %lABl =3; ICB|=|BC|=8; |[AC|=V6° +8° =10. e
» 3apava 2. B tpanenuu MNKP (MP || NK) /M = 90°,
/P =45°, MP =8, MN = 6. Halitu 0JiuHB BEeKTOPOB: 6
NP, KP, MK, NK (puc. 7.391). e

Pewenue: p

NPl = 67 + 87 =10. TIposerem KA | MP (puc. 7.392). M Pucs - 301

C e Bemmesecw 32



AKAP — paBHOOeAPEHHBIH MPAMOYTOJbHBIN, T. K. N K
/P =45°, KA 1| MP, KA = AP = 6.

|KP|= 6% +6% =6+/2; MA=MP-AP=8 —6=2.
IMK| =62 + 2% = 40 = 2J10; |NK|=2.

@0 7.6.2. PaBeHCTBO BeKTOpoB Puc. 7.392

Ilycte a || b || ¢, Toe @, b 1 ¢ — npamble. BeKToOpEI a
Ha3BbIBAIOTCA KOJUIMHEAPHBIMU, €CJIV OHU JIeXKAT Ha OJI- m
HOM IpAMOU MJIM Ha MapaJljieJbHBIX IpAMbIX. HyJlieBoit a b
BEKTOP KOJIIMHeapeH JIIO6OM_y BexTOpPYy (puc. 7.393). B

BexrToper a, m, AB, MN u b — KoJINHEapHHI,

a BeKTOpbl £ m DC mM HeKOJJIMHEapHBI.
KonnuHueapHble BEKTOPHI MOTYT OBITH HAIIpaBJIEHBI N /
D

OIWHAKOBO WMJIV COHAIIpaBJeHbBI: a, AB, b umu m, -\
MN, a MOTyT OBITH MPOTHUBOIIOJIOMKHO HANPABJIEHBI: k

aum;,; AB u MN. Puc. 7.393
BexkTophl Ha3bIBAIOTCA PABHBIMH, €CJIM OHI COHA-

NIpaBJeHbl M MX MJIUHBI PaBHBI (puc. 7.394). .a/)
» 3apava 1. B gannom napasnenorpamme ABCD BhIOpATSH ’5/7
mapbl PaBHBIX BEKTOPOB: E, E, %, O_C, C_D, Puc. 7.394
DC, BC, CB, AD, BO, OD (puc. 7.395).
Omeem: PaBHEI CJIeJyIOLIMe Iaphl BEeKTOPOB:

a) ABu DC; 6) BC u AD; 0
B) EI/I%, T) BO u OD.
Ot 110007 TOUKU A MOIKHO OTJIOKHMTH BEKTOD, paB- )

oy
(@

hN

HBIIl TaHHOMY BEKTOPY d, M IIPUTOM TOJBKO OIMH.
PaBeHCcTBO BEKTOPOB MOKHO paccMOTpeTh 0oJiee Ha-
TJIATHO, €CJIM OIPEJeJUTh MOHATHE KOOPAMHATHI BEK-
TOpOB (puc. 7.396). o A
Koopaunatamu BexktTopa AB ¢ HayajJioM B TOYKe
A(x,; y,) u xounom B(x,; y,) HaspIBaeTCA YUCJIO A, =

B 4
=x,—-x,ua,=y, —y,. AB(a;; a,). 1 -
Ecsim BekTOp 3aJaH KOOpAMHATAMM TOUYEK Hadaja \
-
x

Puc. 7.395

¥ KOHIIA, TO OH UMeeT CTPOro (PMKCUPOBAHHbBIE KOOPAH- nNA

Hatel. A(1; 1), B(-2; 3). AB(-2-1;3-1); AB(-3; 2). ———— ——t—
Ecau BeKTOpHI 3aJaHBI CBOUMU KOOPAMHATAMH, T. €.

a(-1; 3); 5(0; —-4); ¢(3; -3); 67(1; 0), TO UX MOIKHO '\;1 1

OTKJIaJbIBATH OT JIIOOOM TOUKH. 1 \5
AocomroTHad BeanuyuHa BeKTopa a(a,; a,) BBIYHC- 1

JdaeTrcda 1o (popmye: lg 1

lal = \Ja} + a} Puc. 7.396
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PaBHbIe BEeKTOPHI UMEIOT PaHBbIE KOOPIUHATHI.
Hanpuwmep, m =a, 1. k. m(-1; 3) u a(-1; 3).

Haijinem mMoxynu oTux BekTopoB: |ml = |al = {/(-1)* + 3% = \/ﬁ
To ecTh BepHO U 00paTHOE YTBEDP:KIAEHUE: €CAU PaBHBI KOOPAMHATHI BEeKTOPOB, TO
BEKTOPHI PAaBHBI, T. €. PABHBI X MOXYJH U OHU COHAIIPABJICHBI.
» 3apava 1. ABCD — rpanenusi, AM = MB =CN = ND (puc. 7.397). PaBHBI 11 BEKTODBHI:
a) BCu AD; 6) AM u MB; B) MBu NC; ) AK u BC, ecnu CK || AB; n) AB u CK?
Pewenue:

a) BC # AD, T. K. OHA He PaBHBI II0 MOZYJIIO. B
0) AM = MB, oHu paBHBI II0 MOJYJIO U JIEXKAT Ha Of-
HOUM IPSMOI. M

C
i Y N
B) MB # NC, oHu paBHBI IO MOAYJI, HO HE COHa- /
"D

IIPDaBJIEHBI.

r) AK = BC, paBHBI IO MOIYJIO U COHAIIPABJIEHEI.

I) AB # C_K, OHU IPOTHUBOIIOJIOMKHO HAIIPABJIEHEI. A K
. 3apava 2. [awmwsr tourkm: A(1; —3), B(2; 4), C(5; 4), Puc. 7.397
D(4; —3). Cpenu BexTtopoB AB, AC, DC, BC HaWTu paBHBIE.
Pewenue:

Haiinem KOODAMHATEI 9TUX BEKTOPOB: L
AB(2-1;4-(-3)); AB1;7); DC(b—-4;4—-(-3)); DC@A;7);
AC(5-1;4-(-3)); AC(4;7); BC(5-1;4—4); BC(4; 0).
Omaeem: paBHBI BEKTOPHI A_B(l; 7) u R’(I; 7).
 3apava 3. [ausr roukn M(x; 2) u N(—3; y). Ilpu Kakux 3HAUeHUAX X U Y BeKTOp MN
Oynmer paBeH BeKTOpy a(—4; 0)?
Pewenue:
Haiigem xKoopamuatsl BeKTopa MN: MN(-3 —x; y — 2).

ITockonmbrky MN = a, paBHBI UX KOOPAMHATHI, T. €.:
3-x=4,x=1uy—-2=0;y=2.
Omeem: nipu x =1, y = 2.

@D 7.6.3. Onepauum Hap BeKTOpamu (CyMMma BEKTOPOB, YMHOMKEHUe BEKTOpa Ha 4ncio)

11 BEKTODPOB OIIpeNeIeHbl OIlepalliy CJIOYKEHUA, BHIUUTAHUA WM YMHOMKEHUSA Ha
YKUCJIO, Pe3yJAbTATOM 3TUX AEUCTBUI TO:Ke OyIeT BeKTOp.

CnoxeHue BeKTOpoB

Cymmoit BekTOpoB a(a;; a,) u b(b; b,) HasbiBaeTcsa BeKTOp c(¢;; ¢,) C KOOpAUHA-
Tamu: ¢, =a, +b, uc,=a,+b,.

To ects (a,; a,) + (b5 b,) = (a, +b;; a, +b,).

Hampuwmep, ecan a(-3;5) u b(1;-8), o ¢(-3+1;5—-8) =(-2; —3), ¢(-2; —3).
MzobpaskeHre BeKTOPa-CyMMBI MOJKHO IOJYUUTEH C MOMOIIBIO MTPAaBUJia TPEYTOJIb-
HUKa U IpaBUJa IMapajiegorpamMma.
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IIpaBuso TpeyroabHUKa — 17
s n10061x ToueKk A, B 1 C umeeT MeCcTO BEKTOPHOE

paBenctBo: AB + BC = AC.

ITo mpaBuay TpeyroJasHMKaA IIOJYYAEM CJIEIYIOIITUH

CcI0CcO0 CJI0KEeHUS BEKTOPOB:

IIycts mamer gBa BekTOpa (puc. 7.398):

a) OT IPOM3BOJIBHOII TOUKU CTPOUM BEKTOP a;

6) OT KOHIa BEKTOpa & OTJIOKHUM BEKTOD b;

B) BEKTOpP-CyMMa ¢ — €ro HAvaJio COBIAJaeT C Haya-
JIOM BeKTOpa @ ¥ KOHell — C KOHIIOM BeKTOpa b Puc. 7.399
(puc. 7.399).

IIpaBuI0 MHOTOYTOJBHUKA: —
IIycTh maHbl BeKTOpPHL @; b; ¢; d (puc. 7.400): Vc ¥

a) OT IPOM3BOJILHOII TOUKU CTPOUM BEKTOD a;

6) OT KOHIIAa BEKTOpPA & CTPOHM BEKTOD b; Puc. 7.400

B) OT KOHIIA BEKTOpA b CTPOMM BEKTOD C;

c

Vil

Puc. 7.398

|l la
b

o
Il
Q

Jo |
/
W

b

Y

Q|
M
&t

T') OT KOHIIA BeKTopa CTPOUM BEKTOD J; a ¥ =
I) BEKTOp-CyMMa /7. — ero Hadajo COBIAJaeT C Ha- 'y
YajoM BEeKTOpa @&, KOHeI[ — ¢ KOHIIOM BeKTopa d - =
(puc. 7.401). TRArFY
IIpaBUIBHOCTE TOCTPOCHUSA MOYKHO IIPOBEPUTH, CJIO-
KB KOOPIAWHATEI 3TUX BEKTOPOB:
a(2; 1)
N ?(2; 0)
c(0; -2)
d(-1;-2)
m(3; — 3).

ITo pucyHKY BUAHO, UYTO KOOpAMHATEI m(3; — 3).
IIpaBuao mapaaaesorpamma
Ec/ii HeKOJLIMHeapHbIe BEKTOPHL @ U b BBIXOIAT U3
OOHOM TOUKM (MM UX TapaIeJbHO IIePEeHECTH B ONHY =
TOYKY), TO CyMMa 3TUX BEKTOPOB — NUATrOHAJb IapaJjlie- a/
/

JIOTPaMMa, IIOCTPOEHHOI0 Ha 9TUX BeKTopax (puc. 7.402).
BexkTop-cymma BBIXOOAUT M3 TOU K€ TOUKU, UTO
U BEKTOPHL @ U b. -
Hampuwmep, ciaoskum BeKTOpsl a@(4; 2) u b(-3; —4) P
(puc. 7.403). Ilo mpaBuay mapaJejgorpaMMa IOJI:KHBI

St

HOJIyUUTh BEKTOP: C=a+b =(4-3;2-4)=(1;-2).
3aKOHBI CJIOKEHUSI BEKTOPOB

a+0=a; a+b=b+a; a+(b+c)=(@+b)+c. a

Pa3HocTb BEKTOpoB \
Pa3HOCTBIO BeKTOPOB a(a,; a,) u b(b; b,) Ha3bLIBa- b \

eTcsa BeKTop C(a,;; a,), KOTOPBIi B CyMMe C BeKTOpOoM b ™

Iaer BEKTOp @, T.e. b +¢ =a; ¢ =a —b (puc. 7.404). Puc. 7.404

24 e



Hanpumep, a(4; 2); b(5; —4), Torma ¢ =a —b = (4-5; 2 —(-4)) = (-1; 6).
YT06BI TOCTPOUTH BEKTOP-PA3HOCTH MBYX BEKTOPOB, HEOOXOIMMO:
a) OTJIO}KUTH PaBHbIE UM BEKTODPHI U3 OTHOM TOUKU;

0) BEKTOp, HAYaJI0 KOTOPOTO COBIIAJAET C BEKTOPOM b, a KOHEIl — C KOHIIOM BeKTopa

a, u 0yIeT pasHOCTHIO BEKTOPOB a u b.
Omepanuu CJIOKeHUA U BEIUNTAHUA BEKTOPOB IMTUPOKO IIPUMEHAIOT B (GUSUKE s
CJIOKeHUS CHII.

(noxeHue cun

I[JIH CJIOMKEeHNA HEeCKOJIBKUX CHUJI JOCTATOYHO 3HATHh
IPaBUJIO CJIOMKEHUA OBYX CWJ, T. K. CJIOMKEHUEe He-
CKOJIBKUX CHJI MOYKHO IIPOBECTH II0OCJIeJJOBATEIHHO
OpUMeHeHWeM dTOTO IIpaBUJAa.

Cio:KeHNe CHJ NMPUJIOKEHHBIX K OJHOH TOYKe

PasuogeiicTBytomasas aByx cuam R (T. e. BeKTOD-
cyMMa) II0 BeJNUYMHe M HaOpaBJeHUWIO paBHA AMaroHa-
JIX IIapaJijiejiorpaMmMa, IIOCTPOEHHOI'0O Ha 3THUX CHJIaxX
(puc. 7.405).

Cio:xxeHue IBYX CHUJI, JUHUHM JEHCTBUSI KOTOPHIX

nepeceKarTcsa

AHAJIOI'MYHO CJIOMEHUIO ABYX CHJI, HpI/IJI(EKeHHBB(
K OJHOW TOYKe: IepeHeceM MapajyienbHo F, u F,
B OIHY TOUKY, PaBHOJEHCTByIOIIasd R JeXuT Ha aua-
TOHAJIM IIapaJjiejiorpaMMa, IIOCTPOEHHOTO Ha BEKTO-

pax F/ u F, (puc. 7.406).
PaBHopgeiicTByIomasa AByX CHJI,
IefCTBYIOIIAS 0 MPIMOM
a) B OMHY CTOPOHY — paBHa CyMMe CHUJI U HallpaBjeHa
B Ty K€ CTOPOHY;

F, F, o Puc. 7.407
L > =l R = E + FZ
\
R
0) B IIPOTUBOIIOJIOKHBIE CTOPOHBI — pPaBHA Pa3HOCTU R
CHUJI ¥ HaIpaBJieHa B CTOPOHY OOJbIIIEN CUJIBI;
. F F,oo Puc. 7.408
=< |—; R — 1;12 _ 171
R

__Chnoxenue IByX nmapaJjielbHbIX CHII

R =F t F, u 1eInT OTPe30K MeXXJy TOUKaMU IIpU-
JIOXKeHUA CUJI, BHYTPeHHUM WU BHEIIHHM 00pasoM,
Ha 4YacTU, OOpPATHO IPONOPIMOHAJbHBIE BTUM CHJIAM
(puc. 7.407, 7.408).

. 3apaya 1. Touku M u N — CepeuHEI CTOpOHAﬂ/IAC
AABC. Boeipasuts BekTopbl BM, NC, MN u BN ue-

pes3 BeKTOpsl AM =a u AN =b (puc. 7.409).

Puc. 7409
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Pewenue:

a) BM = -a; B) MN =b —a;
6) NC = b; r) BN = MN + BM = (b - a) —a.
3apaya 2. ITapammoTucT CIycKaeTca Ha 3€MIIO CO CKO-  p F

pocThio 5 M/C, HO IIOPLIBOM BETPAa €ro HAaUMHAEeT YHO-
CUTL B CTOPOHY CO CKOPOCTHIO 5\/5 m/c. Ilom karum
YIVIOM K BEePTHUKAJIU CIIYCKAETCS MapaIloTUCT?
Pewenue: .
IlycTs mon meiicTBUEM CUJIBI TSXKeCcTH P IIapalilioTUCT

CITyCKAaeTCsI Ha 3eMJIIO0 CO CKOPOCThLIO b M/c, rycTh BA =5

(puc. 7.410). Cuna Berpa F HampaBJeHA HePHeHIUKY-

_ _ Puc. 7410
JIApHO cuie P, Torma IBC| =53 (puc. 7.411) PasHopeii-
cTByIOIasg cuja R HampaBieHa mo amaroHaau BD. 5V3 ™ /c
tga:@:@:\@; a = 60°. Ty
laBl 5 Puc. 7.411

Omeem: mapalroTUCT CIIycKaeTcA moj yriom 60° K BepTUKaJIn.

YMHOXeHne BeKTOpa Ha uncno
IIponssenenunem BexkTopa a(a,; a,) Ha 4uMca0 k (MIu IpousBeleHHe yucia k Ha
BEKTOD @) HasblBaeTcsA BeKTOp ka = (ka;; ka,).

3aKOHBI YMHOKEHHUS BEKTOPA HA YHCJIO
s 1100bIX BEKTOPOB @ M b u uncea k U m BepHBI PABEHCTBA:

ka = ak; (km)a = k(ma); (k+m)a = ka + ma;
E-0=0; 0-a=0; k(@ +b)=~Fka+kb.
B pesynbTaTe yMHOMKEHUA BEKTOpa HA YKCJIO TOJY-
YaeTcss BEKTOP, KOJIUHEAPHBIH NCXOTHOMY. 2 ia
Ecau k > 0, To BeKTOp k& coBmazaeT c HAIIpaBjIe- o—> >
HUEM a. 24 —9a
Ecam k < 0, To BeKTOp ka HampaBJieH IPOTHUBOIIO- > < .
JoxkHO a (puc. 7.412). ~0.5a
AGcooTHAA BeIMUMHA BeKTOpa k@l BRIUMCISeTCH <
10 (:I)OpMy.JIe: Puc. 7412

|kal = |kl -|al

3apava 3. |Aal = 5. Haiitu A, eciu a(-3; 4).
Pewenue:
Ecau BekTOp @ mmeer koopauHATH (—3; 4), To BeKTOp A = (—3A; 4)).
Torma ero MmomyJb:

@l = J(=30)2 + (40)? = JOr2 + 1622 = /2522 = |5)l.
Ho [ral =5, Torma A = +1.
Omeem: *=1.




@D 7.6.4. Yron mexpy BekTOpamu

¥Yroa Me:xay HEHYJEeBBIMU BeKTOpaMu a u b —
9TO YroJ MEKAy PaBHBIMHM MM BeKTOpaMHU C OOIITUM

A4

nauasom (puc. 7.4183). Puc. 7413
Eciu BeKTODHI KoJuimHeapHBI (@ |b) u ommHAaKO- a

BO HAINIPABJIEHBI, TO YTOJI MeXKJy HUMHU PaBEH HYJIIO — —

(puc. 7.414). b
Ecau BeKTOPHI KoJInmHEapHH (& || b) ¥ IpPOTHUBOIO- Puc. 7.414

JIOJKHO HaIIpaBJIeHBI, TO YIoJI MexXay HumMu paseH 180°

(puc. 7.415). a IR
Yros MeXIy BEKTOPAMU BBIUUCJIAETCA C ITOMOIIBIO _

CKAJAPHO20 NPOU38edeHUs. BEKNOPO8. 4#
CrkalsipHOEe TIpOHM3BeleHHEe BeKTOpPoB a(a;; a,) Puc. 7415

u b(b; b,) —oerounciaoab, +ab,, T e. a, b =ab, +ab,.
Hampumep, CKaJIApHBIM NpOM3BefeHMEM BeKTOpoB a(4; —1) u b(-2; —5) 6ymer
uymeno: @-b =4-(-2)+(-1)-(-5) =-8+5=-3.

— —- — —_|12
CKaJIApHBIM KBAaIPATOM HASbIBAETCS UHCIO G- =a -4 = lal .
s m1008IX BeKTOpPOB a(a,; a,), b(b;b,) u c(c;; ¢,) BHIIOIHAETCA PaBEHCTBO:
(@+b)-c=a-c+b-c.
TeopeMa 0 CKaJIAPHOM Mpou3BeAeHNH BeKTOpPoB. CKalsgpHOe Mpou3BeIeHne BeKTO-
POB PABHO IIPOU3BEIEHUIO0 UX A0COJNIOTHBIX BEJIHYUH HA KOCHHYC yrila MKy HUMM:

a-b= |E|-|5|cos<p

Caredcmeuas:
1. Kocunyc yria Meskay HEHYJIE€BBIMH BEKTOPAMHM MOKHO BBIUWCJIUTH IO hopMmyJIe:
a-b
lal- ol
2. 3HaK CKaJAPHOTO NPOU3BENEHUA ONPEAESAET BU YIJa MEKIYy BEeKTOPaAMM:
a) ecaum @ -b >0, To 0° < ¢ < 90°, T. e. ¢ — OCTPHIi
yroa (puc. 7.416);

cosQ =

6) ecmu @-b <0, To 90° < ¢ < 180°, T. e. ¢ — TY-
oot yroJ (puc. 7.417).
3. Ilpu3Hak mepneHIUKYJISIPHOCTH BEKTOPOB. Puc. 7.416
Ecnu ckanspHOe Ipou3BeeHNe BeKTOPOB PAaBHO
HYJIIO, TO BEKTOPHI MEPIEHIUKYIAPHBI: -

v

ectm a-b=0, Toa Lb. a
BepHo u oOpaTHOe yTBepKIAeHNE: eCJIi BEKTOPEHI g .
HePHeHAUKYIAPHBI, TO UX CKAJAPHOE IIPOu3Bele- b "
HUe PaBHO HYJIIO: Puc. 7.417

ectm @ L b=0, o a-b=0.

 3apava 1. IIpu KaKOM 3HAYEHUU X BEKTODHI &(x; 3) U b(3; 2) mepIeHIUKYIAPHbI?
Pewenue:
Ecim a lb, toa-b=0, r.e.x-3+3-2=0; 3x=-6; x = 2.
Omeem: —2.
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I 3apava 2. Haiitu yron mexnay sextopamu a(-1; 2) u b(-2; —1).
Pewenue: B
Haiigem ckansapHoe mpousBesieHrIe BEKTOPOB: @ -b =-1-(-2)+2-(-1)=2-2=0.

Buauur, @ L b, yron mexay BekTopamu 90°.
Omeem: 90°.
) 3apaua 3. Haiitu ckanapHOe IIPOM3BeJeHHEe BEKTOpPoB @ u b, ecmu lal=3; |b] =S8,
0 = 120°.
PeweHue:
ITo TeopeMe O CKAIAPHOM IIPOMBBEIEHUM:
a-b= |d|-|5|-cos<p = 3-8-[—%) =-12 (005120° = —%j
Omeem: —12.
@) 3apaua 4. Hafitu aGcomoTHyo BeqmumHy BeKTOopa @ +b, ecmu |@l=7; [b|=8, yrox
mexay HumMu 60°.
Pewenue:
Hcnosb3yeM HMOHATHE CKAIAPHOIO KBaApaTa:

l@+bl =@+b)2=a*+2-a-b +b2=lal* +2lal-1blcos o + 6] =

=72+2-7-8-%+82=169. Toraa |a@ + b| = 13.

Omeem: 13. 3 3
. 3apava 5. llawb: a L b, a L c; Z(b;c)=060% lal = |b| =|¢| = 1. Beruncaurs CKaJIsApHOe
mpousBezeHue (@ + b)(@ — 3¢).
B PeweHnue: B B
(@+b)a-3c)=a’*-3a-c+b-a-3b-c.
alb, O9TOMY b-a=0; a le, moatomy a -¢ = 0.
a’=lal" =1 35-5:3|5|-|5|cos60°=3-1-1%=1,5.

Torma (@ +b)@-3¢)=la’-8b-¢=1-1,5=-0,5.

Omeem: —0,5.
» 3apava 6. Mauwr Tpu Touru A(0; 1), B(1; 1), C(3; 1). Haiitu xocunyc yriaa A AABC.
Pewenue:
Yrob6bl HAWTU KOCUHYC yIia A, HalileM KOCUHYC yT- B(1;-1)

Ja MeKIy BeKTopaMu AB u AC (puc. 7.418):

cos LA = ﬂ
|AB|-|Ac]

Haiinem KoopAuHATHEI BEKTOPOB: >
—_— A(O‘l) C(3;1)
AB=(1-0;-1-1)=(1; - 2); ’

Puc. 7418

AC=(B-0;1-1)=(3; 0); [4Bl= 1" +(2)’ = 5;

|AC| =V3*+0>=3; AB-AC=1-3+0-(-2) = 3; cos LA =

1 b

N

e

Omeem: —5 .
5




@0 7.6.5. Konnuneaphble BekTopbl. PasnoxeHue BekTopa
N0 JABYM HEKONMHEAPHbIM BeKTOpam

B pesynbrare yMHOMKEHUST BEKTOpPa HA YHUCJO IIOJYUYAETCS BEKTOP, KOJJINHEAPHBIN
magHoMy (T. e. JIeKaIlluil ¢ JaHHBIM BEKTOPOM HAa OJHOUW NPSAMOM MJIM HA ITapaJiieb-
HBIX TIPAMBIX).

CBOICTBO KOJLIMHEAPHBIX BEKTOPOB

Ecau BeKTOpHI KONIMHEApHBI (IUIIYT: @ || b ), TO cymiecTByeT Takoe YUCIO k, YTO

b = ka, T. e. eciii BeKTOPHI KOJJIMHEAPHBI, UX KOOPAUMHATHI MPOMOPIIMOHANBHEI.
IIpusHaKN KOJJIMHEAPHOCTU BEKTOPOB
Ecau roopamHATH BEKTOPOB IPOHOPIIMOHAJIBHEL (T. €. €CJIU CYII[eCTBYeT TakKoe &,
410 b = k@ ), TO BEKTOPHI KOJINHEAPHBI.

a

Eoan @(a; a,) u b(b;b,) @b < L = 2.
1 2
I 3apauva 1. Ilpu Kakom 3HaueHuu x BeKTOpul @(l; —1); b(x; 2) KoMTMHEADHBI?
Pewenue:
- 1 -1
al b, mostomy —=—; x =-2.
x 2

Omeem: —2. -
 3apava 2. [aus Touku A(5; —4), B(5; —7), C(2; 2), D(-1; 5). lokasats, uro DB || CA,
YCTaHOBUTH, ONMHAKOBO WJIU IPOTHUBOIOJIO0MKHO OHU HAIPABJIEHHI.

__Pewenue: L o
Haitigem koopauuaTel BekTopoB: DB(5 — (-1); -7 -5); DB(6; —12); CA(b -2; —4 - 2);
@(3; —6). BekTopsl DB u CA KOJIIMHeapHBbI, T. €. gz iﬁz =2; T. e. DB = 2@,

k = 2, BEKTOpPBLI OAMHAKOBO HAIIPABJIEHBI.
PasmoskeHue BeKTOpa MmO ABYM HEKOJLIMHEAPHBIM
Ilycte @ b — HeHyJeBble BEKTOPHI, IpUUYeM a U b — HeKoJJIuHeapHBI. Torma

nM060it BEKTOP ¢ MOKHO Pa3JIOKUTh eJUHCTBEHHBLIM CIIOCOO0M II0 BeKTopaMm @ u b:
¢ =\a+ub,
IJe HeKOTOphble UMCIa A U | HAa3hIBAIOTCA KOI((UIMEeHTaMH Pa3JI0KeHusd.
@ 3apaua 3. Janwr Bextopnr a@(-1;2) u b(1;1). Haiitu Takme umcia A u W, UTOGBI

c=\a+ ul;, ecau c(—3; 3).
Pewenue:

¢ =G +pub = M1 2) + p(l; 1) = (=25 21) + (5 p) = (—A + 5 21 + p); HO €(-3; 3),
“A+p=-3, {x:z,

20+ =3;

TOTrIa IIOJYUYUM CHCTEMY YpaBHEHMIL: { 1
p=-1i.

Omeem: A =2, u=-1, 1. e. c=2a-b.

Q|

Y

Pasio:xeHue BeKTOpa MO0 KOOPAUHATHBIM OCSIM y
lal =1. BexTop HaswIBaeTcA eIUHMYHBIM, €CJIU €T0
abcosroTHas BenmurHa paBHa 1 (puc. 7.419). 1

EnvHnunble BEKTOPLI, UMEIOIe HAIlpaBJIeHUe IIO- ] .
JOXKUTEJbHBIX II0JIyOCeH, HAa3bhIBAIOT KOOPIAUHATHBIMU i1 “x
BeKTOpamu, viu opramu i(1; 0) u j(0; 1). Puc. 7.419



BeKTop i JIEKHUT HA OCH X, BEKTOD j — HAa OCH Y.
OueBUIHO, YTO OPTHI OTJIMYHEI OT HYJISI M HEKOJIMHEAPHBI.
JIr060ii BeKTODP @(a,; @,) MOXKHO PAa3J0XKUTH II0 3TUM BEeKTOpPaM.

Hanpumep, a(-3; 4) =-3i +4j; b(5;0)=5i; c(0; —4) =—-4j.

. 3apgava 4. Kakue u3 BexkTopoB a(l;1); 5(—1; 0); c(1;-1); lﬁ(i, —B) ABJIAIOTCA
eIUHUYHBIMU? 13 13
Pewenue:

Haitigem moayns Kaskagoro BeKTopa:
a) lal =12 + 12 = J2;

6) b =(-1)’ + 0% = 1;

B) ¢ = 1% + (-1)° =/2;
_ \/( 5 )2 ( 12)2 \/25 144 \/169
1—‘) m = T a +| - = + = :]_
13 13 169 169 \169

Omeem: eIUHUYHBIMU ABJIATCA BeKTOPHI b(—1; 0) u ”_1(%’ - %)

() 3apava 5. Boinmcars KOOPAMHATHL BEKTOPOB, PA3JIOKEHHBIX II0 OPTaM:

G =67 _57; 5:—%7—37; c=7j; d=1-J; e=-37; F=—J.

Omeem: a(6; —5); b (—%;—3); ¢(0;7); d(;-1); e(-3; 0); f(0;-1).

 3apava 6. 3anmcaTs pasioKeHNe BEKTOPA IO KOOPAUHATHBIM BEKTOpaM (OpTam):

a[—l; %j B(-1; 0); 2(0;5); %(0; 1).

Omseem: Ez—i_+%f; b=-i; c=5j; E=].
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@D 7.6.6. KoopamuaTbl BekTopa a,

h 4

,...
==y

BexTops! i(1; 0) u j(0; 1) oproroHaabHBI (IepIeH-
IVKYJAPHBI). OTHU BEKTOPHI HA3LIBAIOT KOOPIUHAT-
HBIMM BEKTOpPAMM WJIN OPTaMM, OHHU 00pasyioT Tak Puc.
HAa3BIBAEMBIH 6a3Mc HA ILIOCKOCTU. DTO BEKTODPHI, C IIO-
MOIIBI0 KOTOPBIX pacKJafblBaeTcs 060 BeKTOp Ha
wiockocTn: a(a,; a,) = a,i +a,j (puc. 7.420).

Yucna a, ¥ @, Ha3HIBAIOT KOOPAMHATAMH BEKTOPA.

Eciu BeKTOpBI 3afaHBI TOJILKO CBOMMMU KOODIMHA-

oY

NS

420

<

ool
\ 0y

o

tramu, Hanpumep a(-3;0), b(l;-2), ¢(0;5), To ux
MOYKHO OTKJIA[BIBATH OT JIIO0OH TOYKM KOOPAWHATHOI
IIJIOCKOCTH.

Ecnu BeKTOp 3afaH KOOpAWHATAMHN Hayvajia U KOH-
1Ia, TO TOUKU A 1 B UMeIOT CTPoro ()pMKCUPOBaHHbBIE KO- \
opauHaThel, Hanpumep A(—1; 1), B(3; 4) (puc. 7.421). Puc. 7.421
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Y1006BI HAWTH KOOPAUHATHEI BeKTOpa AB, HYKHO OT KOOPAMHAT KOHIIA OTHATH CO-
OTBETCTBYIOI[Mie KOOPIMHATHI HAUAJIA.
 3apaua 1. Haiitu Kooppunater BekTopa AB, ecau A(—4; 4) u B(-7; 0).
Pewenue:
Xp="1-(-4)=-T+4=-3;y,,=0—-5=-5; AB(-3; —5).
. 3apgava 2. Tau BekTop MN(—4; 5). Haiitu KoopaumuaTel Touku N, ecau M(1; 3).
Pewenue:
ITycts Touka N mmeer koopmuuatel N(x,; y,), Torna MN(x, —1; y, + 3). Iloxy-
yaeM ypaBHeHMA: X, — 1 = —4; x, = =3; y, + 3 =5; y, = 2; N(=3; 2).
Omeem: (—3; 2).

Muorue reomeTrpMuecKre 3aJauyyd MOXKHO peIllaTh C KCIOJL30BAHNEM BEKTOPOB
1 BEKTOPHBIX COOTHOIHQHPIfI, B HEKOTODPBIX CJHayYadX 9TO IIO3BOJIAET 3HAUYUTEJIBHO
YIOPOCTUTH PacCCy:KAEHNA U PacyeTshl.

Jdransl BEeKTOPHOTO MeToaa

1) chopmymmpoBaTh 3aauy Ha A3LIKEe BEKTOPOB;
2) mpeoOpas3oBaTh COCTABJIEHHBIE PABEHCTBA HA OCHOBAHUY BEKTOPHBLIX COOTHOIIIEHUH;
3) mepeBecTH MOJIyUeHHBIE PEe3yJbTaThl HA SA3BIK T€OMETPUH.

PaccmorpuM mpumMepbl MCHOJIB30BAHUSA BEKTOPHOTO A3BIKA AJA (POPMYJIUPOBAHUS
HEKOTOPBIX I'eOMETPUYECKUX YTBepHQI[eHPII;'I.

Ha reomeTpuuecKkoM sA3bIKE Ha BexkTOpHOM A3BIKE

alb AB = kC_D, rae orpesku AB u CD npuHaajie:xar
COOTBETCTBEHHO IIPSAMBIM a U b, B — umcio

Touku A, B u C nmpuHamaie- YcTaHOBUTE CIIPaBeIJIMBOCTh PABEHCTBA:

KaT HIpsAMou a AB = EBCunu AC = kB_C, umu AC = EAB

Touxka C IpUHALIECKUT OT- — m == — n = m —=
AC=—CB nm QC=—QA +——@QB piasa

pesry AB, rae AC : AB = n Q m+nQ m+nQ A

=m : n (meleHue oTpe3Ka HEKOTOPOH TOYKK @

B TaHHOM OTHOIIIEHUN)

alb AB-CD =0, tre Touku A u B mpunazieskar

mpAMOu a, a Touku C u D — mpamoii b

BoruneauThs AanHy oTpeska a) BeIOpATh ABA HEKOJJIMHEAPHBIX BEKTOpPa, ¥ KO-
TOPBIX M3BECTHBI AJUHBI U YTOJ MEXKIY HUMU;

0) PasJIOKUTh II0 HUM BEKTOpP, AJHHA KOTOPOTO
BBIUMCJIAETCS;

B) HAWTH CKAJSIPHBIN KBaJapaT 9TOTO BeKTOpa:

a’ =lal’

BrluncanTs BeInUMHY yrJia a) BBIOpaTh JBa HEKOJIIMHEApPHBIX BEKTOPA, MJIs
KOTOPBIX M3BECTHO OTHOIIEHNE OJINH U YTJIbI
MEXIYy HUMI;

0) BLIOpATh BEKTOPHI, 3aJa0Ile NCKOMBIN yIoJI,
U1 PA3JOKUTh UX 10 0Aa3UCHBIM BEKTOPaM;

a-b

lal- o]
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B) BBIUMCJIUTH cos(@; b) =




TpeHupoBoYHbIe TecToBble 3afaHuA K pasgeny 7

1. Kaxoii yroa (B rpagycax) onuckiBaeT MUHYTHAS CTPeJiKa 3a 6 MuuyT?
1) 6° 2)12° 3) 30° 4) 36°
2. B tpeyroaruauxke ABC yroa C paseu 90°, a yroa A paseu 30°, AC = 10\/§ . Haiigure

AB.
1) 5V3 2) 204/3 3) 10 4) 20
3. [IepeBo BbIcOTOI 8,8 M orTOpachkiBaeT TeHb. OHO TOJIHOCTBHIO 3aCJOHSET OT COJIHIIA

JlepeBO BBICOTOHN 4 M, HaxondAlmeecd OT HEr0 Ha paccToAHMU 6 M, Kak IIOKa3aHO Ha
pucyuke. OupenenanTte, Ha Kakoe paccTosdHue (B MeTpax) oTOpackiBaeT TeHb 0O0JILIIIOE

ZIepeBo. _
0 e
00
=
<t
6 M
? M
1) 6,6 2) 9,2 3) 10,8 4) 11

4. B Tpeyroapuuxe ABC, mepuMeTp KOTOPOro paBeH 24 cm, mpoBemeHa meauana BD,
KoTopas JeJUT TPEeyroJibHUK Ha OBa TPEyroJbHUKA ¢ mepumerpamMu 16 cm u 18 cwm.

Haiinure ngnuny memuanbl BD.
B

A C
D
1) 5cm 2) 7,5 cm 3) 12 cm 4) 18 cm

5. VYEKamxure HOMepa BEPHBIX YTBEP:KICHUM.
1) B TpeyrojabHUKe IPOTUB MEHBIIIETO yIJia JEeXXHUT 00JbIIas CTOPOHA.
2) Eciu Tpu yriia OgJHOT'O TPEYTOJbHUKA COOTBETCTBEHHO PABHBI TPEM yIJjaM APYIOro
TPEeyroJbHUKA, TO TaKKNe TPEYTrOJbHUKY PABHBI.
3) TpeyroabHuK co cropoHamMu 5, 12 u 13 ABIAeTCA TPAMOYTOJILHBIM.

1)1,2u 3 2)2u3 3) 2 4) 3
6. Ilpsamas a xacaercsa okpyskHocTu B Touke B. Haiitu LAOB, eciu LABC = 40°.
a B C
0]
A
1) 20° 2) 60° 3) 80° 4) 120°
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7.

10.

11.

12.

13.

14.

HuaroHanb neauT PaBHOOOKYIO TpAIEIIWI0 Ha ABa PaBHOOEIPEHHBIX TPEYTOJbHUKA.
Haiinure GonbIiniuii yros Tpameiiuu.

1) 108° 2) 120° 3) 135° 4) 150°

Haiinure pagnyc OKpyXHOCTU, BIIMCAHHON B NIPAMOYTOJbHYIO TPAIeINI0, eCJIN OCHO-

BaHUSA TPaAIenuy PaBHLI a u b.
a

ab 2) ab a+b b-a
a+b a-b 2 2

YKaKuTe HOMepa BEPHBIX YTBEPKIEHUN.

1) Cymma yrJyioB BBIOYKJIOTO YeTHIPeXyTroJbHUKA paBHa 360°.

2) CymMa IIpOTHBOIIOJI0KHBIX YIJIOB IIapaJiiejorpamMma pasHa 180°.

3) Eciu guaronanu pomba paBHBI 3 u 4, TO ero ILIOIIaAb paBHa 12.

4) Ilmomians Tpamenuy paBHa IPOW3BEIEHUIO €r0 cpeaHell JUHUYU HA BBLICOTY.

5) OrHolreHMe IJIOMIaeld MOJOOHBIX (PUTYP PABHO KOI(DPUITUEHTY MOT00M.

1)1u4 2)2ub 3)1;2ub 4)3;4ub

OKO0JI0 OKPYKHOCTU pajuyca I ommcaH poM0 ¢ OCTPBIM yrjioM o. Halimure miomiaigb

pomoba.

1)

2 2 2
4r 2) 4r 3) 4r

1
) sina tga cos o

4) 4r’sina

BexTop AB ¢ KOHIIOM B ToukKe B(8; —3) umeer KoopauHaTsl (4; —11). Halinure cym-
My KOOpAMHAT TOYKHU A.

1)4 2) -4 3)5 4) 12

CropoHbl nTpaBuJabHOrO Tpeyroabuuka ABC pasubl 4. HaliguTe cKajlspHOe Ipou3Be-

IeH1e BeKTOPOB AB u AD, rae Touka D — cepenuna ctropousl BC.
B

D

A C
1) 16 2) 8 3) 12 4) 6+/3
BexkToper AB u CD paBubl. Haiizure KoopauuaTsl Touku D, ecau A(0; 1), B(1; 0),
C(1; 2).
1) D(2; 1) 2) D(—2; 1) 3) D(-1; -2) 4) D(2; —-1).

Haiigure miuuy BeKTOopa a(6; y), ecim M3BECTHO, YTO OH KOJIJIMHEAPEH BEKTOPY
b+c, rne b(-2; 0) u c(0;1).

1) 4 2) 443 3) 543 4) 35
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

334

Haitigute yroa me:xay BeKkTopaMu a u b, ecan lal = 4\/5; | = 3; a-b=12.

1) 30° 2) 45° 3) 60° 4) 120°

BricoTa, mpoBeneHHaA 13 BEPIITUHBI IIPIMOTO YIJIa IIPIMOYTOJIbHOTO TPEYTOJIbHUKA, Je-
JIUT eT0 OCHOBaHIeE Ha oTpe3ku 9 cm u 16 cm. HalimnTe MeHBIIINIT KaTeT TPEYTrOJbHUKA.
Orser:

T'unorenysa paBHOOEAPEHHOTO IPAMOYTOJLHOTO TPEYTOJbHIKA paBHA 7 \/E cMm. Haii-
OUTe KaTeThl.
OTserT:

BokoBas cTropoHa paBHOOEIPEHHOI'0 TPEYyroJbHMKA PaBHA 55 CM, a OCHOBAHHE —
66 cm. HaiimguTe OIMHY OTPE3KOB, Ha KOTOPhIe OMCCEKTpICA IPU OCHOBAHUU HEJIUT
OOKOBYIO CTOPOHY.

Haiigute ymcio CTOPOH MHOTOYTOJBHUKA, ecjii cyMMa ero yrios 3 060°.
OrBer:

Haiigure miomans Kpyra, BIMCAHHOTO B IMPABUJBHBIA IIECTUYTOJBHUK CO CTOPOHOM

2\/§ CM.

Orser:

B Tpamemnuio Bmmcana okpy:xkHOCTL. Hailimure ee cpegHIOI JWHHUIO, €CIU OOKOBBIE
cTopoHbI paBHBI 20 cM u 24 cwMm.
OrBer:

ITepumeTpsl ABYX MOMOOHBIX MHOTOYTOJBHUKOB OTHOCATCA Kak 1 : 2. ILmomanb 60Jk-
miero muoroyroiasbuuka 10. Hafigure miaomanbk MeHBIIIETO.
Orser:

PasHocTs ocHOBaHMII paBHOOOKON Tpamenmuu paBHa 14 cM, a JuaroHajlb ABJIAETCA
OuccexTpucoii Tymoro yrya. Hafigure miaomiangb Tpamellinu, ecJu ee mepuMerp 86 cm.
OTBer:

Haiinure koopaunatel BekTopa PK, ecau P(—1; 4); K(5; —7).

OrBer:

BrIsicCHUTe, KAaKUM ABJIAETCA yros Mesxay Bekropamu a(l; —4) u b(-2; 0):
1) ocTphIii; 2) TyIIOi; 3) mpamoii.
OrBer: .

Iral=5. a(-6; 8). Haitgure A, eciz A < 0.

Orser:

Hanmer BexTopsl a(l; 0), b(1;1) u ¢(-1; 0). Haiigure A u p, eciu ¢ = A& + pb.
OrBer: .

Haitaure |a + 2b], ecnu lal = 22, bl = 4; P(a; b) = 135°.

OrBer: .




0 8. Cratuctuka u Teopusa BepoATHOCTEN

3HaTb: « YTO TaKOe CTaTMyecKue Tabnuubl, TabnuLbl, AMarpammbl, rpadpuky;
+ OCHOBHbIE€ BEPOATHOCTHbIE MOHATUSA;
+ CpefHue pe3ynbTaTbl U3MEPEHNI;
« cobbITUSA;
« YacToTa cobbITUIA;
« reoMeTpuyeckas BepOATHOCTb;
+ MOHATUE COOLITUA, YaCTOTbl COOBITISA, FEOMETPMNYECKON BEPOATHOCTU;
+ OCHOBHble KOMOWHATOPHbIE NpaBuna.

YmeTb: « M3BNEKaTb CTaTUCTMYECKYIO MHbOPMaALMIO, MPeACTaBNEHHYIO B TabnuLax, Ha gnuarpammax, rpa-

durKax;

+ pellaTb KOMOUHATOPHbIE 33jaUn NyTEM OPraHM30BaHHOIO Nepebopa BapnaHTOB, a TakXKe C UC-
MoNb30BaHMEM NPaBUIA YMHOXEHNS;

+ BbIUNCIATb CpefHMe pe3ynbTaTbl U3MEPEHUI;

+ HaxoAWTb YAaCTOTYy COObLITVA, UCMONb3Ys CO6CTBEHHbIE HAGNIOAEHNA 1 FOTOBbIE CTAaTUCTUYECKME
JaHHble;

+ HaXoAUTb BEPOATHOCTU CJyYaliHbIX COObITUA B MPOCTEMLLMX ClyYasnX.

8.1. OnucatenbHas cTaTUCTMKA

8.1.1. MpenctaBneHue AaHHbIX B BUAe Tabnuu, auarpamm, rpadmkos

CraTtuctuka — HaykKa, KOoTopas cobupaer, o0pabaThiBaeT M u3ydaeT NaHHbIE, CBS-
3aHHBIE C PA3JINUYHBIMU MaCCOBBIMU SBJICHUSIMU, IPOIleCCAMU, COOBITUSIMMU.

MartemMaTHuecKas CTATHCTHMKA — pas3gesl MaTeMaTHUKU, IIOCBAINEHHBIN MaTeMa-
TUYECKUM METOJaM CHCTeMaTU3aIuu, O0paboTKU M HCCIETOBAHUS CTATHUCTUUYECKUX
JTaHHBIX OJIA HAYYHBIX U IPAKTUUYECKUX BBIBOIOB.

ITenp onucaTeabHOM CTATHCTUKN — 00pPabOTKA HJAHHBIX, UX CHCTEMATU3aIlusd, Ha-
IJISIAHOE IIpeAcTaBjIeHne B (popme TAa0JAUI], AuarpaMm U rpad)mKoB, a TAKMKe UX KOJU-
YeCTBEHHOE ONMCAaHMe ITOCPEACTBOM OCHOBHBIX CTATUCTUYECKUX ITOKa3aTesel.

OnucareapHas CTATHUCTHKA MCIOJIL3yeT TPU OCHOBHBIX MeTOZA OOpPabOTKM maH-
HBIX:

1) TabinuHOE TpeacTaBIeHUE;
2) rpaduueckoe mpeacrasieHue (B BUe rpapuKOB UJIN AUATPAMM);
3) pacueT CTaTUCTUYECKUX ITOKa3aTeJseli.

CraTucTuueckasa TabauIa — CHCTEMa CTPOK 1 CTOJOIIOB, B KOTOPOI B OIIpemeseH-
HOM IIOCJIeOBATEJILHOCTH OTOOpaskaeTcsA cTaTHUCTHUecKada MHMopMams.

Crartucrtuueckas TabauIla ABJIAETCA CPEICTBOM HATJIAIHOIO BBIPAKEHUSA Pe3yJib-
TATOB MCCJIeTOBAHU.

CraTuctuueckue TadJUILI OBLIBAIOT:

a) IPOCThIe — COAEPKAT IePeUeHb OTAEJbHBLIX eIUHUIl, BXOASIINX B COCTAB COBO-

KYIOHOCTU aHAJIU3NUPYEeMOTO 9KOHOMUUECKOTO ABjJIeHuA. Hampumep:

81 Omamenswas camewa 33



Jo06bIua HEKOTOPBIX BUIOB MCKomaeMbIx B Poccun B 2007 r.

Bungsr nckomaembix 00beM D00BIUM
HedTw, Mmiu T 491
EcrecTBenHbIil ra3, Mapa Kyo. M 651
Yroiab, MJIH T 315

0) rpynmoBbIe — COJEPKAT CTPYIIINPOBAHHBIE 10 OJHOMY IPU3HAKY €IWHUIILI COBO-
KynHoctu. Hampumep:

Pacnpenenenue Haceaxenusa Poccuu mo moay Ha 1 aaBapa 2007 r.

MJIH 4elJl. B % K uTory
YuciIeHHOCTh HACeJIeHU S, BCEro 142,2 100,0
B Tom umcie:
My:xuuHBI 65,8 46,3
HKeniuab! 76,4 53,7
B) KOMOMHAIIMOHHBIE — COJEP:KAT CTPYHNIUPOBAHHBIE IO HECKOJBKHM IIPU3HAKAM

eIUHUIILI cOBOKyImHOCTH. Hanmpumep,

Buemrnas toprosas P® B 2007 r.

(B (haKTUUYECKUX TEeHCTBOBABIINX I[€HAX)

MJII():I;IiIXJIJI- % & uTory
OKCIOPT TOBAPOB: 355,2 100
— CO CTpaHaMU OAJbHEr0 3apy0erKbs 301,5 84,9
— co crpanamu CHT 53,7 15,1
HWmmopT TOBapoB: 223,1 100
— CO CTpaHaMM JaJbHEro 3apy0e:Kbs 191,2 85,7
— co crpagamu CHT 31,9 14,3

. 3apaya 1. Mcooap3ysa IpUBeNeHHYIO BBIIIIe KOMOMHAIIMOHHYIO TaOJJUIly, OTBETUTh HA

BOITPOCHKI:

a) Ha CKOJBKO MJPH MOJIJI. SKCIIOPT TOBAPOB IIPEBLIIIIAET MMIIOPT?

0) Ha CKOJBKO % OKCIIOPT TOBApOB B CTPaHbBI JaJIbHETO 3apy0e:kKbsl IIPEBHIIITIaeT dKC-
mopt B crpausl CHI'?

B) BO CKOJIBKO pas 9KCIIOPT TOBAPOB IIPEBBIIIIAET UMIIOPT TOBAPOB B CTPAHLI JaJbHETO
3apyobexbsa?

Pewenue:

a) JKCIIOPT TOBAPOB IIPEBBIIIAeT UMIIOPT Ha: 355,2 — 223,1 = 132,1 (Mmapx moJii.).

6) Ha 84,9 % - 15,1 % = 69,8 %.

B) B 301,5:191,2 ~ 1,6 pas.

Hcnonbp3oBanne rpadMkoB M JUATPAMM MIPH OTOOPAKEHUN CTATHUUYECKUX IIOKasa-
TeJiell IPUIAeT UM HAIJISIAHOCTb, 00JIer4aeT BOCIPUATHE U IIOMOraeT Jyullle YACHUTD
CYIIIHOCTH M3y4YaeMOTro SIBJICHMUSI.

B6 8 Cacweawreopua sepomuocte



 3apava 2. Vcnonbsys rpadmK, OTBETUTH HA BOIPOC: B KaKWe JHU [[eHA HA IPUBATH3A-
IMOHHBIE UeKH ObLIa: a) HamboabIllell; 0) HAMMeHbIIIeil; B) He MeHee b ThIC. PyOJeii?
Pewenue:
Paccmorpum rpapux.
YpoBeHb cpemHeil IeHbI IPMBATH3aIIMOHHBIX YeK0oB Ha Toprax PTCH
(poccuiicKkoii TOBapHO-CHIPHEBOH OUPIKHU), PYO.

uena, |
molc.

pyo T
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56 7 gpema (Onu nHedenu)

Puc. 8.1
a) B 1-it u 4-i1 neub; 6) Bo 2-ii, 5-it, 6-it u 7-ii neHb; B) B 1-i1, 3-i1 u 4-ii HeHb.

HurarpamMmMbl OBIBAIOT CTOJI0UYATHIE (CTOJIOUYNMKOBBIE), ITOJOCOBBIE I KPYTOBHIE.
Hampuwmep, nuarpamma «Pexu mupas.

. 3apauva 3. Ucnonwssyda nuarpammy «Peku Mupa», OTBETUTH Ha BOIPOCHI:
a) Kaxas pexa mmeeT HauOOJIBIIYIO IJIUHY?
0) Kakas pexka mmMeeT HAMMEHBIIYIO IJIUHY?
B) Kakue peku ajmuHHee 2 ThIC. M, HO KOpoue 3 ThIC. M?

A
1l 9 =2
=81 g s © £
ST 2 Eos
$6t1 ] 5 8
3 <t = N S
£9T (3 ¢ 8 3§ & S
= — = [>e] , = ©
~ 44 |3 ~ = 2 =
S 3 3 o~ = § @) —~
: 3-- g § w3 m
S 9 S 3 3 g
S AT |9 q 2 = S
ST B E °
S ]

Y

Puc. 8.2
Omeem: a) Huu; 6) Cena; B) 'aur, [ynait, Myppeii, OpuHOKO.
 3apava 4. Ha kpyroBoii aumarpaMme IIOKasaH BO3PACTHOM cOCTaB HaceneHUs Poccuu.

EI— 0—-14 nem
g— 15-50 nem

=— 5064 nem

|]:[|:|— 65 nem u Gosee

i

Puc. 8.3
Wcnonb3yd auarpaMMy, BeIOpPaTh MPaBUJIbHBIN OTBET:
a) B kakux mpenesax HaXOAUTCS NoJadA HacegeHus oT 0 mo 14 mer?
1) 0—25 %; 2) 25—50 %; 3) 50—T75 %; 4) 75—100 %.
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0) Hacesnenmue xaxoro Bospacra mpeoodsamaer?

1) 0—14 ner; 2) 15—50 mer; 3) 51—64 get; 4) 65 neT u 601ee.

B) KakoBa umcieHHOCTL HacejieHusi Poccum, ecau Jjwoogeii B Bospacte 50—64 et
B Poccuu mposxuBaeTr npumepuo 30 miu?

1) oxoso 98 murw; 2) oxoso 7 maH; 3) okoso 143 murw; 4) okoso 180 muH.
Pewenue:

a) Orser 1), T. e. 0 10 25 %;

6) OTBet 2), mpeobaazaeT Hacejaeunue Bo3pacta 15—50 jer;

B) Ilo mmarpamMmmMe BUAHO, UTO HacejeHUs B Bo3pacTte oT 50 mo 64 jeT MeHbIIIe YeTBep-
T, HO 0oJiee MATOM YaCTH, IIOSTOMY OO0IIasd UYNCJIeHHOCTh HACeJeHUA JOJIJKHA OBITH
6osee 120 v u menee 150 murH, mogxoaut 143 maH. ITosToMy oTBert: 3.

() 3apava 5. KimenT xo4eT apeHA0BaTh aBTOMOOUIIL Ha CYTKU AJIsI IOE3KU Ha PacCTOs-

Hue 700 xM. B Tabauile mpuBemeHBI XapaKTEPUCTHUKM TPEX aBTOMOOMJIEH M CTOU-

MOCTEL apeuabl. KaneHT 00s3aH OILIATHUTH TOIJIMBO IJIS aBTOMOOMJISA.

ABsToO- Bupg Tonausa, Pacxox TonmaunBa Ha Apengnasa niara
MOOMJIb ero meHa (pyo./IuTp) 100 kM (B auTpax) 3a CyTKH, pPyoO.
1 HuzensHoe, 28 14 3 400
2 Beusun, 30 16 3 000
3 Taz, 12 18 3 200

Eciu xauenT BBIOEpPET caMbIil IelleBLIN BaApUAHT, TO KAKYIO CYMMY OH 3aIlJIaTUT?
Pewenue:
Brerumcaum pacxonanl KaneHTaA IO KaXKIOMY BUIY aBTOMOOMJIIA:
1. aproMobumn: ~C0 M 14 .28 py6. / 1+ 3 400 py6. = 6 144 py6.;
100 ¥m
. 700 ¥™m
2-11 aBToMOOUIb: ——— - 16 71-30 py6. / 1+ 3 000 py6. = 6 360 pyo.;
100 ¥m
700 ¥™m

3-i1 aBTOMOOUJIb: 18 1-12 py6. / 1+ 3 200 py6. =4 712 pyo.

100 kM
Omeem: KJINEHT BLIOEpeT TpeTuii aBTOMOOUIL 1 3amaatut 4 712 py6.

@D 8.1.2. (pepHee pe3ynbTaToB M3MepeHuil

OcHOBHbIe cTaTUCTUYECKNE XapaKTepUCTUKK

1 TOTO YTOOBI BEIUMCIUTL OCHOBHBIE CTATUCTUYECKNE XapaKTEePUCTUKU, DAL UU-
ceJl, TOJIYUYEeHHBIX B peadyJsbTaTe cOopa HaHHBIX, HEOOXOIMMO PAHKMPOBATH.

PanskupoBaHue psaga yucesl — PACIOJIOKEHIUE DdTUX YHCeJI B IOpPAAKe HeyObIBa-
HUA, T. €. KaKJ0e IOCJeqyIoIee YUCJIO0 NOJKHO OBITH OOJIbIIIE MU HE MEHBIIE IIpe-
IBIAYITIETO.

D Npumep 1. ITunor Anexceit PebKUH B TeueHUe HeleJU COBEPIIAJ IIOJETHl HA BEpPTO-
aere Ha 750, 630, 620, 700, 590, 625, 790 kM. Pam:KupoBaTh PsAg 5TUX YUCEJ.
Pewenue:
590, 620, 625, 630, 700, 750, 790.

Paszmax paga 4yuceJs — Pa3dHOCTb MEeXIOY HaMOOJIBIIINM ¥ HAWMEHBIINM 3HAUYeHU-
AMHK pdAga 4mceJI.
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Pasmax maxomaT, Korga XOTSAT OIPeNeJnTh, KAK BeJIUMK pasOdpoc JaHHBIX B PALY.

 Npumep 2. [l faHHBIX, IPUBE/IEHHBIX B IpuMepe 1, pasmax cocrasut: R =790 — 590 =
=400.

CpeaHee 3HaueHune paga uncen (cpeaHee apudpmeTnyeckoe)

Cpennum apudMeTHYeCKHMM pPsAda YMcesJ HA3bIBAETCA YaCTHOE OT JeJeHUS CYMMBI
STUX YMCeJ Ha UYHCJIO CJIaraeMbIX.

Cpennee 3HaUeHHE — 9TO 3HAUEHUE BEJUUYNHBI, KOTOPOE II0JyUaeTCs, eCIu CyMMa
Bcex HabJII0JaeMbIX 3HAUEHUH pacipelessdeTcs HOPOBHY MEXKAY eINHUIIAMU HaOJIo-
IeHunsd.

. Mpumep 3. Haiinem cpenHee 3HaueHUe NAJLHOCTU IIOJIeTa IJIs HAHHBIX, IPUBEIEHHBIX
B mpumepe 1.
Pewenue:
(590 + 620 + 625 + 630 + 700 + 750 + 790) : 7 =~ 672.

Mopaa papa uucen

Mopmoii (Mo) Ha3bIBaeTCA YUCI0, KOTOPOE BCTPeUaeTCsa B JaHHOM PSAMY Yallle BCero.

Pan uucen mokeT uMeTh 00Jiee OOHOM MOABI UJIU HE MMETh MOJbLI COBCEM.

Mony pama umcesm HaXOOAT, KOTHA XOTAT BBIICHUTH HEKOTOPBLIN THUOUYHBIN IOKAa-
3aTesb.

 nNpumep 4.
a) Pag uucen, nmpuBemenubsix B npuMepe 1 (590, 620, 625, 630, 700, 750, 790) me
MMeeT MOJBI COBCEM.
0) ®emop B TeueHUe HemeJ U IOJydaJs olleHKuU: 3, 4, 4, 2, 5, 4, 3, 3, 4, 2, 5, 5. Hatitu
MOJY 9TOTO Psga YMCe.
OueBugHo, uTo M0 = 4, IOCKOJBLKY OIleHKA 4 BCTpeUuaeTcs yallle BCETO.

Mepuana papa uucen

Memuana (Me) — 9TO Taxk Ha3bIBaeMOe CEepPeINMHHOE 3HAUEHNE PAHIKUPOBAHHOTO

pALa dmces:

a) ecJi KOJIMYECTBO YMCEJI B PAAY HeUeTHOe, TO MeAMaHa — 9TO YMCJO0, 3alMCAHHOE
Imocepenuue;

0) ecaiy KOJIMUYECTBO UHCEJI B PANY UETHOE, TO MeJuaHa — 3TO cpegHee apudMeTHnye-
CKO€e [IBYX UMCeJI, CTOAIIUX IIOCePeIuHe.

D Npumep 5.
a) B npumepe 1 pam:xkupoBaHHBIN pag 590, 620, 625, 630, 700, 750, 790 umeeT He-
YeTHOE KOJIMYECTBO uuces B paAxy. Me = 630.
0) B npumepe 4, 6) pamxkupyem paxg us 12 umcen: 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5.
_4+4
2

Me =4. Me = 4.
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0 8.2. BepoatHocTb

@0 8.2.1. Yactota cobbITis, BEPOATHOCTD

IlepBUYHBIM HOHATHEM B T€OPUU BEPOATHOCTEH ABJISAETCS IIOHATHE COOBITHA.

Co6bIiTHE — 5TO ABJIEHNE, 0 KOTOPOM MOJKHO CKa3aThb, UTO OHO IIPOUCXOIUT WU He
MPOUCXOMUT IIPU ONpPeHeJeHHbIX YCJIOBUIX.

CoOniTue obosmauaoTr A, B, C, ..., T. e. O0OJbIIUMI OYKBaMH’ JIATHUHCKOTO aj()aBu-
ta. JIroboe coObITHE MPOUCXOAUT B Pe3yabTATe MCIBITAHUA (OIIBITA, SKCIEPUMEHTA).

HcnbiTaHne — 9TO yCJIOBHE, B pe3yJbTaTe KOTOPOro IIPOUCXOAUT (MU He IIPOIC-
XOAUT) cOoOBITHE.

Hanpuwmep, ucnbiTanue — BBICTPEJ] IO MUIIEHU, cOObITIIE A — «IIOHaJaHUe»; CO-
ObITHIe B — «IIpoMax».

CayuaiiHPIM HA3BLIBAETCS COOBITHE, KOTOPOE MOKeT IMPOM30MTH, a MOKEeT He IIPO-
M30UTU BO BpeMs IIPOBEIEHUA UCIBLITAHUS.

Hanpumep, Bo Bpemsa mombpachiBaHUSA KyOuKa coObiTue A — «ImoaBjeHue 4 ou-
KOB» — SABJIAETCA CAYyUYaNWHBIM.

CayuaiiHble COOBITHSA MOTYT OBLITh MAaCCOBBIMHU U €MHHUYHBIMU.

ITpumep egmHMYHOTO COOBITUA: MafeHne Typrycckoro MeTeopuTa.

IIpumepsbl MaccoBBIX COOBITUII: TTOABIEHNE OPaKOBAHHBIX JETaJel B CEDUIHOM BbI-
IMyCcKe, pa3MHOKeHUe OaKTepuil u T. 1.

Teopus BepOATHOCTEN M3yUaeT TOJBKO MAaCcCOBbI€ COOBITHA.

JlocToBepHBIM HA3BIBAETCA COOBITHE, KOTOPOE BCJIENCTBUE NTAHHOTO WCHBITAHUSA
00s13aTeJIbHO IIPOU30UIET.

Hanpuwmep, npu 0 °C Boga samepsHer, a npu 100 °C mHauneT KuneTb. Eciiu 6pocuTh
KaMeHb C BBICOTHI, OH OyIeT ImajJaTh BHU3.

HeB03MOSKHBIM Ha3bIBAETCS COOBITHE, KOTOPOE BCJEICTBUE MAaHHOTO HCIIBITAHUS
IPOM30MTH HE MOJKET.

Hampumep, kaMeHb, OPOIIIEHHBIN ¢ BBICOTHI, JeTUT BBepx. Boma npu 0 °C HaumHa-
eT 3akunarh. HeBodaMoKHOEe cOOBITHE YACTO 0003HAUAT .

IocToBepHBIE I HEBO3MOYKHEIE COOBITIA BCTPEUAIOTCA B JKU3HU CPABHUTEIBHO Pej-
KO, MOJKHO CKa3aTh, UTO MBI JKMBEM B MUPE CIAYYAHMHBIX COOBITHI.

MoKHO JT¥ OIIEHUTDH HMIAHCHI MOSBJIEHUA CIyUarHOTO coObITHA? OTBET HA 9TOT BO-
IpocC [aeT pasfesl MaTeMaTUKU, KOTOPBIN HA3BIBAETCSA TEOPUSI BEPOSITHOCTEH.

OgHUM M3 BayKHBIX COOBITHII, MCIIOJb3YEeMbIX B T€OPUU BEPOATHOCTEMH, ABJSETCS
MIOHATHE YACTOTHI CIAYUYAMHOTO COOBITHA.

IIycts A — cayuaiiHoe cOOBITHE IO OTHOIIIEHNIO K HEKOTOPOMY mciblTaunmuio. IIpen-
CTaBUM, YTO 3TO UCIBITAHUE IIPOBeNeHO N pa3 u Ipu 3TOM CoObITHEe A HACTYNUJIO B N,

cayuaax. Torga oTHOIIEHUE
NA
l_l = —
N

Ha3bIBAETCSA YACTOTOM COOBITUA A B JaHHOI CEPUM MCIBLITAHUI.

BeposTHOCTBIO cIy4aiiHOTO COOBITHS A HaspIBaeTca 4uciao p(A), 0K0JIO KOTOPOro
K0JIe0JIETCS YaCTOTA 3TOTO COOBITHS B JJIMHHBIX CEPUAX MCIHBITAHUI.

ITO ompeneseHNe HABBIBAIOT CTATHCTUYECKUM OIIPEeIEHUEM BEPOSITHOCTH.

. Mpumep 1. Habmromenus: moKaswsIBaioT, uTo B cpexueM cpenu 1000 HOBOPOIKIEHHBIX Ie-
Teit 515 MaabunKoB. YacToTa pOXKAeHNS MAIbUYNKOB B TaKOU cepuu Habaomnenui 0,515.
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» Npumep 2. @pannyscrunit ecrecreoucubiTarens Broddon (XVIII B.) mogbpackiBan Mo-
"Hety 4 040 pas, u npu sTom repb Buinmaa B 2 048 ciayuaax. CiremoBaTesbHO, YacTOTAa
BBIIAJEeHNs repba B JaHHONM CepUM MCILITAHUI paBHA:

2048

"= 4040

D Npumep 3. Aurnwmiickuii maremarux Kaps Iupcon (1857—1936) nonbpacsisan MoHe-

Ty 24 000 pas, npuuem rep6 Beimas 12 012 pas. Hacrora BeIlageHusa repba B 3TOM
ciydae:

~ 0,50693...

12012

“ = —_—

24 000

IATU OpUMepPhl IIOKA3bIBAIOT, UTO BEPOATHOCTh BBINALEHNS repda IpH OJHOM OpO-
cannu MOHeTHI paBHa 0,5.

~ 0,5005.

BepoATHOCTH cIy4aitHOTO COOBITUA A MOKeT MPUHUMATH Jto0ble 3HaueHus ot 0 mo 1.
EcrecTBenno cuurarhb, 4TO:
* BEePOATHOCTH LOCTOBEPHOTO coObITHs U paBHA efUHUIE:

PWU) =1;
* BEPOSITHOCTh HEBOBMOYKHOTO COOBITUS J paBHA HYJIIO:
P(0) = 0.

@D 8.2.2. PaBHOBO3MOXHbIE COBbITMA U MOACYET UX BEPOATHOCTH

IlomapHO HecoBMeCTHMBIE COOBITHUS — 9TO COOBITUSA, ABA M3 KOTOPBIX HE MOTYT
OPOUB3OUTH OSHOBPEMEHHO.
Hamnpumep, momajgaHue ¥ IpoMax IPU OJHOM BBICTPEJiEe — 9TO JBA HECOBMECTH-

MBIX COOBITHI.

IToasaenue mudyp 1, 2, 3, 4, 5, 6 Tpu ogHOM OPOCAHUU UTPAIBLHOTO KYOMKa — 9TO
IIIeCTh HECOBMECTUMBIX COOBITHIA.

PaBHOBO3MOKHBIE COOBITUSA — COOBITUA, KayK0e M3 KOTOPBIX HEe MMEeT HUKAKUX
MPEeNMYIIeCTB B IIOABJEHUU Uallle, YeM APYTroe, BO BpeMs MHOT'OPa30BbIX MCIBITAHUIM,
KOTOpBIE IMTPOBOAATCS IPU OSUHAKOBBIX COOBLITHUAX.

ITomHO¥ rpynIoil cCOOBITUN HA3HLIBAETCA MHOMKECTBO TAKUX COOBITUI, UTO B PE3YJIb-
TaTe KayKJIOT0 MCILITAHUSA 00s3aTeJbHO JOJKHO HPOM3ONTH XOTS OBl OJHO M3 HHUX.

Hampumep, B ucoblTaHUM — OPOCOK UIPAJBHOTO KyOMKa — IIOJHYIO TPYHOOY CO-
OBITHUH COCTABSAT COOBITHA:
A — «mosBiaeHue 1»; D — «mosBienue 4»;
B — «mosBieHune 2»; E — «mosBieHne 5»;
C — «moaBjeHHe 3»; F — «moaBienue 6».
Kpowme Toro, coObITHS, cOCTOSAIME B ITOABIeHuU uncea 1, 2, 3, 4, 5 u 6, — paBHO-

BO3MOSKHBIE COOBITH.
Ecau cobwiTus:
a) o0pas3yoT MOJIHYIO TPYIIIY COOBITHI;
0) SBIAIOTCS HECOBMECTUMbBIMU;
B) ABJIAIOTCA PABHOBO3MOMKHBIMU,
TO TaKue COOBITUS 00Pa3yIOT IMPOCTPAHCTBO 3J€MEHTAPHBIX COOBITHIA.
OTHoOIIIeHNe YHCJIa COOBITHII, KOTOPEIE CIIOCOOCTBYIOT COOBITHIO A, K O0II[eMYy KOJIU-
YeCTBY COOBITHII IMPOCTPAHCTBA dJIEMEHTAPHBIX COOLITUI, HAa3bIBAETCS BEPOATHOCTHIO
CJIYy4aiHOTO cOOBITHA U obo3HauaioT P(A).
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P(A) =",

rae n — obIlee KOJNUYECTBO COOBITHH MPOCTPAHCTBA 9JI€MEHTAPHBIX COOBITHI;
m — YUCJIO COOBITUHM, KOTOPBIE CIIOCOOCTBYIOT COOBITHUIO A.
9TO ompeneeHne HA3BIBAIOT KIACCHUECKHM ONpenaeeHneM BePOATHOCTH.

 nNpumep 1. B KopoGKe JexaT 3 MmeATHIX U 7 CHHUX apoB. KakoBa BEpOATHOCTH TOTO,
YTO IPU BRIHUMAHUU HAyTaj OJHOTO Iapa OH OKasKeTcsA: a) CMHUM; 0) KpacHbIM?
Pewenue:
a) Ilpu BEIHMMaHUM IIapa MOXKeT mpousdouTu: 3 + 7 = 10 paBHOBEPOATHBIX COOBITHI,
a coOBITHUI, CIIOCOOCTBYIONINX COOBITHIO A — IOABJIEHUIO CUHETO Ifapa, TOJbKO 7.
Tornma:
P(4) =
10
6) B KopoOKe HeT KpacHBIX IIAPOB, IIOATOMY BEPOATHOCTH COOBITHSA B — mosBieHUe
KpacHOTO IIapa:
P(B) = 0.
 nNpumep 2. V3 KopoOKu ¢ maxmaramu cIydaiiHo BbIasa ofHa ¢urypa. Kakosa Bepo-
SITHOCTB TOTO, UTO 9Ta (purypa:

a) OeJIbIF KOPOJIb; 3) Oemnas ¢urypa;
0) uepHBIH (Gepab; U) He IEeINIKa;
B) KOPOJIb; K) He KOpPOJIb;
T) yepHad Typa; J1) He Oesblil hepsb;
II) KOHb M) He IIeIlIKa U He KOPOJIb;
e) Oejas IeIrKa; H) He KOHb, He KOPOJIb 1 He Typa.
JK)IIeTITKa;
Peutenue:

B xopobre 32 Gurypsl, MoJOBUHA — UYEPHBIX, IOJOBUHA — OesbIx. VI3 HUX uep-
HBIX (KakK u Oesbix): 8 mernek, 1 Kopoiab, 1 depsb, 2 KOHA, 2 TYyphl U 2 CJOHA.

Hooromy: 1 8 1 30 15
a) P(A)=3—2; e) P(E):S_ZZZ; K) P(R):3_2:E;
1 16 35
0) P(B)=§; x) P(WK) =33’ a) P(JI) =36’
2 1 1 14 7
B) P(B)=5=E; 3) P(3)=§; M) P(M):3_2:E;
2 1 1 22 11
r) P(F)=§=E; u) P(I/I)=§; H) P(H)=§=E-
4 1

R PU) == o

Omnepanuu HaAZ COOBITUAMU

TeopeTuro-MHOMXe-

Onpenenenne IIpumep
CTBEHHAS MJLIIOCTPAIUA

IIpoTuBOMmMOIOsKHOE COOBITHE

CobbiTe A wHaswiBaerT- | 1. Ecaum cobeitie A — | U — mocToBepHOE COOBI-
CA IIPOTUBOIIOJIOKHBIM BBIIIAJIO «YHCJIO» IIPH THe
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OxoHnuaHue mabauybL

Onpenenenne

IIpumep

CTBEHHAd WIJIIOCTPAIUA

Teope’rmco-MHome-

coOpITHIO A, €cJau OHO
MPOUCXOAUT TOTIa

U TOJIBKO TOTZa, KOoTna
He MPOUCXOJUT COOBI-
Tue A. BeposTHOCTH

IIPOTHUBOIIOJIOKHOTO
coOOBITUA:
P(A)=1-P(A)

noAOpachbIBAHUU MOHe-
TBI, TO COOBITHIE A —
He BBIIAJIO «YUCJIO» IPU
mon0pachblBAaHUY MOHETEI
(T. e. BN «Treph»).

2. Eciim BEpOATHOCTD KY-
OUTH UCIPABHLIN ITPUOOP
paBHa 0,97, To BeposAT-
HOCTb KYIIUTHb HEUCIIPAB-
ge1ii: 1 — 0,97 = 0,03

PU) =1

Ny

CymMa coObITHIT

Cymmoii (uau o0 bequHe-
HHeM) coObIiTHii A u B
HasbIBaeTcA coObITHe A +
+ B (unu A U B), KoTO-
poe IIPOUCXOAUT TOTAA

U TOJBKO TOTAA, KOTOa
IPOUCXOIUT COOBITHIE A
uiau coosiTue B

W3 xononw! Hayram BhI-
myau 1 rapry. Ilycrs
coObITHE A — BBIHYJIN
YepBOBYIO KapTy, B —
O0yoHoByio KapTy. Torma
coObITHE A + B — BBIHY-
JV KapTy KpacHOM Ma-
ctu (nau OyOHOBYIO M
YepPBOBYIO)

/ >C
[ A7 \
k — \
X —~7 B ]
< 7 7

A+ Bumu A v B

IIpoussenenue cooObITHIT

IIpousBenenuem (Mau
nepecedyeHueM) cOOBITHI
A u B HaswIBaeTca co-
o6prTrie A - B (miu A N

N B), xoTopoe mpoucxo-
IUT TOTJA U TOJBKO TOT-
Ila, KOT/la MPOUCXOMAT
o6a cobbiTusa (A u B)

ITpu 6pocanuu Urpaib-
HOT'0 KyOMKa paccMma-
TPUBAIOT COOBITUSA: A —
BBIIAJIO UETHOE YKCJIO
OYKOB, B — BbBIIAJIO
YuCJI0, KpaTHoe 3.
Torpga cobobiTuie A - B —
BBITIAJIO YHMCJIO OUKOB
HEUeTHOe U IIPU STOM
KpaTtHoe 3 (T. e. urcio 6)

A-BumAnB

HecoBmecTHBIE COOBITHS

HBa cobriTuss A u B
HAa3LIBAIOTCS HECOo-
BMECTHBIMH, €CJIH UX
IpPOU3BeJeHNe ABIAETCS
HEBO3MOYKHBIM COOBITH-
eM, T. e. A - B={ (uiu
AN B=Y)

ITpu Gpocanumy UrpaIb-
HOTO KyOMKa paccMa-
TPUBAIOT COOBITUSA: A —
BBITIAJIO YETHOE YUCJIO0
OYKOB, B — BBIIIajo

5 oukoB. CoObiTuA A

u B #He mMoryT mpoucxo-
IUT OJHOBPEMEHHO.
A-B=U

A-B=y

BepoAaTHOCTh CyMMBI ABYX HECOBMECTHBIX COOBITHIL
Ecnu cobviTusi A m B mecoBmecTHBIE, TO P(A + B) = P(A) + P(B)
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 Npumep 3. Msau Tpuasr GpocaroT B 6acKeT00NbHY0 Kop3uHy. COOBITHA A,A, nA,
03HAYawT: A, — IpPU IePBOM GPOCKe MAY IONaJ B KOP3UHY, A, — IPU BTOPOM OPOCKe
MAY [ONal B KOP3WHY, A, — IIPU TpeTheM OpOCKe MAY Ionaj B KOP3UHy. 3amucaTh
uepes coObiTUA A, A,, A, crenyroouue cOObITUS:
a) B — mAY momaJl B KOP3UHY BCe TPU Pasa;
6) C — MsY HU pas3y He IomaJ B KOP3UHY;
B) D — mMsaAY xXoTdA ObI pas IOIAaJl B KOP3UHY;
r) K — MAY momnaj B KOP3UHY TOJBKO IIPU IIePBOM OpoOCKe.
L Pewenue:

CobbiTua A,, A,, A, TIPOTUBONOJOXHBI COOBITUAM A,, A, U A3 COOTBETCTBEHHO
¥ 3aKJIIOYAIOTCS B TOM, UTO MAY He IIOHAaJI B KOP3WHY IIPU IIEPBOM, BTOPOM MU TPe-
ThbeM Opocke. Torga:

a) P(B)=A, - A, - A, — MA4Y 1IonaJl B KOP3UHY BCE TPU pasa.

6) P(C) = Zl . A_2 . X3 — MAY HU pasdy He Iomaj B KOP3UHY.

B) P(D)=A A, A+ A Ay A+ A Ay A+ A Ay Ay + A Ay A+
+X1 A, A_B + Z : Zz +A, — MAY IonaJ B KOP3UHY XOTA OBl OAWH pPas.

r) P(K)=A, Z . ZS — MAY IOHaJ B KOP3UHY TOJHLKO IIPU IIEPBOM OPOCKeE.

. Mpumep 4. B pesynabTaTe 3HAUUTEJIHHOTO KOJMUYECTBA HaAOJIOMEHUN ydallluecs OmIpe-
IeJINJIN BEPOATHOCTH, C KOTOPOU B JieCOIIapKe BCTPEUAIOTCA AEPEBbsS PA3HBIX ITOPO/I,
U 3amucaJid Pe3yabTaThl B TaOJIUILY:

Ilopoma mepeBa Cocua dyo6 Bepesa Eas Ocuna
BeposaTrocTs 0,42 0,29 0,16 0,09 0,04
P(A) P(B) P(C) P(D) P(E)

Haittu BeposiTHOCTB TOr'0, 4TO BEIOPAHHOE HAyrajJ B STOM JieCOIIapKe AepeBo Oymer:
a) cocHoli mau ayoom; 0) He myOOM; B) XBOWHBLIM; I') JIUCTBEHHBIM; ) XBOMHBIM WJIU
JIVCTBEHHBIM.

Peuwenue:

OueBUAHO, UTO BCE COOBITHUS OYAYyT HECOBMECTHBLI, a BEPOSTHOCTHL CYMMBI HECO-
BMECTHBIX COOBITHI paBHA CyMMe€ BEPOSTHOCTEHM STHUX COOBITHUIM.
a) BreiOpannoe mepeBo — cocHa uau ny6: P(A + B) = P(A) + P(B) = 0,42 + 0,29 = 0,71.
6) He ny6, r. e. PA+ B+ D + E)=0,42 + 0,16 + 0,09 + 0,04 = 0,71

wim P(B)=1-P(B)=1-0,29=0,71.
B) XBoiiHOe (T. e. cocHa uau euab): P(A + D) = P(A) + P(D) = 0,42 + 0,09 = 0,52.
r) JlucrBenuoe (T. e. He xBouHOE): P(A+D)=1-P(A+D)=1-0,51=0,49.
) XBoWiHOEe WJIU JUCTBEHHOE, 3TO JocTtoBepHoe cobwiTue U: P(U) = 1.

(D Npumep 5. [[Ba 0OXOTHUKA ONPEIEIAIOT L[eJIb OLHOBPEMEHHO He3aBUCUMO APYT OT APyTra
mo mMuilleHu. BeposaTHoCTh momagaHusa B MUllleHsb mepsoro — 0,75, sroporo — 0,86.
HaiiTi BeposTHOCTL TOTO, UTO XOTs OLI OAUH CTPEJOK IOHAJeT B IeJb.

Peutenue:
ITycTh coObITHIE A COCTOUT B TOM, UTO IIEPBBINA CTPEJIOK IIOMAJ B Iiejb, T. €. P(A) =
=0,75, a cobbiTue A — B TOM, UTO OH He IIOIaJ B IleJb, T. e. P(A)=1-0,75=0,25.
Amnamoruuysao coObiTme B — BTOpO#l cTpesiok momaa B 1eab, P(B) = 0,86;

P(E) =1-0,86 =0,14. Torga BepoOsSTHOCTb TOTO, UTO 00a CTPEJIKA He MOIMAJU B IeJb:

e



P(A)-P(B)=0,25-0,14 = 0,035. Torga BepoATHOCTb TOTO, YTO XOTsA OBI OMMH IIOIIAJ
B mesib: 1 — 0,035 = 0,965.
Omeem: 0,965.

D Npumep 6. B xopobxre sesxaT pasHonBeTHbIe mapbl: 20 KpacHbIX, 10 GeJBIX, OCTAIb-
Hble — yepHble. CKOJIBKO UePHBIX IITaPOB B KOPOOKE, eCJii BEPOATHOCTH BhIOOPA CJIY-

1
yaHBIM 00pasoM uepHoro Imapa P(r) = g?

Pewenue:
ITycTh B KOpPOOKe JIesKaT X YUepPHBIX [IIapoB, TOTa 001Iiee KoruuecTBo mapos: 20+ 10 +
1 x 1
+ X, BePOSITHOCTH BBITAIIUTEL UEPHLIN ITap paBHa —, 3HauwTt, P(r)=——— = —;
3 20+10+x 3
X 1
=—; 3x=x+ 30; x = 15.
30+x 3

Omeem: 15.
. Mpumep 7. Cpenu OOHOTUIIHBEIX OeTajiell, BRINYCKAaeMbBIX B Iiexy, 1 % OpaKoBaHHBIX.

Cpenu KauectBeHHBIX getaneii — 70 % meraseil Bwiciiero copra. Kakosa BeposT-
HOCTBb TOTO, UTO HAYTraJ B3ATad AeTaJb OyAeT BhICIIero copra?
Pewenue:

IlycTh cobGbiTe A COCTOMT B TOM, UTO JAeTaJib HeOpakoBaHHas, a coObiTue B —

A
B TOM, YTO JeTajb BBICIIEro copra. Torma coObITHe 3 BBIOpAI KaueCTBEHHYIO

JIeTajb BBICIIIETO COPTA.
BriObop omHoli meTaim — pPaBHOBO3MOJKHBIE COOBITHSA, IMOCKOJABKY 1 % merameii

OpaKoBaHHLIX, TO 99 % meraseii kauecTBeHHBIX U P(A) = 0,99. Cpenu KauecTBEHHBIX

neraneir 70 % Bolcuiero copra, T. e. P,(B) = 0,7. Torga uckomas BepOATHOCTS:

P(%j = P(A)-P,(B)=0,99-0,7 = 0,693.

Omeem: 0,693.

@0 8.2.3. MpepcraBnenne o reoMeTpuyeckoil BEPOATHOCTH

IIycte U — HekoTopas Qurypa Ha IJIOCKOCTH,
S(U) — nyomans urypst U. / T—\
IJKCIePUMEHT — 3TO CJIYYAWHBIA BBHIOOD KaKOM-JIU- / \\
60 Touxku U us purypsr U. [ )
dnemeHnTapHsbie coobiTuss U — Touku purypst U. A

A — uactb purypet U (A € U).
S(A) — momanb Gurypsr A.

CobbiTie A — momagauue Touek U B durypy A.
Torma saeMeHTapHBIMU COOBITUSAMU, OJIATOTIPUATCTBY-
oIIMU cOOBITHIO A, OYAYT BCe TOUKU (PUTypPHI A.

I'eoMmeTpuuecKoii BEPOATHOCTHIO COOBITHA A HAa3bI-
BaeTcA OTHOIIEHUE ILJIOIaaAu (GUryphl, 0JIarOMPUATCTBYIONIEH COOBITUI0O A, K IIJIOIIAa-
U Bcel 3aJaHHOU (pUTYPHI:

Puc. 84

S(A)

P(A) = SO
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06006ITM 3TO OIIpejesIeHue.

Ecau U — npocrpancTBeHHasA urypa (Teso), To 3a-
nucu S(U) u S(A) caenyer moHUMAaTh KaK 00'bEMBI TeJia
U u tena A — uvacru tesa U.

Eciu U — orpesoxk, To 3anucu S(U) u S(A) cienyer
MOHMMATh KaK IJIUHBI oTpeska U U ero 4acTu — OT-
peska A. A

O6mem Tena U B IpoCcTpaHCTBeE, MIOIALL (purypsr U
Ha IJIOCKOCTHU, AJHHY oTpe3dka U Ha ONpsaIMOil Ha30BeM
mepou purypsr U. Torga:

Mepa A

P(A) = .
(4) mepa U A 14

T'eomeTpuueckoii BEPOSATHOCTLIO COOBITHUS A HAa3LI- -:—

BaeTCsA OTHOIIEHUE Mepbl (PUIYPBI, 0JaTOIPUATCTBYIO- Puc. 8.6
medt cobbiTHI0 A, K Mepe Bcell 3aaHHOU (DUTYDHI.

Puc. 8.5

» Npumep 1. [IBa npyra AOrOBOPUINCH CO3BOHUTHCA B MpoMexxkyTke ¢ 10 mo 11 uacos.
Hatitu BeposATHOCTH TOrO, YTO WX PAa3TOBOpP HauHeTcsa B mpomekyTke ¢ 10:30 mo
10:35.

Pewenue:
OauH ApPYyr MOKeT IIO3BOHUTH Apyromy B mpoMme:kyTke ¢ 10:00 mo 11:00. B sroit
3aJjaue SKCIIEPUMEHT — 3TO (pUKCHPOBaHUe BpeMeHHU Tejaed)OHHOrO 3BOHKA. V3obOpa-
31IM BCe pe3yJIbTaThl SKCIePUMEHTa B Buae orpe3dka MN.

IIycts coObiTie A — BBI3OB — MPOU3OINEN B IIPO-
mesxkyTKe ¢ 10:30 mo 10:35, To smemeHTapHBIE COOBI- 10.00 11.00
THUA, OJIATONPUSATCTBYIONINE COOBITHIO A, MOMKHO M30- M é] W”D N
Opasuthb Toukamu orpeska CD. Puc. 8.7

Ecin cuurarh, uTO BpemMs BBLI30BA B OT'OBOPEHHOM T
OPOMEKYTKE pacipeneaseTcs paBHOMepHO, To P(A) = mepaCD _ 5 1 ~ 0,08

(1 yac = 60 mun). mepa MN 60 12
Omesem: 0,08.

 nNpumep 2. Mansr orpesku AB = 12 cm; AM = 2 em; MC = 4 m. Ha orpeske AB ciryuaii-
HBIM 00pa3oM oTMeueHa ToukKa X. KakoBa BepOATHOCTH TOTO, UTO TOYKA X IOTAZeT
Ha oTpes3ok: a) AM; 2) AC; 3) MC; 4) MB; 5) AB?

Pewenue:
1. Ilycts cobbiTHE A COCTOUT B TOM, YTO TOYKA X IIO- .
majaeT Ha OTPe3oK AM: A M C B
p(A)zﬂzizl. Puc. 8.8
AB 12 6

2. CobpiTe B — Touka X momamaer Ha oTpe3ok AC: P(B) = £ = 21+24 = %

3. CobriTne C — Touka X momamaet Ha orpe3ok MC: P(C) = Mc = 4 = l
AB 12 3

12-2 5

4. CoosiTuie D — Touka X momamaer Ha oTpe3ok MB: P(D) = ETH = Y
AB 12

5. CobriTe E — mouka X momajnaeT Ha oTpe3ok AB: P(E) = B = 1 =1.
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D Npumep 3. OKOHHAA pemIeTKA COCTOUT M3 KJIETOK co cTopoHoit 20 cm. Kakosa BeposT-
HOCTHb TOTO, UTO MOIABIINII B OKHO MY IIPOJIETUT Uepe3 PeIlleTKy, He 3aleB ee, ecau
paauyc msaya paseH 10 cm (puc. 8.9)?

Pewenue:
puc. Ilmomans fuaroHaJIbHOTO CeUeHUA Mada:
S =nR?=m-10%=100n (cm?).
Ilnomiank omHON KJIETKM OKOHHOUW peIleTKH:

S, =a*=20% =400 (cm?). a
Torga P(A) = S, 100z ~ 3,14 ~0,79.
S, 400 4 4
Omeem: 0,79.
a
Puc. 8.9

0 8.3. Kom6unatopuka

@0 8.3.1. Pewenne Kom6UHATOPHBIX 3a/iay: nepe6op BapuaHToB,
KOMOMHATOPHOE NPaBMI0 YMHOXEHNSA

KomOuHaTopuka — pasziej MaTeMaTHUKI, B KOTOPOM H3y4YalOTCsS CIIOCOObI BBIOOPA
¥ pa3MeIleHus 9JIeMeHTOB HEKOTOPOro KOHEUHOr0 MHOKECTBa HA OCHOBAHUU HEKOTO-
PBIX YCJIOBWUIA.

B mpocreiimmux KOMOMHATOPHBIX 3alauaXx MOKHO OCYIIECTBJIATH ITepebop BcexX BO3-
MOKHBIX BapHMAaHTOB, T. €. KOMOMHAITII.

. Mpumep 1. Y3 mudp 2, 4 u 7 cOCTaBUTHh TPEX3HAUHOE UKCJIO, B KOTOPOM HU OJHO UHC-
JIO He MOXKET IOBTOPAThCS 0ojiee IByX pasd. CKOJIBKO TaKUX UHCEJI MOYKHO COCTABUTL?
Peutenue:
OdopmMum pelreHre B BUAE «IIOITAMKHOTO IIJIaHA»:

|224|(227]|242](244]|247|[272]|274][277]
Puc. 8.10

Bcero 8 uuce.

AHaJOTMYHO COCTABMM CXeMBbI, ecau IepBasa mudppa 4 m 7, T. e. Bcero: 8 - 3 =
= 24 Bapwuaura.
Omeem: 24.

ITocTpoenuas rpadguueckas MOZeJab Iepebopa BAPUAHTOB PEIeHUs 3aJaul HA3hI-
BaeTCd JepeBOM BO3MOHBIX BAPUAHTOB.

. Mpumep 2. B ypHe JexaT Tpu HepasIMUYMMBIX Ha OIIYyIb ITapa: ABa 0eJbIX W OIUH
uyepHbI. IIpyu BRITACKMBAHMM UYEPHOTO IlIapa ero BO3BpAIlaloT 00paTHO, a OesbIi
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BBITAII[EHHBIN IIap OTKJAALIBAIOT B CTOPOHY. Taxkyio omepamuio IIPOBOAAT TPHU pasa
nonpsAn. M306pasuTs AepeBo BO3SMOMKHBIX BaPUAHTOB.
Pewenue'

A
AN

9

N g /\ /\ ‘q
BBY BY BY Y 9
Puc. 8.11
 Npumep 3. HecKONBbKO CTPaH DEIIMJIU WCIOJb30BATH IJA CBOETO TOCYAAPCTBEHHOTO
(y1ara CUMBOJIMKY B BHUIE TpPeX TOPU3OHTAJbHBLIX IMOJIOC OOWHAKOBOI INTMPUHBI Pas-
HBIX IIBETOB — 0eJIoro, cuHero u KpacHoro. CKOJIBKO CTPAaH MOTYT HCIIOJb30BAThH OTY
CHUMBOJINKY, €CIIN Y KaXI0i CTPaHbl (par cBoi?
Pewenue:
ITocTpouM mepeBO BOBMOKHBLIX BAPUAHTOB:

dDjar

|
B K C

BCK | | BEC || KBC | | KCB || CBR || CKB

Puc. 8.12
Omeem: 1iectThb cTpaH (poccUiicKUM (hjar BhIAEJEH Ha cXeMe).

lepeBo BapuaHTOB ymOOHO pPHCOBATH MAJIA HEOOJBIIIOTO KOJMYECTBA BapUAHTOB,
a yiKe IJIsT COTEH BapMaHTOB 3TO CJOKHO. IlosToMy A pemreHmMA MHOTUX KOMOU-
HATOPHBIX 3a7a4 MCIOJL3YIOT ABa 0a30BbIX MHpPaBUJa: MPABUJIO CYMMBI U IIPaBUJIO

MPOU3BEdEeHU.
IIpaBuao cymmsl. Eciu smemeHT A MOKHO BRIOpATh m clocobamu, a 9jieMeHT B —

n cmocobamu, To A miau B M0o:KXHO BRIOpaTh m + n cIocobaMm.

. Mpumep 4. Eciu ma Tapenke Jjexar 12 a0J0K u 9 amesbCHMHOB, TO BBIOpPATH OIUH
bpyKT (T. €. aneJbCcUH UIU A0JOKO0) MOKHO: 12 + 9 = 21 cmoco6GomM.

IIpaBuio mpoussemenusda. Eciau sjeMeHT A MOXXHO BbIOpaTh m cIocod0amu, a IIocje
5TOTrO 3JieMeHT B — n cmocobamu, To A 1 B MOXXHO BRIOpAThL M - 1 cmocobamu.

(D Npumep 5. Ecsiu Ha mOUTE €CTh KOHBEPTHI 5 BUAOB, & MapKu — 4 BHUIOB, TO BEIOPATH
HA0Op «KOHBEPT W MapKa» MOXKHO: b - 4 = 30 cmocobamu.
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KombunaTopHbIe 3ajauy MOKHO PeIllaTh W ¢ IOMOIIBI0 rpados.
I'pad — sT0 reomerpuueckas ¢purypa, CoCToAIasa U3 ToueKk (BepiiuH rpada) u jau-
HUM, UX coemmHAINUX (uau pedep rpada).

Mpumep 6. Amugpeii, Bopuc, Iletp u Pemop wurpaiu @ /BJ
B mraxmarbl. KaKOblii chIrpas ¢ KasKIbIM II0 OIHOM
naptun. CKOJIBKO MapTUil ObLIO CHIrPaHO?

Pewenue:

IToctpouMm mosHBIH Tpad ¢ YeTHIPbMA BepIIMHAMU
A, B, II u ®, o0603HAUEHHBIMU II0 IEPBLIM OyKBaM
VMeH MaJIbUMKOB. B mosHoM rpade mpoBOINM BCEBO3-
MOXKHBIe peOpa. B mamHoM ciiyuae oTpe3ku-pedpa 00o-
3HAUYAIOT ChITPaHHbIe mapTuu. VI3 pucyHKa BUAHO, UTO @ @
rpad umeet 6 pebGep, 3HAUUT, ChHITPAaHO 6 mMapTHii. Puc. 8.13
Omeem: 6 maprtuii.

Mpumep 7. Aunpeii, Bopuc, ITletp u ®@enop ooMeHaAMUCH QoTorpadpuamu. [Ipuuem KaxK-

IBIM momapuJ KaskaoMy cBoio (ororpaduio. CKombko dororpaduii 6610 mogapeHo?
Pewenue:

1-it cnoco6. C mOMOIIBIO CTPEJIOK Ha rpade HOKasaH

npoiiecc oomeHa ororpapusamu. OUeBUIHO, UTO CTPE-

JIOK BIBOe 0oJibIlie, ueM pebep, T. e. 12.

2-1l cnocob. Kaxkapiii us 4-X MaJbUMKOB HOJAPUJI APY-

3paM 3 ¢ororpaduu, T. e.: 4 - 3 =12.

Omeem: 12 dororpaduii.

YopsgouyeHHOe MHOKEeCTBO — 9TO TaKoe MHOMKe-
CTBO, IJII KOTOPOTO YKAas3aHO, KaKOW 9JIeMeHT HaXo-
IUTCA Ha IIePBOM MecTe, KaKoii — Ha BTOPOM U Ka-
KOl — Ha n-M.

Hampumep, mepecrasisasa mudpsl B unciae 256 (tam Puc. 8.14
MHOKecTBO mudp {2; 5; 6} yyKe ymopsamoueHHOE), MOXKHO COCTABUTEL TAKHeE IepecTa-
HOBKHU 0e3 MmoBTOpeHUil (IIu(phI B YKCJie He TTOBTOPAIOTCA):

(2; 5; 6), (2; 6; 5), (5; 2; 6), (5; 6; 2), (6; 2; 5) u (6; 5; 2) — Bcero IIeCTsL Iepe-
CTAaHOBOK.

KonuuecTBo mepecTanHoBOK 0e3 IOBTOPEHWH U3 N 3JIEMEHTOB oOo3Hauaerca P , Ha-
npuwmep P, = 6.

dopmysa yncia mepecTaHOBOK 0e3 MOBTOPEHUM U3 7 9JIeMEeHTOB:

P=n=1-2-3-..-n.
rmen!l=1-2-3-4- .. -n (uuraerca «d3H PaKkTOpPUAT»).

Hanpuwmep, P, =3!=1-2 -3 =6.

Mpumep 8. CKOJMBKUMU cIIOCOOAMU MOYKHO CTPOUTH CeMb YUAIUXCS B KOJIOHHY IIO
oxHOMYy?

Pewenue:

KonnuecTBo c11oco60B paBHO YHUCJY II€PECTAHOBOK U3 7 9JIEMEHTOB, T. €.
P=7T=1-2-3-4-5-6-7=5040.
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U TpennpoBouHble TecToBble 3aaHuA K pasgeny 8

1. Ha gmarpamme IIOKa3aHO COAEPKaHIE IMUTATEJLHBIX BEI[eCTB B IIIOKOJIAME.

F ] — *KupHl;
] — Oenkw;
[[]— yraeBonnl;

H — mupouee

CKOJIBKO IIPUMEPHO YIJIEBOLOB COIAEPIKUTCS B IIOKOJagKe maccoit 100 r?
1) okoso 20 1 2) menee 30 T 3) oxousio 40 1 4) okoyo 50 r

2. OmpepmenuTe mo guarpamMMme 1n3 3agauusg 1, B KAKUX IpefeaaxX HaXOAUTCA IPOIeHTHOe
cozepixaHue OEJIKOB B IIIOKOJAME.

1) 0—25 % 2) 25—50 % 3) 50—75 % 4) 75—90 %

3. B cay:xbe Takcu B mamHBII MOMeHT cBobogmo 10 mammu: 5 uepHBIX, 1 KejTad,
ocTarbHble — 3ejieHble. KakoBa BEepPOSTHOCTH TOI0, YTO K 3aKA3UMKY IPUEIET TAKCHU
3eJIeHOro mBera?

1) 0,1 2) 0,4 3) 0,5 4) 0,6

4. OpgHOBpEeMeHHO O0pPOCAIOT TPU CHMMETPHUUHBIe MOHEeThl. KakoBa BepPOSTHOCTDL, UTO BbI-

mazyT ABa OpJia M ONHA PeInKa?

1) g 2) % 3) 0,33 4) 0,375

5. JleBouKa KaKIBLIII MecCsIl M3Mepssia CBOM POCT W BBIUMCJIAIA, Ha CKOJBKO CAHTUME-
TPOB OHA IOApoOcia. Pe3yibTaThl BRIUUCICHUNA 3alIMCAHBI B TaOJIHUIIE:

Mecsiy, AuBaps ®eBpans | Mapr Anpess Mait Uronb
YBeanuenue 1.4 1 1,2 1.4 1 1,2
pocra (B cm)

Ha ckoabko CaAaHTHMETPOB B MECHAIl B CpeagHeM M3MEHAJICA POCT AJE€BOYKH B 9TOT

nepuon?

l)ma 1l cm 2)Ha 1,1 c™m 3) Ha 1,2 cm 4) Ha 1,4 cm
6. CKOJIBKUMU CIIOCO0AMM MOXKHO PACCTaBUTh Ha ILJIOMIamKe 6 Boseii0oamcToB?

1) 24 2) 72 3) 96 4) 720

7. JIyYHUK BBIIOJIHUJI 7 BBICTPEJIOB II0 MHUIIIEHN M HaOpaJ COOTBETCTBEHHO 7; 6; 8; 7; 8;
8; 6 oukoB. HaiigzuTe Moy sTOro psana JaHHBIX.
1) 6 2) 7 3) 7,5 4) 8

8. B Kwmocke mpogaioTcsa 5 BUIAOB pydueK u 4 Buma terpageii. CKOIbBKHUMU CIIOCO0AMU
MOYKHO COCTABUTH IIAPy U3 PYUYKU U TeTpagm?
19 2) 14 3) 20 4) 24

9. Ha orpesxe MN cayuaiitHbIM 00pasoM BbIOpaHa Touka X. KakoBa BepOATHOCTH TOTO,
YTO 3Ta TOUKA HAXOAUTCS HA oTpeske BN, eciu AM =4 cm, AB =5 cm, MN =10 cm?

M A B N
1) 0,1 2) 0,2 3) 0,4 4) 0,5
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10. CronpKuMU cmocobaMu MOTYT 3aHATH IIEPBOE, BTOPOE U TPeThe MecTa 8 YUaCTHMUIL
¢unansHOro 3abera ma gucrtanmuu 100 M (Bce mokasaam pasHoe BpeMs)?
1) 64 2) 128 3) 336 4) 720

11. TeBouku 9-ro KJjacca Ha ypoKe (pU3KYJIBTYpPHI IIPU MPBIXKKAX B BBICOTY ITOKAa3aJIu
caenymolinue pesyabrarer: 90, 125, 125, 130, 130, 135, 135, 135, 140, 140, 140,
140.

a) Halimure MequaHy COBOKYITHOCTU BBIOOPKH.
6) Haiigure Moy 9TO# COBOKYIIHOCTU JaHHBIX.
B) HaiimuTe cpentee 3HaueHMEe STOTO PALa TaHHBIX (OTBET OKPYIJIUTH OO0 HECATHIX).

Orser: a) ; 0) ; B) .
B norepee 400 BuiurphiHabix 6uaeroB u 3 600 6uaeTroB 6e3 BeIUTPhINNa. KakoBa Be-

POATHOCTH, UTO MEPBLIT MIPUOOPETEHHBINH OMIeT OyIeT BLIMTPHIIITHLIM ?
OrBer: .

12

13. U3 HaTypanabHBIX unces oT 1 mo 25 yueHUK Hayrajd HasblBaeT uucjo. Kakxosa BepoAT-
HOCTBH TOTO, UTO 3TO UMCJIO SABJAETCA AeauTeseM uucyaa 25?
Orser: .

14. B macTepcKoil Tpu cTaHKa. 3a pabouyio CMeHY M3 CTPOSA BBIXOAHUT He 00Jiee OIZHOTO
craHka. [IepBBIil BLIXOAUT U3 CTPOSA C BepPOATHOCTHIO 0,12, BTOPOIl — C BEPOATHOCTHIO
0,05, a Tpetuit — c BeposaTHOcThiO 0,1. HafiguTe BepOATHOCTh TOTO, UTO 34 CMEHY HU
OIVH CTAHOK He BBINJET u3 CTPoA (OTBET OKPYTJIUTE IO COTHIX).

OrBer: .

15. MoJiok03aBO BBIDYCKAaeT MOJOKO PasHOM JKUPHOCTU. B IPOAYKTOBHIX MarasmHax
ropojga mposeau omnpoc 40 mokymareaeil 0 TOM, KaKON KUPHOCTH MOJOKO OHU IIOKY-
maioT. Pe3yabTaThl OIIpoca IpeAcTaBUIN B TaOJIUILE:

#uprocrs 0,5 1 1,5 2,5 3,6 6
MOJIOKA, %

KOJII(I‘IeCTBOU 6 4 5 12 7 6
mOoKymnareJei

3aBog moskeH BuimyckaTh 3 000 1 mosioKa exxenmueBHO. CKOJIBKO MOJIOKA KHPHO-
cThio 2,5 % eMy HE0OXOAMMO BBIIYCKATD?
Orser: .

16. 12 yueHMKOB HOMKaJu APYT APYTY PYKHU Imepen copeBHoOBaHuUAMU. CKOJIBKO OBLIO cre-
JIAHO PYKOIIOMKATUH?
OrBer: .

17. CKOJIbKO MATU3HAUHLIX unces (0e3 TOBTOpeHUuA ITU(PP) MOMKHO COCTaBUTDL u3 mudp 1,
2,5,7, 8?
Orger: .

18. CKOJIbKO MATU3HAUHLIX unces (0e3 IOBTOpeHusA ITU(PpP) MOKHO cocTaBUTh us mudp 0,
2,5,7, 8?7
OrBer: .

19. B mikaryake Jjexxat 6 mapoB, 3 u3 HUX — Oejsble. KakxoBa BepOATHOCTD, UTO U3 ABYX
Hayraj B3ATBHIX IIapoB 00a Oesbie?
OrBer: .
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0 OTBeThI

Pazgea 1
1.3.2. 2. 3. A1,B3,B4.4.2.5.3.6.3.7.1. 8. 4. 9. 4. 10. 2. 11. 9. 12. 0,2.
13. 320. 14. 72,9 r. 15. 7,25 - 107°. 16. 140 xr. 17. 5 - 10°. 18. 7,5 %. 19. 399.

20. al0.
Pazgen 2
1.2.2.2.3.2.4.2.5. A4,B51,B3.6.1.7.4.8.2.9.3.10. 4. 11. —-4,5. 12. 1.
13. 7. 14. 1 T 15. -1,25. 16. 21. 17. 8b%> — 5ab. 18. —10 u 3. 19. 28. 20. 10.
a+

Pazgen 3
1. 3. 2. 4. 3.1.4.4.5.1.6.1.7.3.8.4.9.3.10. 2. 11. 1. 12. 17. 13. 2.
14. (—4; 3), (-3; 4). 15. [0,5; 1). 16. 7 cm, 8 cm. 17. (—o; 3] U [4; +0). 18. —3.
19. 3 km/u. 20. [-2; —1) U (-1; 1) U (1; 4].

Paznen 4

1.3.2.A1,B3,B1.3.3.4.1.5.4.6.2.7.4.8.1.9. 2. 10. 2. 11. 99,1. 12. 33—2

13. -3. 14. -2,7. 15. 3. 16. —59,5. 17. 23,25. 18. 40. 19. 29. 20. 3, 6, 12 umm 27,
18, 12.

Pazgea 5
1. 3.2.3.3.2.4. A2, b4, B3. 5. 3. 6. 3. 7.4.8.4.9.2.10. 1. 11. -3. 12. 1.
13. 2. 14. x > 2. 15. 8. 16. (—«; 1]. 17. (1; 3). 18. —-3.

Pazngen 6
1.3.2.1.3.1.4.3.5.3.6.2.7.4.8.3.9.3.10. 1. 11. (—%; 3). 12. 0. 13. 4.
14. 135°. 15. (3; 3). 16. 342. 17. 3. 18. -7. 19. 9.

Pazgmen 7
1.4.2.4.3.4.4.1.5.4.6.3.7.1.8.1.9.1.10. 1. 11. 4. 12. 3. 13. 1. 14. 4.
15. 2. 16. 15 cm. 17. 7 cm. 18. 25 ¢cm u 30 cm. 19. 19. 20. 9p cm?. 21. 22. 22. 2,5.
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ODPDEKTUBHAA
NnOoAroTOBKA

NOMYYM BbICLUMWN BANI HA Or3!
N3OAHUE NMOMOXKET:
@ cokpaTuTb BpeMsi NOAroTOBKM K org;

@ nosTopuTL BCE TeMbl Kypca;
@ orpa6oTaTh HaBbIKM BbINOMHEHWS 3aAaHni pa3HbIX TUMOB.

MATEMATUKA

B cepumn «Ol'D. YHUBepcarnbHbI CIpaBoOYHUK» BbIXOAAT NOCO6US MO OCHOBHbLIM
WKOMbHLIM NpeaMeTaM: PyCCKOMY f3bIKy, nuTeparype, MaTreMaTmke, UCTOPUK,
o6LecTBO3HaHUIO, 6Monorun, HopMaTnke, XuMUN 1 husmnke.
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